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On Construction of the First-Order Differential
Equations in the Space M(1,3) xR(u)
with Non-trivial Symmetry

Vasyl Fedorchuk, Volodymyr Fedorchuk

Abstract. We have constructed the first-order differential equations in-
variant under non-splitting subgroups of the group P(1,4) and defined in
the space M (1,3) X R(u). The results obtained can be used in relativistic
and non-relativistic physics.

It is well known, that the differential equations with non-trivial symmetry
groups are wide applicable in theoretical and mathematical physics (see,
for example, [ 1-3]).

The group P(1,4) is the group of rotations and translations of the five-
dimensional Minkowski space M (1,4). This group has many applications in
theoretical and mathematical physics (see, for example, [3]). Non-splitting
subgroups of the group P(1,4) have been described in [4]. The conjuga-
tion was considered under the group P(1,4).

From the results obtained in [ 3] it follows, in particular, that the group
P(1,4) contains as subgroups the Poincaré group P(1,3) and the exten-
ded Galilei group G(1, 37.

The paper [5] is devoted to the construction of the first-order diffe-
rential equations in the space M(1,3) x R(u), which are invariant under
splitting subgroups of the group P(1,4). R(u) is the number axis of the
dependent variable u.

In the present paper we continue to study this type of equations. We
concentrate our attention on the first-order differential equations (in the
space M(1,3) x R(u) ) invariant under non-splitting subgroups of the
group P(1,4).

1. The Lie algebra of the group P(1,4) and its representation

The Lie algebra of the group P(1,4) is given by the 15 basis elements
M, =-M,, (uv=0201234) and P, (g =0,1,23,4), which
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satisfy the commutation relations

[P‘:,Pﬂ =0, [M:;wpl} = guaP, guaPl

[M:Lw M;‘;o] o g.upM;(r + guaM’ gupM’ g,uchz’;m
where goo = —g11 = —¢22 = —933 = —gga =1, gu =0, if u# v. Here,
and in what follows, M), =iM,,.

In this work we consider the following representation of the Lie algebra of
the group P(1,4):

P(gzafz_(), , _53_ P2f=_%2’ Péz—a%’

Pi sy My =

S z, Pl — :EP’),IIL;':"U,.

About this representation see, for example, [2].
Below, we will use the following basis elements:

Pa:Mia— éO: Ca:Mﬁia+M¢iO’ (a:1=213)7
1 1

2. The first-order differential equations in the space
M(1,3) x R(u)

The group P(1,4) acts on M(1,3) x R(u) (i.e. on the Cartesian pro-
duct of the four—-dimensional Minkowski space (of the independent variables
Tg,T1,Z2,23) and the number axis of the dependent variable u). The group
P(1,4) usually acts on M(1,3) x R(u) as a group generated by transla-
tions and rotations of this space.

Let

0
Xi= ;}fz T,u) (n:,u)g?—;
be one of the basis infinitesimal operators. The first prolongation of X has
the form

3 3 3
dn 0€; o\ 0
X‘”=X+Z(5; g A 5’) pur
1=0 i 1

1 ]=0
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where u; = gs%%’ i'="0 12 3.

Now, a function J(z,u(!)) is a first-order differential invariant if

XM . J(z, M) =0.

Here u") = (u, up, uy, ug, u3) is an element of the first prolongation R(wu)®),
The group-theoretical methods (see, for example, [1, 2, 6]) enable us to

construct new differential equations with non-trivial symmetry properties.
In our case these equations can be written in the following form:

F(J1, Jay ey i) = 0,

where F' is an arbitrary smooth function of its arguments, {Jy, Ja, ..., J;}
is a functional basis of the first-order differential invariants of non-splitting
subgroups of the group P(1,4).

For all non-splitting subgroups of the group P(1,4) we have described
the first-order differential equations invariant under these subgroups and
defined in the space M (1,3) x R(u).

Since we cannot present here all the results obtained, in this section
we only give some of the new ones.

Below, for some non-splitting subgroups of the group P(1,4), we write
the basis elements of their respective Lie algebras and corresponding argu-
ments Jy, Jq, ..., J; of the function F.

¥ (G+a2X2, Xy, ag < 0),
i =13, Jp = (2§ - ),

J3 = z9 — azIn(zo + u),

2
=71
Jo=(zotu)g by, =gl Je=gk, Fr="lg—,

— OJu _ .
Yoy = %—‘u, M—O,I,Z,S,

2. (G+aX3, Li+dXs3, X4, a <0, d< 0),

J1= (22 + 2912, J; = 23 — aln(zo + u) + darctan %,
= To+ U
Ja = Uay T

J, — T1lp — Tau J_’u(z)—l J_u(zl_l.
4 1‘1’&1?372”2’ 5 TL2 ) 6 u;{_l_u%’

3

b 2 (G’+a1X1+a3X3, I 1 PepiXaf@ic<i, a5 < 0),
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J1 = azln(zo + u) — 23,
J3 =19 + (.CIIO + u)ﬁ—r’

. To+ U
Ja = @zl + a3y — a1z,

F _ug—u%—u%-—l_
e 2 )
U3

4. <L3+dX31 P3+X01 Xl: X21 X4: d < 0)7

J1=wo+u+#_3pp

J2 = (2o + u)? — 223 — 2d arctan %15,

24+ 2(ug+1) u? + u}
J2 = et # 0 - J4 = —1—27 :
f (uo +1)* Y7 (wo+1)
FH Y da X 3" PP, K2 X X d € O,
Ji = To o, Jzzgol_?_—l,

2 2
_ _uj tup 2 .
J3—(u0+1)2+u0+11

6. (G+ a3X3, L3 +d3X3, P, P, X1, Xa, X4, a3 <0, d3 <0),

J1 = (z0+ U)ﬁ_—p

2 2 2
2 ) .
3
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