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V = V1 ∪ V2 ∪ Σ (1)$+0/-+-+* 0>$ 01#&&@,-)&+'-$+/. "1/'&' V1 /+, V2 /+, 0>$@,-)&+'-$+/.-+0&#(/& Σ; A1& ?$.3)& V 1/' / =$3+,/#2 A1 ∪ A2 ∪ L8 >1&#& 01&.-+& L '&"/#/0&' 01& =$3+,/#2 '3#(/&' A1 /+, A2;G+2 &H0&+'-?& B3/+0-02 Ψ 1/#/0&#-I-+* 01& ?$.3)& V /+ =&>#-00&+ /' 01& '3)

Ψ =

∫∫∫

V1

ρ1ψ1 ,V +

∫∫∫

V2

ρ2ψ2 ,V +

∫∫

Σ

ρΣψΣ ,Σ, (2)>1&#& ρ1 /+, ρ2 /#& )/'' ,&+'-0-&'8 ψ1 /+, ψ2 /#& ,&+'-0-&' $( Ψ "&#3+-0 )/'' -+ V1 /+, V2J ρΣ -' 01& '3#(/& )/'' ,&+'-028 ψΣ -' 01& ,&+'-02$( Ψ "&# 3+-0 '3#(/& )/'';A1& 0-)& 1/+*& $( 01& &H0&+'-?& B3/+0-02 K7L -' ,&M+&, =2 01&"#$,30-$+' ∆18 ∆28 ∆Σ /+, 01& N3H&' J18 J28 JΣO,Ψ,t =

∫∫∫

V1

ρ1∆1 ,V +

∫∫∫

V2

ρ2∆2 ,V +

∫∫

Σ

ρΣ∆Σ ,Σ−

−

∫∫

A1

n1 · J1 ,A− ∫∫

A2

n2 · J2 ,A− ∫

L

N · JΣ ,L. (3)
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V1 ,'- V2+ -)@#$#'(),()'5 (.# &0$>,# )'(#5$,1 A)(. $#&%#( (/ ()*# t+0&)'5 (.# &0$>,# -)?#$5#'# (.#/$#* (/ $#-0# (.# 1)'# )'(#5$,1 ,$/0'-
L (/ (.# &0$>,# )'(#5$,1 /?#$ Σ ,'- 0()1)B)'5 (.# (A/C-)*#'&)/',12,1,'# #;0,()/' /> (.# &0$>,# *,&& -#'&)(4 A# ,$$)?# ,( (.# 5#'#$,1(A/C-)*#'&)/',1 2,1,'# #;0,()/' D!E+!F℄

ρΣ

-ψΣ-t = ρΣ∆Σ −∇Σ · JΣ + n1 · J1 + n2 · J2+

+ρ1(ψ1 − ψΣ) (v1 − vΣ) · n1 + ρ2(ψ2 − ψΣ) (v2 − vΣ) · n2 (4)/$$#&%/'-)'5 (/ %$/%,5,()'5 )'(#$>,# ,'- -#&$)2)'5 %.,&# ($,'&)()/','- A,?# %$/%,5,()/'6H' :;6 <I= (.# &0$>,# 5$,-)#'( /%#$,(/$ )& 0&#-J
∇Σ = aα ∂

∂uα
, α = 1, 2, (5)A)(. uα 2#)'5 &0$>,# 0$?)1)'#,$ //$-)',(#&+ aα 2#)'5 ?#(/$& /> (.#1/,1 2,&)& /' (.# &0$>,# <2,&)& ?#(/$& )' (.# 1/,1 (,'5#'(),1 %1,'#=6 ! "#$#%&' (&'&$# #*+&,-.$/ 0.% & .$,&,'-$# (#,1##$ ,2%## 32&/#/K/'&)-#$ , *,(#$),1 ?/10*#

V = V1 ∪ V2 ∪ V3 ∪ Σ12 ∪ Σ13 ∪ Σ23 ∪ L (6)A)(. , 2/0'-,$4 A1∪A2∪A3 /'(,)')'5 (.$## (A/C-)*#'&)/',1 )'(#$C>,#& Σ12+ Σ13 ,'- Σ23 A)(. 2/0'-,$)#& L12+ L13 ,'- L23 &#%,$,()'5 &0$C>,#& A1+ A1 ,'- A36 7.)& ?/10*# ,1&/ /'(,)'& (.# (.$## %.,&# /'(,(1)'# L6L'4 #M(#'&)?# ;0,'()(4 Ψ .,$,(#$)B)'5 (.# /'&)-#$#- *,(#$),1
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Ψ =

∫∫∫

V1

ρ1ψ1 2V +

∫∫∫

V2

ρ2ψ2 2V +

∫∫∫

V3

ρ3ψ3 2V+

+

∫∫

Σ12

ρ12ψ12 2Σ +

∫∫

Σ13

ρ13ψ13 2Σ +

∫∫

Σ23

ρ23ψ23 2Σ+

+

∫

L

ρLψL 2L. (7)

31' /.&' 1)*4' #5 /1' '6/'*0."' 7%)*/./8 9:; .0 2'<*'2 +8 /1'=-#2%/0 ∆1> ∆2> ∆3 .* /1-'' "#$%&' =1)0'0> /1' =-#2%/0 ∆12> ∆13>
∆23 .* /1-'' 0%-5)' =1)0'0> /1' =-#2%/ ∆L .* #*' $.*' =1)0' )*2 /1'?%6'0 J1> J2> J3> J12> J13> J23> JL .* "#$%&'> 0%-5)' )*2 $.*' =1)0'0>#--'0=#*2.*4$8@2Ψ2t =

∫∫∫

V1

ρ1∆1 2V +

∫∫∫

V2

ρ2∆2 2V +

∫∫∫

V3

ρ3∆3 2V+

+

∫∫

Σ12

ρ12∆12 2Σ +

∫∫

Σ13

ρ13∆13 2Σ +

∫∫

Σ23

ρ23∆23 2Σ+

+

∫

L

ρL∆L 2L− (8)

−

∫∫

A1

n1 · J1 2A− ∫∫

A2

n2 · J2 2A− ∫∫

A3

n3 · J3 2A−
−

∫

L12

N12 · J12 2L− ∫

L13

N13 · J13 2L− ∫

L23

N23 · J23 2L−
− (λ · JL)+

−
,,1'-' N12> N13 )*2 N23 )-' /1' %*./ *#-&)$0 /# /1' $.*'0 L12> L13)*2 L23 #5 0'=)-)/.#* #5 +#%*2.*4 0%-5)'0 A1> A2 )*2 A3 $8.*4 .* /1'#--'0=#*2.*4 /)*4'*/.)$ =$)*'0> λ .0 /1' %*./ /)*4'*/.)$ "'/#- /# /1'%-"' LA 31' .*2.'0 BCD )*2 BED 2'*#/' /1' ")$%'0 #5 7%)*/./.'0 )//1' .*./.)$ )*2 '*2.*4 =#.*/0 #5 /1' $.*' L 9)/ ./0 .*/'-0'/.#*0 ,./1 )+#%*2)-8 0%-5)' A = A12 ∪A13 ∪ A23 ∪ L12 ∪ L13 ∪ L23;AF#%*/.*4 5#- 9:; )*2 9 ; )*2 /1' +)$)*' '7%)/.#*0 5#- /1' "#$G%&'0 V1> V2> V3 )*2 .*/'-5)'0 Σ12> Σ13> Σ23> 2.H'-'*/.)/.*4 /1' $.*'.*/'4-)$ ,./1 -'0='/ /# /.&' t> %0.*4 /1' I'.+*.JGK',/#* 5#-&%$) )*2
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ρL

(ψL(t = ρL∆L −∇L · JL + N12 · J12 + N13 · J13 + N23 · J23+

+ρ12(ψ12 − ψL) (v12 − vL) ·N12 + ρ13(ψ13 − ψL) (v13 − vL) ·N13+

+ρ23(ψ23 − ψL) (v23 − vL) ·N23. (9)=#$ -)&$ 51,()$&" %>$1,"%1 ∇L )+ )&"1%(/$( 42 "#$ 0%1*/-,
∇L = λ

∂

∂s
, (10)3#$1$ s ($&%"$+ "#$ -$&5"# %0 , /1?$@ =#$ /&)" ",&5$&"),- ?$"%1 λ,+ 3$-- ,+ "#$ >1)&)>,- &%1*,- τ ,&( 4)&%1*,- ν 0%1* "#$ A1$&$""1)#$(1%&@ ! "#$ %$&$'()*+$, -(.)($ (&,012&% $32(4*1&5B($&")02)&5 "#$ ./,&")"2 ψ 3)"# "#$ ()+>-,$*$&" ?$-%)"2 ?$"%1 vC"#$ >1%(/")%& ∆ 3)"# "#$ 4%(2 0%1$ ?$"%1 f ,&( "#$ D/E J 3)"# "#$+"1$++ "$&+%1 σ F3)"# "#$ %>>%+)"$ +)5&G 3$ %4",)&

ρΣ

(vΣ(t = ρΣfΣ + ∇Σ · σΣ − n1 · σ1 + n2 · σ2+

+ρ1(v1 − vΣ) (v1 − vΣ) · n1 + ρ2(v2 − vΣ) (v2 − vΣ) · n2 (11),&(
ρL

(vL(t = ρLfL + ∇L · σL −N12 · σ12 −N13 · σ13 −N23 · σ23+

+ρ12(v12 − vL) (v12 − vL) ·N12 + ρ13(v13 − vL) (v13 − vL) ·N13+

+ρ23(v23 − vL) (v23 − vL) ·N23. (12)B($&")02)&5 "#$ ./,&")"2 ψ 3)"# "#$ 1%",")%& ?$-%)"2 ?$"%1 w*/-")>-)$( 42 "#$ 0,"%1 α &%" ($>$&()&5 %& ")*$ ,&( %&&$"$( 3)"#
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∆Σ = ρΣmΣ −

(

σΣ
×

·a
)

∗

, (13)

∆L = ρLmL −
(

σL
×

·λ⊗ λ
)

∗

, (14)0#$*$ mΣ )5 "#$ 5.*(+$ &.23$ :$"&*, mL )5 "#$ 3)'$ &.23$ :$"&*, ⊗)5 "#$ "$'5&* 2*&9.", × )5 "#$ *&55 2*&9.", a )5 "#$ ;*5" (.'9+%$'"+3(&*% &( + 5.*(+$, + 9&" 9$'&"$5 "#$ 5+3+* 2*&9.", +' +5"$*)5< %+*<5"#$ "*+'52&5$ &( + "$'5&*, 0$ 7$"
αΣρΣ

9wΣ9t = ρΣmΣ + ∇Σ · µΣ −
(

σΣ
×

·a
)

∗

−

−n1 · µ1 − n2 · µ2 + ρ1(α1w1 − αΣwΣ) (v1 − vΣ) · n1+

+ρ2(α2v2 − αΣwΣ) (v2 − vΣ) · n2 (15)+'9
αLρL

9wL9t = ρLmL + ∇L · µL −
(

σL
×

·λ⊗ λ
)

∗

−

−N12 · µ12 −N13 · µ13 −N23 · µ23+

+ρ12(α12w12 − αLwL) (v12 − vL) ·N12+

+ρ13(α13w13 − αLwL) (v13 − vL) ·N13+

+ρ23(α23w23 − αLwL) (v23 − vL) ·N23. (16)=$ .5$ "#$ (&33&0)'7 &*9$* &( &2$*+")&'5 )' "#$ >*+<$"5 )' 6?@8+'9 6?A8B6)8 :$"&* %.3")23)+")&' &( "#$ '$)7#>&.*)'7 >+5)5 :$"&*5 &( "#$%.3")23)$*5C6))8 2$*%."+")&' &( "#$ 5$&'9 +'9 "#$ "#)*9 >+5)5 :$"&*5 )' "#$)*2*&9."B6)))8 5+3+* 6&* :$"&*8 %.3")23)+")&' &( "#$ ;*5" +'9 "#$ 5$&'9>+5)5 :$"&*5DE" 5#&.39 >$ '&"$9 "#+" "#$ 5.*(+$ 5"*$55 +'9 &.23$ 5"*$55 "$'5&*5#+:$ "#$ (&33&0)'7 5"*.".*$ )' "#$ 3&+3 >+5)5 aα, nB
σΣ = σαβaα ⊗ aβ + σαnaα ⊗ n,



 !  ! "#$%&'()#
µΣ = µαβaα ⊗ aβ + µαnaα ⊗ n, (17)"#$%& '#& %$(& )'*&)) +(, ./0%& )'*&)) '&().*) +*& *&0*&)&('&, $( '#&1*&(&' '*$#&,*.( 2+)$) +)3

σL = σλλλ⊗ λ + σλτλ⊗ τ + σλνλ⊗ ν,

µL = µλλλ⊗ λ + µλτλ⊗ τ + µλνλ⊗ ν. (18)4#& .2'+$(&, &5/+'$.() 6&(&*+%$7& '#& %+))$+% 8+0%+& +(, 9./(6&5/+'$.() .: '#& '#&.*; .: +0$%%+*$'; '+<$(6 $('. +./(' '#& =.=&('&>&') ?)&& @ABCADEFG℄IJK(,&&,C (&6%&'$(6 ./0%&) +(, +))/=$(6
ρΣ = 0, (v1 − vΣ) · n1 = 0, (v2 − vΣ) · n2 = 0, σΣ = σΣaΣ,"#&*& σΣ $) '#& )/*:+& '&()$.(C aΣ $) '#& L*)' :/(,+=&('+% :.*= .: +)/*:+&C "& .2'+$( :*.= ?GGI3

∇ΣσΣ + 2HσΣn1 = n1 · σ1 + n2 · σ2. (19)M&*& H $) '#& =&+( /*N+'/*& .: +( $('&*:+&J1$(+%%;C $: σΣ =.()'C '#&( "& +**$N& +' '#& %+))$+% 8+0%+& &5/+O'$.(
2HσΣ = p2 − p1, (20)"#&*& p1 +(, p2 +*& '#& #;,*.)'+'$ 0*&))/*&) $( .('+'$(6 2/%< 0#+)&)JP5/+'$.( ?GDI $) + 2+)$) .: '#&.*&'$+% $(N&)'$6+'$.( .: N+*$./)0#;)$+% 0#&(.=&(+ +/)&, 2; #&'&*.6&(&./) )/*:+& '&()$.( $(%/,O$(6 "&''$(6 .: #&'&*.6&(&./) )/*:+&) +(, $('&*+'$.( .: )/*:+&O+'$N&=&%') "$'# =&'+%) @FAEFB℄J PQ'&()$N& %$'&*+'/*& '&)'$L&) '. '#& $(R/O&(& .: #&'&*.6&(&./) )/*:+& '&()$.( .( N+*$./) 0#;)$+%C =&#+($+%+(, #&=$+% 0*.&))&) $( ).%$,)J P%"$(6  ! "#$ @F ℄ ,&N&%.0&, + =&'#.,'. *&+'& + )/*:+& '&()$.( 6*+,$&(' +%.(6 )$%$.( .* 6%+)) 0%+'&)C #;O,*.0#.2$ +' .(& &(, +(, #;,*.0#$%$ +' '#& .'#&*C "$'# + 6*+,$&(' .:"&''+2$%$'; $(2&'"&&(J K( @FDESG℄ 6%+)) 2&+,) "&*& 0*&0+*&, &Q#$2$'$(6#;,*.0#$%$ 0*.0&*'$&) .( .(& #&=$)0#&*& +(, #;,*.0#.2$ 0*.0&*'$&).( '#& .'#&*J T+0#+U% @SACSF℄ +(+%;7&, '#& :.*&) "#$# +'&, .( '#&VW+(/) X&+,Y 0%+&, +' '#& "+'&*O.$% $('&*:+& +(, ,$)/))&, '#& 2&O#+N$.* .: + %$5/$, )'*$0C )'*+,,%$(6 2&'"&&( '". ,$>&*&(' )/*:+&)JZ+))$&[) )'/,; @SS℄ #+) %&:' '#& "+; .0&( :.* :/*'#&* ,$)/))$.(.: '#& "&''+2$%$'; .: #&'&*.6&(&./) )/*:+&)J \/# )/*:+&) #+N& 2&&(



 !"#$%&'()%"(*+ *($ "('#$%&'()%"(*+ ,*+*(' './*0%"()  !"#$ %&'$" %) "#$ *""$+",%+ %) * -*./$ +01&$. %) &%"# "#$%.$",*- *+2$34$.,1$+"*- .$5$*.# 6%.7$.5 89:;:<℄> ?".$55 @$-25 20$ "% "#$ 50.)*$"$+5,%+ /.*2,$+" *+2 "#$,. ,+A0$+$ %+ 6$""*&,-,"B #*C$ &$$+ "*7$+,+"% *%0+" ,+ 8D:EDF℄>G#$+ 50.)*$H*",C$ 1$-" I,+2,01E -$*2E ",+E /*--,01 *+2 5% %+J,+"$.*"5 6,"# 1$"*- I,.%+E ,.%+H5,-,%+ *--%BJE * K%+$ 6,"# * #,/# 2,5H-%*",%+ 2$+5,"B *.,5$5 ,+ "#$ 50.)*$ -*B$. %) "#$ 1$"*-> L%. * -%+/",1$ ," 6*5 %+5,2$.$2 8:ME:D℄ "#*" "#$ 50.)*$H*",C$ 1$-" 50&5"*+$2,N05$2 ,+"% 1$"*- *+2 *05$2 "#$ %+$+".*",%+ 5".$55 )%.1,+/ * 2,5-%H*",%+ 5".0"0.$> O%6$C$.E ," 6*5 5#%6+ ,+ 8:9E::℄ "#*" "#$ ,+"$.*",%+&$"6$$+ 1$-" *+2 1$"*- %+5,5"5 %) "6% 4*."5> P" "#$ -*"$. 5"*/$5 %)"#,5 4.%$55 "#$ 2,N05,%+ %) 1$-" *"0*--B %0.5 *+2 "#$ %+$+".*",%+5".$55 *.,5$5E &0" "#$ 2,5-%*",%+ 5".0"0.$ *" "#$ ).%+" %) "#$ 54.$*2,+/1$-" ,5 2$"$.1,+$2 &B "#$ $*.-B 5"*/$5 %) ,+"$.*",%+ *+2 "#$ %&"*,+$2.$50-"5 *++%" &$ $34-*,+$2 &B "#$ 2,N05,%+ 1$#*+,51> Q#$ %..$H-*",%+ &$"6$$+ 2,N$.$+$ ,+ 50.)*$ "$+5,%+ %) +%"H6$""$2 *+2 6$""$24*."5 %) * 1$"*- *+2 2,N$.$+$ ,+ 2,5-%*",%+ 2$+5,"B %&"*,+$2 ,+ 8:F℄E*+2 "#$ %&5$.C*",%+ %) "#$ )05,&-$ 1$"*- 2.%4 54.$*2,+/ %C$. "#$ ,.%+)%,- ,+ "#$ %-01+ %) *+ $-$".%+ 1,.%5%4$ 8:!℄ #*C$ 5#%6+ "#*" +0H-$*",%+ %) 2,5-%*",%+5 #*2 %0..$2 0+2$. "#$ 6$"",+/ ,.01)$.$+$>R+ "#$5$ /.%0+25 %+$ *+ %+-02$ "#*" "#$ )%.1*",%+ %) 2,5-%*",%+5,5 %++$"$2 6,"# * 2$.$*5$ %) 50.)*$ "$+5,%+ *" "#$ 6$"",+/ 4$.,1$H"$. 8D9EDFED!℄> Q#$ .$50-"5 %&"*,+$2 ,+ "#$5$ 4*4$.5 *+ &$ ,+C%-C$2,+ "#$ 1$#*+,51 %) .$).*"%.B *""*7 &B 2,N$.$+" 1%-"$+ /-*55$5 8: ℄*+2 "#$ $34-*+*",%+ %) $34$.,1$+"5 %+ .*7,+/ %) -$*#$2 "6%H4#*5$5%2,01 &%.%5,-,*"$ /-*55 *..,$2 %0" ,+ 8:S℄>G#$+
(v12 − vL) ·N12 = 0, (v13 − vL) ·N13 = 0, (v23 − vL) ·N23 = 0,

σ12 = σ12a12, σ13 = σ13a13, σ23 = σ23a23,

µ12 = 0, µ13 = 0, µ23 = 0,

ρL = 0, σL = σLλ ⊗ λ,6$ #*C$
N12σ12 + N13σ13 + N23σ23 −

∂σL

∂s
λ− kσLτ = 0, (21)6#$.$ k ,5 "#$ @.5" 0.C*"0.$ %) "#$ %+"*" -,+$>



   ! "#$%&'()#!" #$% '(% )* '+,'- (.//%#0. 1% 2%# 345℄
σ23 cos θ = σ13 − σ12 −

σL

R
cosϕ, (22)1$%0% R ,( ' 0'7,8( )* #$% 9'(% )* ' 70):; ϕ ,( #$% '"2-% )* ,"-,"'#,)")* #$% (80*'% Σ23 '# ' )"#'# -,"% <#$% '"2-% 9%#1%%" #$% =%#)0( µ'"7 N12>; θ ,( #$% )"#'# '"2-% <#$% '"2-% 9%#1%%/ #$% =%#)0( N12'"7 −N23?>!* ϕ = 0; #$%" 1% '00,=% '# #$% %@8'#,)"

σ23 cos θ = σ13 − σ12 −
σL

R
(23))9#',"%7 ," 34A;4B℄?C)0 ' :-'"% ,"#%0*'% '"7 σL = 0 #$% -'((,'- D)8"2 %@8'#,)" 34E℄*)0 #$% )"#'# '"2-% θ *)--)1( *0)/ <BE>F

σ23 cos θ = σ13 − σ12. (24)G%2-%#,"2 σL ," <BA> 1% )9#'," #$% ()H'--%7 I'=,7)=HG%8/'""#0,'"2-% %@8'#,)" 34J;4K℄
N12σ12 + N13σ13 + N23σ23 = 0. (25)L -'02% "8/9%0 )* ,"=%(#,2'#,)"( $'=% 9%%" 7%=)#%7 #) #$% %+:%0H,/%"#'- (#87. '"7 #$%)0%#,'- 7%(0,:#,)" )* #$% :0)%((%( )* 1%##,"2'"7 (:0%'7,"2? I8% #) #%"()0 "'#80% )* (80*'% (#0%((%( σ12 '"7 σ13 #$%($':% )* -.,"2 )0 (:0%'7,"2 70): '" 7%=,'#% *0)/ #$% '+,'- (.//%#0.1$,$ 1'( )9(%0=%7 ," /'". %+:%0,/%"#(? M"% )* #$% N0(# %+:%0,/%"H#'- :':%0( ," 1$,$ (8$ ' 7%=,'#,)" *0)/ '+,'- (.//%#0. 1'( ")#%71'( 344℄? O$% '/'-2'/( *)0/%7 780,"2 (:0%'7,"2 )* ' /%080. 70):)=%0 '7/,8/ )0 P," $'=% %--,:#, ($':%? O$% 7%*)0/'#,)" )* #," )0-%'7 '-() -%'7( #) '",()#0):. ," #$% (:0%'7 )* /%080. )=%0 #$%,0 (80H*'%(? L/'-2'/( )* %--,:#, ($':% *)0/ 1$%" ' 70): )* /%080. ,(:-'%7 )" ' 0)--%7 #," *),- 34Q;4 ℄ '"7 #$% 0'#,) )* #$% '+%( 7%:%"7( )"#$% 7%20%% )* 0)--,"2? O$% %%"#0,,#. ,( A?AARA?AJ; '"7 #$% /'S)0 '+,()* #$% %--,:(% ,( ," #$% 7,0%#,)" )* #$% 0)--? O$% '8#$)0( )* #$% 1)0T(/%"#,)"%7 '((8/%7 #$'# (:0%'7,"2 )* '" '/'-2'/ )=%0 #$% (80*'% )* '/%#'- $'( #$% 7,U8(,)" "'#80%? V'#%0 #$% #%0/( W(:0%'7,"2X; W:0):'2'H#,)"X; W7,U8(,)"X 34Y℄ '"7 W(:0%'7,"2 7,U8(,)"X 3Q5℄ 1%0% 8(%7? Z)1%=%0



 !"#$%&'()%"(*+ *($ "('#$%&'()%"(*+ ,*+*(' './*0%"()  !"# $%& '()*+, #-%# #-+ '()+&& /0,+( &#/,1 "& %#/%221 &'(+%,"03 456758℄: ; &"<"2%( +=+# $%& ,+#+#+, >)( /0"%?"%221 ,+>)(<+, ')21<+(&45@A5B℄: C-+0 $+##"03 #-+ ')21<+( D1 *%(")/& 2"E/",& F#("(+&12'-)&G'-%#+A D()<"/< 0%'-#-%2+0+A +#-12+0+ 321)2A >)(<%<",+A 321+("0+H %,()' )> #-+ 2"E/", -%& % '2%0%( +22"'#" &-%'+ $"#- #-+ 2)03+( %?"& )("G+0#+, "0 #-+ ,"(+#")0 )> #-+ ,+>)(<%#")0: I-+ +=+# $%& &/D&+E/+0#21&#/,"+, "0 45J75 ℄:I-+ %0"&)#()'1 )> $+##"03 <%1 2+%, #) &-%'+& )#-+( #-%0 % '2%G0%( +22"'#" &-%'+ >)( #-+ ,()' 45!A K℄℄:P&"03 #-+ 3+0+(%2"Q+, R)/03 +E/%#")0A $-"- #%M+& %)/0# )> #-+#+0&)( -%(%#+( )> #-+ &/(>%+ #+0&")0A )0+ %0 +?'2%"0 #-+ %0"&)#()'1)> $+##"03 "0 % 0%#/(%2 <%00+(: ! "#$%&$''( %)*#+, #- .'+-/*1&.2#/%&#$. /$1 1&.2&$/%&#$.S0 % #-(++G,"<+0&")0%2 T)&&+(%# )0#"0//<A ":+: "0 % )0#"0//< $-"-<)#")0 "& ,+&("D+, 0)# )021 D1 #-+ ,"&'2%+<+0# *+#)( u D/# %2&)#-+ "0,+'+0,+0# ()#%#")0 *+#)( ωA #-+ ,"&2)%#")0 ,+0&"#1 #+0&)( α%0, #-+ ,"&2"0%#")0 ,+0&"#1 #+0&)( θ %(+ ,+L0+, %& % ,+'%(#/(+ )> #-+'2%&#" &#(%"0 #+0&)( γp %0, #-+ '2%&#" D+0,G#$"&# #+0&)( κp >()< #-+)<'%#"D"2"#1 )0,"#")0& 4 8℄
θ = −∇× κp,

α = −∇× γp
−

(

κp×
×g

)

∗

,
(26)$-+(+ g "& #-+ <+#(" #+0&)(: I-+ )(,+( )> )'+(%#")0& "0 #-+ D(%M+#&"0 FOJH "& #-+ &%<+ %& ,+&("D+, %D)*+A $"#- #-+ &%2%( </2#"'2"%#")0&/D&#"#/#+, D1 #-+ *+#)( </2#"'2"%#")0:



 !  ! "#$%&'()#"#$ %&'()+,&)- ./0 ,$-')1 J +-% ,#$ %&'(&-+,&)- ./0 ,$-')1 I +1$&-,1)%/$% +' 234℄
I =

%κp%t −∇wp,

J =
%γp t −∇vp

− (wp
× g)∗ .

(27)!"#"
vp =

 up t , wp =
 ωp t . (28)$% &'((')* &#'+ ,-./0,-1/ %23% θ t = −∇× I, α t = −∇× J−

(

I
×

×g
)∗

.

(29)42" *5#&3"  7*('3%7'8  "8*7%9 %"8*'# αΣ 38 %2" *5#&3"  7*(7:83%7'8  "8*7%9 %"8*'# θΣ 3#"  ";8" 3* 78'+<3%7=7(7%9 '& %2" <(3*%7*%#378 %"8*'# γ
p
Σ
38 %2" <(3*%7 ="8 :%)7*% %"8*'# κ

p
Σ
'& %2" >'**"#3%*5#&3" ?-@℄

θΣ = −∇Σ × κ
p
Σ

+ ǫΣ · b · κ
p
Σ
,

αΣ = −∇Σ × γ
p
Σ

+ ǫΣ · b · γ
p
Σ
−

(

κ
p
Σ

×

×a
)

∗

,

(30))2"#" a 38 b 3#" %2" ;#*% 38 *"'8 &58 3+"8%3( &'#+* '& 3 *5#&3"B
ǫΣ 7* %2" %)': 7+"8*7'83( 3(%"#83%78C %"8*'#D42" *5#&3"  7*('3%7'8 E5F JΣ 38 %2" *5#&3"  7*(783%7'8 E5F
IΣ 23G" %2" &'((')78C &'#+

IΣ =
 κ

p
Σ t −∇Σw

p
Σ
, (31)

JΣ =
 γp

Σ t −∇Σv
p
Σ
− (wp

Σ
× a)

∗

. (32)42" =3(38" "H53%7'8* &'#  "8*7%7"* '& *5#&3"  "&"%* #"3  θΣ t = −∇Σ × IΣ + ǫΣ · b · IΣ, (33)



 !"#$%&'()%"(*+ *($ "('#$%&'()%"(*+ ,*+*(' './*0%"()  !"αΣ"t = −∇Σ × JΣ + ǫΣ · b · JΣ −
(

IΣ
×

×a
)

∗

. (34)#$ %&'()" *+ ,'$+" $&-$ $&+ %(./-+ $+,%'.% &-1+ $&+ /'))'23,4%$.($(.+5
γΣ = γαβaα ⊗ aβ + γαnaα ⊗ n, κΣ = καβaα ⊗ aβ + καnaα ⊗ n,

αΣ = αnβn⊗ aβ + αnnn⊗ n, θΣ = θnβn⊗ aβ + θnnn⊗ n, (35)

JΣ = Jαβaα ⊗ aβ + Jαnaα ⊗ n, IΣ = Iαβaα ⊗ aβ + Iαnaα ⊗ n. ! "#$#% '()()*#, $&.++6"37+,%3',-) -%+ $&+ 7'$'. -)()(% 2-% "+1+)'8+" *9:3%+% ;<=℄? $&+ "3@+.+,$3-) '8+.-$'.% /'. 7'$'.% 2+ 3,$.'"(+" 3, ;<AB< ℄C D&+ 7'$'. -,-)9%3% /'. %(./-+% -," )3,+% 2-% "+1+)'8+" *9 $&+-($&'. ; E℄CF+ (%+ $&+ /'))'23,4 3,1-.3-,$ ,'$-$3',% /'. $&+ %(./-+ 4.-"3+,$?"31+.4+,+? -," (.) '/ %(./-+ 7'$'. (VΣ

WΣ

) -," 7'$'.6$+,%'. (QΣ

RΣ

)G+)"%5
∇Σ

(

VΣ

WΣ

)

=

(

∇ΣVΣ

∇ΣWΣ − (VΣ × a)∗

)

, (36)

∇Σ ·

(

QΣ

RΣ

)

=

(

∇Σ ·QΣ

∇Σ ·RΣ −

(

QΣ
×

·a
)

∗

)

, (37)

∇Σ ×

(

QΣ

RΣ

)

=

(

∇Σ ×QΣ

∇Σ ×RΣ +
(

QΣ
×

×a
)

∗

)

. (38)H(+%%31+ -88)3-$3', '/ $&+ %(./-+ 4.-"3+,$ '8+.-$'. 431+%
∇Σ ×

[

∇Σ

(

VΣ

WΣ

)]

= ǫΣ · b ·∇Σ

(

VΣ

WΣ

)

, (39)



 !  ! "#$%&'()#
∇Σ ·

[

∇Σ ×

(

QΣ

RΣ

)]

= ∇Σ ·

[

ǫΣ · b ·∇Σ ·

(

QΣ

RΣ

)]

−

−2Hn ·

[

∇Σ ×

(

QΣ

RΣ

)]

. (40)"#$ %&'&( )*)+&,-$ &. '#$ /-(.)$ 1)-//23/'(&,()4/56 .&(%-+)($)4/
∫∫

Σ

∇Σ ·

(

QΣ

RΣ

) 4Σ =

∫

L

N ·

(

QΣ

RΣ

) 4L−
−

∫∫

Σ

2Hn ·

(

QΣ

RΣ

) 4Σ. (41)7$ -/$ '#$ .&++&89*, 9*:)(9)*' *&')'9&*/ .&( '#$ +9*$ ,()49$*'; 492:$(,$*$; )*4 -(+ &. +9*$ %&'&( (

VL

WL

) )*4 %&'&(2'$*/&( (

QL

RL

)<$+4/=
∇L

(

VL

WL

)

=

(

∇ΣVL

∇ΣWL − (VL × λ⊗ λ)∗

)

, (42)

∇L ·

(

QL

RL

)

=

(

∇L ·QL

∇L ·RL −

(

QL
×

·λ⊗ λ
)

∗

)

, (43)

∇L ×

(

QL

RL

)

=

(

∇L ×QL

∇L ×RL −

(

QL
×

×λ⊗ λ
)

∗

)

. (44)>-$//9:$ )??+9)'9&* &. '#$ +9*$ ,()49$*' &?$()'&( ,9:$/
∇L ×

[

∇L

(

VL

WL

)]

= kν ⊗ λ ·∇L

(

VL

WL

)

, (45)

∇L ·

[

∇L ×

(

QL

RL

)]

= −kτ ·

[

∇L ×

(

QL

RL

)]

. (46)"#$ &*$249%$*/9&*)+ )*)+&,-$ &. '#$ 1)-//23/'(&,()4/56 .&(%-+)($)4/
∫

L

∇L ·

(

QL

RL

) 4L =

[

λ ·

(

QL

RL

)]+

−

−

∫

L

kτ ·

(

QL

RL

) 4L. (47)7$ ($)++ '#)' '#$ :$'&(/ λ; τ )*4 ν .&(% '#$ @($*$' '(9#$4(&*A



 !"#$%&'()%"(*+ *($ "('#$%&'()%"(*+ ,*+*(' './*0%"()  !"#$%& '() *+'+, ./0/0# '() &)%),./$1)2 3.4/.) .%2 5+0%& )60.7'$+%# 899:; 89<: .%2 89=:; 89>: .% ?) @,$'')% .#
ρΣ

22t ( vΣ

αΣwΣ

)

= ρΣ

(

fΣ
mΣ

)

+ ∇Σ ·

(

σΣ

µΣ

)

−

−n1 ·

(

σ1

µ1

)

− n2 ·

(

σ2

µ2

)

+

+

(

v1 − vΣ

α1w1 − αwΣ

)

ρ1(v1 − vΣ) · n1+

+

(

v2 − vΣ

α2w2 − αwΣ

)

ρ2(v2 − vΣ) · n2

(48)

.%2
ρL

22t ( vL

αLwL

)

= ρL

(

fL
mL

)

+ ∇L ·

(

σL

µL

)

−

−N12 ·

(

σ12

µ12

)

−N13 ·

(

σ13

µ13

)

−N23 ·

(

σ23

µ23

)

+

+

(

v12 − vL

α12w12 − αwL

)

ρ12(v12 − vL) ·N12+

+

(

v13 − vL

α13w13 − αwL

)

ρ13(v13 − vL) ·N13+

+

(

v23 − vL

α23w23 − αwL

)

ρ23(v23 − vL) ·N23.

(49)A() ?.#$ )60.'$+%# B+, '() '@+72$*)%#$+%./ C+##),.' #0,B.) $%*+'+, ,)+,2$%& (.D) '() B+//+@$%& B+,*E
(

θΣ

αΣ

)

= −∇Σ ×

(

κ
p
Σ

γ
p
Σ

)

+ ǫΣ · b ·

(

κ
p
Σ

γ
p
Σ

)

, (50)

(

IΣ

JΣ

)

=
22t (κ

p
Σ

γ
p
Σ

)

−∇Σ

(

w
p
Σ

v
p
Σ

)

, (51)22t (θΣ

αΣ

)

= −∇Σ ×

(

IΣ

JΣ

)

+ ǫΣ · b ·

(

IΣ

JΣ

)

. (52)



 !  ! "#$%&'()#"# $%&' ()$# %#+)$ $,' ()$'-%$(#) #. /+0& %)1 2+-.%' 3,%2'2 ()456 789: #)' %) ()$-#1+' $,' .#00#;()< ($'=2 ()$# $,(2 '5+%$(#)
n1 ·

(

I1

J1

)

+ n2 ·

(

I2

J2

)/+$ 1+' $# $,' 2$-+$+-' #. 2+-.%' 1'.'$2 1')2($('2 %)1 2+-.%' 1'.'$2>+?'2 7@8: ;' %--(A' %$ $,' #)0+2(#) $,%$
n1 ·

(

I1

J1

)

+ n2 ·

(

I2

J2

)

= 0. (53)B+' $# $,' 2$-+$+-' #. 0()' 2$-%() $')2#- %)1 /')1C$;(2$ $')2#-1(20#%$(#)2 %)1 1(20()%$(#)2 %))#$ '?(2$ () #)'C1(=')2(#)%0 ='1(+=D/+$ %$ $,' E+)$(#) 0()' #. $,-'' 2+-.%' 3,%2'2 $,' .#00#;()< #)1($(#)
N12 ·

(

I12

J12

)

+ N13 ·

(

I13

J13

)

+ N23 ·

(

I23

J23

)

= 0 (54)(2 .+0F00'16 !"!#!$!&GH℄ 46 J+&')2$'()6 K) '?30%)%$(#) .#- $,' +)+2+%0 3,%2' /',%A(#+-#. =(-#'=+02(#)26  !"#$ %!&'$ ("))$D  !D 8L@M8LND H O@6G9℄ P6K6 Q(00'-D R6 S'#<(6 ",'-=#1T)%=(2 #. =(-#'=+02(#)2U P#=C/()'1 'V'$2 #. 1(23'-2(#) ')$-#3T #. 1-#32 %)1 /')1()< ')'-<T#. 2+-.%$%)$ F0=26 *+ !, -$D "#D 9H9M99WD H OW6G@℄ P6K6 Q(00'-6 X)$'-.%(%0 /')1()< 'V'$2 %)1 ()$'-.%(%0 $')2(#)2() =(-#'=+02(#)26 -$ ./'0"1'/23 4/$ 6"!3$D #D H8 MHL@D H O86G!℄ R6Y6 B' Y'))'2D P6 "%+3()6 Q(-#'=+02(#)2 %)1 $,' >'?(/(0($T#. #(0Z;%$'- ()$'-.%'26 -$ %!&'$  !"#$D !#D 99 !C9@W!D H O96G8℄ P6 [+6 45+(0(/-(+= #. %) =(-#'=+02(#) $,%$ #'?(2$2 ;($, #(0#- /-()'6 42$ %")127$ ,38$ -$D "$D O9 MO!LD H O@6



 !"#$%&'()%"(*+ *($ "('#$%&'()%"(*+ ,*+*(' './*0%"()  !"#℄ %& '()+,-(./ 0& 1+23,.24/ 5& 6,).7,8/ 0& 92.:,;7.& <87=:7. (> -(? 7.3,8>2, 3,.@7(.@ 7. @4@3,A@ 7.;(-;7.: A78(,A)-@7(.B+2@,@&  ! "#$$#%& '()*+,-* /%!/  !/ CDEFCGG/ D ED&"H℄ I& J,->87+& K-2@37 B8(B,837,@ (> -7B7L M7-24,8@N O+,(84 2.LB(@@7M-, ,PB,87A,.3@& 0! 1-)2+,#+342(5! "6 7%#3%*(*/ ! /# QFHRQ/ D HQ&"E℄ I& J,->87+& S-(T,L -7B7L ,P+2.:, 7. M7-24,8@ 2.L 73@ B(@@7=M-, 7.U),., (. 3+, @+2B, (> ;,@7-,@& 0! 1-)2+,#+342(5! "67%#3%*(*/ !"/ !DRF!D!/ D HC&" ℄ V&W& X82A,8& V.U),., (> 3+, @)8>2, -24,8 (. 3+, B-2@37 U(?&0,>(8A237(. (> 2-)A7.7)A @7.:-, 84@32-@& 8+-(3 9*)! /#!:'9;/ !##/ DC#GFDC#H/ D #!&"DR℄ Y&'& %-,T+7.& <4=3%3 #, /)+*(5)4 -(& <$-3)%%+= #, )4* /2),-*>-=*+3 #, 9-)*+%-$3! Z2)T2/ 6(@(?/ D EQ& [V. W)@@72.\&"DD℄ 9&]& 67-,;@T74/ V&9& ]A(-@T74& 1+2.:, (> L7@-(237(. A(M7-734).L,8 (A7.: 23 3+, @)8>2, (> 2 84@32- ?73+ +7:+ ',7,8-@ M2887,8&<4=3! /#$%& ?@%A%B- 8C*+&#5# 8*$-D/ $%/ DRGEFDRQD/ D HC& [V.W)@@72.\&"DG℄ 9&]& 67-,;@T74/ V&9& ]A(-@T74& 6(M7-734 (> L7@-(237(.@ :,.,823,LM4 7.3,8.2- @()8,@ 7. 84@32-@ ?73+ +7:+ ',7,8-@ M2887,8& E=(-FG%3 #, E%3$#-)%#(3/ Z2)T(;2 0)AT2/ X7,;/ BB& QRFQ#/ D H!& [V.W)@@72.\&"DQ℄ Y&V& S,3,T+37./ Y&V& Y-2L7A78(;/ %&V& ',38(;/ %&^& X2L(A3@,;&678(82T@ 7. .,28=@)8>2, -24,8@ (> @3827.,L 84@32-@& /2+,-*!<4=3!H "4*F!H 9*4!/ Z(& H/ DCCFD!D/ D EC& [V. W)@@72.\&"DC℄ W& S)--():+/ S&%& S7-M4& 1(.37.)()@ L7@387M)37(.@ (> L7@-(2=37(.@N @)8>2, L7@-(237(.@ 2.L 3+, 84@32--(:82B+4 (> A283,.=@737 382.@>(8A237(.@& <+#! <4=3! /#! /*! 7/ %"/ DGH#FDGE#/D !#&"D!℄ 6&5& 6287.T(?@T7& O+, L7_,8,.372- :,(A,384 (> :827. M().L=287,@N 37-3 M().L287,@/ :)- "+=3)!/ &##/ E#!FEHG/ D HH&
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