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Abstract 

 In this paper we consider three different forms of the equation for describing the 

equilibrium moisture content of hygroscopic materials. This equation satisfies certain 

limit and theoretical conditions on the dependence of materials’ equilibrium moisture 

content from the parameters of damp air. Analysis of all three forms shows that the 

exponential form of the equation seems to be the most effective with respect to 

description precision of the initial data, the form of settlement dependence of weight 

capacity coefficients, and the uniqueness of individual coefficients.  

Introduction 

During the transportation and long storage of hygroscopic food goods the data on 

their hygroscopic properties and, in the first line, on their equilibrium moisture con-

tent in dependence on the parameters of the damp air as natural environment for their 

storage becomes an issue. Among conditions imposed on such data, in addition to 

high precision, completeness and mutual coherence given minimal initial informa-

tion, there are also certain conditions on the form of representation. 

 Unfortunately, experimental methods applied for measurement of such data are 

characterized not only by high complexity and precision error but also by an 

impossibility to measure certain quantities derived from the equilibrium moisture 

content. Moreover, such methods do not solve the represenation problem for the data 

mentioned above.  

 One of the possibilities to solve the representation problem could be application 

of (strictly) theoretical methods based on the physicochemical properites of the 

considered hygroscopic food goods. However, in certain situations, due to complexity 

of the considered effects, these methods cannot guarantee the precision necessary for 

practical computations.  

One of the main contribution of this paper consists in the proposal and 

comparative analysis of three different forms of the equation designed for analytical 
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description of equilibrium moisture content of hygroscopic food goods. In a similar 

context these equations were first considered in [4] and they were analyzed in [13], 

[14], [15]. In [9], [10] the authors present the data on dried carrots and then obtain its 

hygroscopic properties by applying the polynomial form of the equation proposed in 

this paper. Similarly, in [12], [17] hygroscopic properties of cakes of peanuts and tee 

(sorption) were obtained by applying the exponential form the equation as proposed 

below. 

 Analysis shows that the exponential form of the equation satisfies conditions 

imposed on the empirical equations. This was one of the main reasons why all 

computations related to the forecasting, generalization and derivation of the 

equilibrium moisture content in the context of [4] were performed by applying this 

form of the equation. Moreover, the exponential form of the equation is more 

effective both from the point of view of deriving its coefficients and from the point of 

view of monotonic dependence of the weight capacity coefficients s	a and s	Ì; see 

[11], [16].  

Analysis of the precision of the obtained results also shows that the exponential 

form of the equation provides higher precision of results compared to the polynomial 

form of the equation. 

 The paper is organized as follows: Section 2 contains the representation and 

analysis of all three forms of the equation for the equilibrium moisture content of 

hygroscopic materials. The main methods applied for analysis of the considered 

equations are also presented in this section. Section 3 contains an example for 

derivation of hygroscopic properties of the cakes of cotton grains while applying the 

exponential form of equation. Section 4 concludes. 

Equations for description of the data on equilibrium moisture content of hygros-

copic materials 

 In order to develop forecasting methods for data on the equilibrium moisture con-

tent of hygroscopic materials and to obtain the parameters of drying technology for 

food goods, one needs a certain state equation for description of the equilibrium 

moisture content of hygroscopic materials. For instance, in [1] several forms of such 

equations as well as methods for derivation of corresponding coefficients in case of a 

particular material on a basis of available experimental data � � ¶;( Í� are obtained 

and justified. Here � denotes the moisture content of the considered material, ϕ  is 

relative humidity of air, Í is temperature and ¶ is a differentiable function.  

 An issue arising while developing different forms of empirical equations for the 

equilibrium moisture content of the materials is caused by the need for computing 

with high precision not only the equilibrium moisture content for given values of ;
and Í, but also the weight capacity coefficients s	a � PÎÏÎÌQ*and s	Ì � PÎÏÎaQ. There-

fore, while developing appropriate forms of the equation � � ¶;( Í� not only their 

potentially possible precision in description of basic data � � ¶;( Í� but also their 

ability to provide the qualitatively correct character of behavior of the weight capaci-



Three different forms of the equation for the equilibrium moisture content of hygroscopic materials 

119 

ty coefficients s	a and s	Ì were investigated. As a result, three forms of such an 

equation were proposed and tested in [1-4]. Let us discuss these equations in more 

details. In a first step, the following polynomial equation is considered: 

¥ � � � ¨
$:$;
j
$�>

/

�>                                                        (1) 

where ¥ � Ï
ÏÐÑ

 denotes the nomalized equilibrium moisture content of the considered 

material, �~j is the maximal hygroscopic moisture content of a considered material at 

the temperature of 273.15 K, : � PÌÒÌ � CQ is the normalized temperature at *
Í> � {«q�Cy*[, ; is the relative humidity of air that stays in hygrothermic 

equilibrium with hygroscopic material and ¨
$ are the coefficients of the state 

equation. Note that these coefficients are unique for each hygroscopic material.  

 By means of the equation (1) an approximation of the experimental data and 

computation of partial derivatives PÓÔÓÕQa and PÎÏÎaQÌ in the coordinates ¥( ;� in the 

range of medium and high temperatures were performed.  

 In general, empirical equations based on the experimental data have to satisfy the 

following two boundary conditions:  

¥ Ö G*�J*; Ö G                                                 (2) 

and  

¥ � C*�J*; � C*�L,*Í � {«q�Cy*[                                   (3) 

 While analyzing the equation (1) we state that none of these boundary conditions 

are strictly satisfied. In particular, in the context of this equation the condition (2) 

means that the sum of the coefficients ¨>$ has to be equal to zero, and the sum of the 

coefficients ¨
> has to be equal to 1.  

 Another requirement on the discussed empirical equations is the qualitatively 

correct representation of the derivatives PÓÔÓÕQa and PÎÏÎaQÌ. Note that while 

developing the equation � � ¶;( Í� in the form (1), the behavior of the derivatives 

PÎÏÎaQÌ can be controlled only passively, since no active method to set a condition on 

the monotonicity of change of the approximating function’s derivatives is known, 

given that their values are unknown as well.  

 Computations have shown that the derivatives PÎ×ÎaQÌ obtained from the equation 

(1) are rather complicated: several minima were observed in case of low 

temperatures, i.e., the settlement isotherms have several excess points. Since such a 

behavior is improbable, we refuse the polynomial form of the equation (1) for the 

calculation of the equilibrium moisture content of hygroscopic materials and 
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continued to look for a more appropriate form of such an equation. We thus need to 

search for a system of coordinates under which the isotherms of sorption-desorption 

would have a simpler geometric form that also defines the form of the function to be 

approximated and the precision of the analytical description of the initial data.  

 Representation of the isotherms of sorption-desorption in the half-logarithmic 

coordinates PML×
a ( ;Q simplifies the form of these isotherms. It also has an impact on 

the precision of their approximation and on the nature of the derivatives PÎ×ÎaQÌ  

where ¥ satisfies the exponential equation of the form  

¥ � ;.Ën<� � ¨
$:$;
j
$�>

/

�> =                                     (4) 

Applications of this equation to the representation of the equilibrium moisture content 

of hygroscopic materials confirmed its effectivity from the point of view of the 

precision of approximation for the initial data as well as from the point of view of the 

nature of the derivatives PÎ×ÎaQÌ and PÎ×ÎÌ Qa. 

  

Fig.  1. Typical isotherms of sorption-desorption for hygroscopic materials in coordinates ¥ �;
(the first curve) and in the half-logarithmic coordinates ML×

a � ; (the second curve).  

    

 Figure 1 shows the isotherms of sorption-desorption for the hygroscopic materials 

that correspond to the equation for the s -shaped isotherms of sorption-desorption as 

proposed by Brunauer, Emmett and Teller. These curves are shown in two coordinate 

systems: PML×
a ( ;Q and ¥(;�. 

 During the testing of the equation (4) a certain procedure and an algorithm 

guaranteeing the satisfaction of the boundary conditions (2) and (3) were developed. 

Furthermore, a set of programs that can be used to build up exponential highly-

precise equations for the testing of initial data was proposed as well.  
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 While studing the performance of the proposed equation (4) the following two 

methods for determining its coefficients ¨
$ based on the experimental data were 

tested: the method of least squares and the method of the singular decomposition; see 

[5] and [6] for more details. 

 Further investigations on the approximation of the equilibrium moisture content 

of hygroscopic materials by the equation (4) showed that the derivatives PÎ×ÎaQÌ are 

not well-defined for small values of ; and depend on the method applied to 

determine its coefficients. Therefore the research on the more stable (with respect to 

the derivatives) forms of the equation for the approximation of the equilibrium 

moisture content of hygroscopic materials was continued. 

 As a result, the following form of the equation for the approximation of the 

equilibrium moisture content of hygroscopic materials is proposed:  

¥ � Ø	a;	Ù�ÚW<� � t"�`�a"Ñ
�ÛÒ

Ü
"ÛÒ =                                    (5) 

 where � � ¶Ø� � Ý�Ø � Ý> is a given function of temperature and Ø � ÌÒ
Ì  is  

a normalized temperature.  

 Equation (5) is nonlinear with respect to the coefficients to be defined. To see 

this, one can transform this equation into the form  

I�×!	aI�Ù
I�a � �Ø.Ën<� � ¨
$:$;
j

$�>
/

�> =                             (6) 

Coefficients ¨
$ in the equation (6) can be determined by the method of least squares, 

but only after independent derivation of the coefficients Ý> and Ý� included into the 

function of temperature �. 

An example: hygroscopic properties of the cakes of cotton grains 

 Data for the equilibrium moisture content �� obtained under application of the 

exponential equation (4) is presented in Table 1 below. In that table we also give 

values of isothermal and isopotential weight capacity of cakes of cotton grains for the 

practical relevant hygroscopic area of the parameters of damp air. This data can be 

used for the computations of the weight change of the cakes of cotton grains given 

that the parameters of the environment of long storage are not in equilibrium to the 

initial ones. Furthermore, this data can be applied to the programming of the 

computation and maintenance of the scientifically reasonable energy saving 

technologies.  
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Table 1. Normalized parameters of hygroscopic properties of the cakes of cotton grains (sorption). 

;(Þ T = 273.15 K T = 278.15 K 

¥ s	Ì s	a & CG� ¥ s	Ì s	a & CG�
10 0.0836 0.675 -1.546 0.0759 0.610 -1.494 

20 0.1231 0.254 -1.708 0.1140 0.266 -1.874 

30 0.1498 0.291 -1.389 0.1416 0.294 -1.791 

40 0.1776 0.241 -1.347 0.1694 0.239 -1.850 

50 0.1971 0.166 -1.399 0.1887 0.167 -1.833 

60 0.2174 0.276 -1.548 0.2089 0.268 -1.785 

70 0.2556 0.477 -2.082 0.2453 0.448 -2.009 

80 0.3050 0.469 -3.053 0.2910 0.432 -2.537 

90 0.3979 1.205 -4.175 0.3499 1.141 -3.116 

100 0.9998 21.702 -13.839 0.9421 20.178 -9.662 

;(Þ
T = 283.15 K T = 288.15 K 

¥ s	Ì s	a & CG� ¥ s	Ì s	a & CG�
10 0.0690 0.548 -1.262 0.0633 0.496 -1.007 

20 0.1050 0.268 -1.686 0.0973 0.265 -1.384 

30 0.1327 0.291 -1.734 0.1246 0.284 -1.479 

40 0.1599 0.236 -1.861 0.1511 0.231 -1.636 

50 0.1794 0.172 -1.841 0.1707 0.177 -1.638 

60 0.2001 0.269 -1.730 0.1919 0.272 -1.532 

70 02357 0.432 -1.821 0.2272 0.421 -1.591 

80 0.2794 0.410 -2.156 0.2693 0.395 -1.875 

90 0.3359 1.102 -2.512 0.3243 1.073 -2.182 

100 0.8999 19.063 -7.451 0.8658 18.167 -6.330 

;(Þ
T = 293.15 K T = 298.15 K 

¥ s	Ì 310⋅
ϕmC ¥ s	Ì 310⋅

ϕmC

10 0.058 0.454 -0.803 0.0552 0.421 -0.683 

20 0.0911 0.262 -1.096 0.0862 0.260 -0.885 

30 0.1180 0.276 -1.184 0.1127 0.270 -0.935 

40 0.1437 0.225 -1.340 0.1377 0.219 -1.068 

50 0.1632 0.181 -1.365 0.1570 0.184 -1.104 

60 0.1848 0.275 -1.290 0.1790 0.276 -1.062 

70 0.2198 0.411 -1.367 0.2134 0.399 -1.174 

80 0.2605 0.379 -1.670 0.2525 0.361 -1.523 

90 0.3139 1.046 -2.008 0.3041 1.018 -1.914 

100 0.8357 17.390 -5.766 0.8078 16.687 -5.419 
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Conclusions 

 Investigations on the derivation of the rational form of the equation for 

approximation of the equilibrium moisture content of hygroscopic materials lead to 

the following conclusions:  

1. The exponential equation (4) is the most efficient from the point of view of the 

algorithm for the derivation of its coefficients based on the experimental data 

as well as of the behavior (monotonicity) of dependence of the coefficients of 

the weight capacity coefficients s	a and  s	Ì.  

2. The equation (4) is also more flexible and precise as compared to the 

polynomial equation (1). Moreover, the derivatives PÎ×ÎaQÌ derived from the 

equation (4) are more reliable (with respect the monotonicity) compared to 

those obtained from the equation (1).  

3. The equation (5) could become the most efficient from the point of view of the 

accuracy of the approximation of the tabular data ¥ � ¶;( Í� as well as of 

the corresponding form of the derivatives PÎ×ÎaQÌ obtained from this equation. 

However, the difficulties of derivation of the nonlinearly related coefficients of 

this equation suspended the investigations on its possible implementation in the 

practical computations.  

4. A database for the equilibrium moisture content of hygroscopic materials for 

more than hundred different hygroscopic materials was built based on the 

equation (4); see [3].  
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