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 !"  !"!"#$% &'()"*( +#), -.$/0* 102!*"#$%&'()* )**, )--&)' ).'/0(1 %. ) ,%)%0.()'2 3.0,,.( -'.&,,40%5 67*8 )''09)*,: ;% <&)(, %5)% &-.5, .= )**, )''090(1 <)8& 7- ),%)%0.()'2 3.0,,.( -'.&,, 40%5 ')%& a> )(/ ) 1'.7- .(,0,%0(1 .= k, k =
1, 2, . . . > )**, )''09&, )% ,75 &-.5 40%5 -'.6)60*0%2 gk,
∞
∑

k=1

gk = 1> 0(/&-&(/&(%*2 .= %5& )''090(1 %0<& <.<&(% )(/ 5)')%&'?0,%0, .= )(.%5&' 1'.7-,: @. %5& 1&(&')%0.( =7(%0.( G(z) =
∞
∑

k=1

gkz
k.= %5& (7<6&' .= )**, 0( %5& 1'.7- 0, 8(.4(: A( &$%&'()* )** 0,5)')%&'0B&/ 62 ,.<& ')(/.< 9.*7<& ζ > 0%, ,&'90& %0<& ξ )( 6& /&?-&(/&(% .( %5& 9.*7<&: C&% F (x, t) = P{ζ < x, ξ < t} 6& %5& D.0(%/0,%'067%0.( =7(%0.( .= ')(/.< 9)'0)6*&, ζ )(/ ξ> L(x) = F (x,∞))(/ B(t) = F (∞, t) 6& %5& /0,%'067%0.( =7(%0.(, .= ')(/.< 9)'0)6*&,

ζ )(/ ξ> '&,-&%09&*2:;(%&'()* )**, )''09& .(*2 /7'0(1 &$%&'()* )**, ,&'90&: ;= T 0, )(&-.5 .= &$%&'()* )** ,&'90& 6&10((0(1 )(/ %5& ,&'90& -'.&,, 0, (.%.<-*&%&/ 0( %5& 0(%&'9)* [T ;T + t)> )( 0(%&'()* )** )--&)', 0( %50,%0<& 0(%&'9)* 40%5 -'.6)60*0%2 E(t) = 1 − e−ct, c > 0: E&(.%& ),
γ )(/ θ %5& 0(%&'()* )** 9.*7<& )(/ ,&'90& %0<&> '&,-&%09&*2: C&%
Φ(x, t) = P{γ < x, θ < t} 6& %5& D.0(% /0,%'067%0.( =7(%0.( .= ')(/.<9)'0)6*&, γ )(/ θ: A( 0(%&'()* )** )--&)')(& 0(%&''7-%, &$%&'()* )**,&'90&: A=%&' 0(%&'()* )** )''090(1 0%, ,&'90& 6&10(, 0<<&/0)%&*2:C&% R(x) = Φ(x,∞) )(/ H(t) = Φ(∞, t) 6& %5& /0,%'067%0.( =7(%0.(,.=')(/.< 9)'0)6*&, γ )(/ θ> '&,-&%09&*2: A=%&' .<-*&%0(1 %5& 0(%&'()*)** ,&'90& F)% &-.5 T G> %5& 0(%&''7-%&/ ,&'90& .= %5& &$%&'()* )**40** 6& .(%0(7&/: ;= %50, ,&'90& 0, (.% .<-*&%&/ /7'0(1 %0<& t> )(0(%&'()* /&<)(/ )--&)', 0( %5& 0(%&'9)* [T ;T + t) 40%5 -'.6)60*0%2
E(t) )(/ ,. .(:E&(.%& ), σ(t) %5& %.%)* 9.*7<& .= )**, -'&,&(% 0( %5& ,2,%&< )%%0<& <.<&(% t: @7--.,& %5)% 9)*7&, .= σ(t) -'.&,, 0, (.% *0<0%&/ =.')** t ≥ 0: ;= T 0, )( &-.5 .= &$%&'()* .' 0(%&'()* )** )--&)')(&>%5&( σ(T ) = σ(T−) + x> 45&'& x 0, %5& 9.*7<& .= %5& )''090(1 )**:E&(.%& ), η(t) %5& (7<6&' .= &$%&'()* )**, -'&,&(% 0( %5& ,2,%&< )%%0<& <.<&(% t: A% %5& &-.5 t .= &$%&'()* )** )--&)')(& 4& 5)9&
η(t) = η(t−)+1: ;= &$%&'()* )** ,&'90& .<-*&%&, )% %5& &-.5 t> %5&(
η(t) = η(t−)− 1:H& ,5)** )()*2B& %4. =.**.40(1 ,5&<&, .= ,2,%&< 6&5)90.' )% %5&&-.5 T .= ,&'90& %&'<0()%0.(:



 ! "#$%&'('$&) *! +#,-$&./$#  !" "#$# %& #$ T %& '() )*+( +$ )-')./01 011 &).2%) ').3%/0'%+/4'()/ σ(T ) = = σ(T−)−x4 5().) x %& '() )-')./01 011 2+163)7 #$ T %&'() )*+( +$ %/')./01 011 &).2%) ').3%/0'%+/4 '()/ σ(T ) = σ(T−)− y45().) y %& '() %/')./01 011 2+163)7 "#$# '& #$ T %& '() )*+( +$ %/')./01 011 &).2%) ').3%/0'%+/4'()/ σ(T ) = = σ(T−)7 #$ T %& '() )*+( +$ )-')./01 011 &).2%)').3%/0'%+/4 '()/ σ(T ) = σ(T−) − y4 5().) y %& '() '+'01 2+163) +$'() )-')./01 011 0/8 011 %/')./01 011& 0..%2%/9 86.%/9 %'& &).2%)7:) &(011 6&) '() $+11+5%/9 /+'0'%+/&7;)'
α(s, q) =

∫

∞

0

∫

∞

0

e−sx−qtdF (x, t)0/8
ψ(s, q) =

∫

∞

0

∫

∞

0

e−sx−qtdΦ(x, t)<) '() ;0*10)=>'%)1'?)& '.0/&$+.3& @;>AB +$ F (x, t) 0/8 Φ(x, t) 8%&='.%<6'%+/ $6/'%+/& .)&*)'%2)1C7 D)/+') 0&
αij = (−1)i+j ∂

i+jα(s, q)

∂si∂qj









s=0,q=0

, ψij = (−1)i+j ∂
i+jψ(s, q)

∂si∂qj









s=0,q=0'() 3%-)8 (i + j)'( 3+3)/'& +$ 8%&'.%<6'%+/ $6/'%+/& F (x, t) 0/8
Φ(x, t)4 .)&*)'%2)1C4 i, j = 1, 2, . . . 7 ;)' ϕ(s) = α(s, 0)4 β(q) =
α(0, q)4 r(s) = ψ(s, 0)4 h(q) = ψ(0, q) <) ;>A +$ .0/8+3 20.%0<1)&
ζ 4 ξ4 γ 0/8 θ4 .)&*)'%2)1C7 D)/+') 0& ϕi4 βi4 ri4 hi '() i'( 3+3)/'&+$ '()&) .0/8+3 20.%0<1)&7 ;)' D(x, t) = P{σ(t) < x} <) '() 8%&='.%<6'%+/ $6/'%+/ +$ '() '+'01 2+163) +$ )-')./01 0/8 %/')./01 011&*.)&)/' %/ '() &C&')3 0' '%3) 3+3)/' t7 #' %& E/+5/ F ℄ '(0' '()&'0<%1%'C +/8%'%+/ $+. '() &C&')3 6/8). +/&%8).0'%+/ (0& '() $+.3
ρ = aβ1G

′(1)(1 + ch1) < 17 #$ '(%& +/8%'%+/ '0E)& *10)4 '()/ '()1%3%' D(x) = lim
t→∞

D(x, t) = P{σ < x} )-%&'&4 5().) σ %& '() &'0'%+/=0.C '+'01 011& 2+163)7;)' δ̄(s, t) =

∫

∞

0

e−sxdxF (x, t) <) '() ;>A +$ 8%&'.%<6'%+/ $6/='%+/ D(x, t) 5%'( .)&*)' '+ x7 A() ;0*10) '.0/&$+.3 +$ '(%& $6/'%+/5%'( .)&*)' '+ t %& 8)/+')8 0& δ(s, q) =

∫

∞

0

e−qtδ̄(s, t)dt7 H6. 30%/*6.*+&) %& '+ 8)').3%/) '() $6/'%+/ δ(s, q)4 $.+3 5(%( 011 (0.0').=%&'%& +$ '() *.+)&& σ(t) 0/ <) 8)').3%/)87 I+. )-03*1)4 &'0'%+/0.C
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δ(s) =

∫

∞

0

e−sxdD(x) = lim
t→∞

δ̄(s, t) = lim
q→0

qδ(s, q). ! "#$%&' ()&+,, #$% -#)#.+)/,./,2)&*' 3( )+'&-.1( '$( /-44-3)+5 +-'%')-+6 7(' ν(t) ,( '$( /1+')-+'%8)+5 '3- 9%41(*: ν(t) = 0; )/ '$( *(&9)( -/ %+ (<'(&+%4 %44 '%8(*=4%( %' '$( 0-0(+' t; %+. ν(t) = 1; )/ '$( *(&9)( -/ %+ )+'(&+%4 %44'%8(* =4%( %' '$( 0-0(+' t >'$)* /1+')-+ )* 1+.(?+(. %' '$( 0-0(+'
t; )/ '$(&( %&( +- %44* )+ '$( *@*'(0 %' '$)* 0-0(+'A6 B1==-*( '$%'(<'(&+%4 -& )+'(&+%4 %44 *(&9)( '%8(* =4%( %' '$( 0-0(+' t6 7(' ξ∗(0)(t),( '$( '-'%4 ')0( -/ (<'(&+%4 .(0%+. *(&9)( /&-0 '$( ,(5)++)+5 '- '$(0-0(+' t; )/ ν(t) = 0 -& ν(t) = 1 %' '$)* 0-0(+'; %+. ξ∗(1)(t) ,( '$(')0( /&-0 '$( ,(5)++)+5 -5 )+'(&+%4 %44 *(&9)( '- '$( 0-0(+' t; )/
ν(t) = 1 >)' )* 4(%& '$%' '$( /1+')-+ ξ∗(1)(t) )* 1+.(?+(.; )/ ν(t) = 0A6C$(+ '$( D%&8-9 =&-(**

(

η(t), ν(t), ξ∗(0)(t), ξ
∗

(1)(t)
)

(1).(*&),(* '$( *@*'(0 ,($%9)-&6 E( *$%44 $%&%'(&)F( '$)* =&-(** ,@'$( /1+')-+* $%9)+5 '$( /-44-3)+5 =&-,%,)4)'@ *(+*(:
P0(t) = P{η(t) = 0}; (2)

Pk(0, x, t)dx = P{η(t) = k, ν(t) = 0, ξ∗(0)(t) ∈ [x; x+ dx)},

k = 1, 2, . . . ; (3)

Pk(1, x, y, t)dx dy =

= P{η(t) = k, ν(t) = 1, ξ∗(0)(t) ∈ [x; x+ dx), ξ∗(1)(t) ∈ [y; y + dy)},

k = 1, 2, . . . . (4)7(' 1* %**10( /-& *)0=4))'@ '$%' .(+*)')(* b(0)(t) %+. b(1)(t) -/&%+.-0 9%&)%,4(* ξ %+. θ (<)*'6 G-'( '$%' %44 &(*14'* -/ '$( =%=(&%+ ,( -,'%)+(. 3)'$-1' '$)* %**10=')-+6 B1==-*( '$%' P0(0) = 0>'$( *@*'(0 )* (0='@ 3$(+ t = 0; '$)* )* ).(+')?(. %* F(&- )+)')%4-+.)')-+A6 H(+-'( %* µ(0)(t) =
b(0)(t)

1− B(t)
%+. µ(1)(t) =

b(1)(t)

1−H(t)
'$(



 ! "#$%&'('$&) *! +#,-$&./$#  !"#$%& '( $) &*%&#)$+ $), -)%&#)$+ $++ /&#0-&1 #&/2&%-0&+34 5( %6& $7'0&/%$7-+-%3 '),-%-') %$8&/ 2+$&1 %6& ('++'9-): +-;-%/ &*-/%<
p0 = P{η = 0} = lim

t→∞
P0(t); (5)

pk(0, x)dx = P{η = k, ν = 0, ξ∗(0) ∈ [x; x+ dx)} =

= lim
t→∞

Pk(0, x, t)dx, k = 1, 2, . . . ; (6)

pk(1, x, y)dx dy = P{η = k, ν = 1, ξ∗(0) ∈ [x; x+dx), ξ∗(1) ∈ [y; y+dy)} =

= lim
t→∞

Pk(1, x, y, t)dx dy, k = 1, 2, . . . , (7)96&#& η1 ξ∗(0)1 ξ∗(1) $#& %6& /%$%-')$#3 $)$+':=&/ '( (=)%-')/ η(t)1 ξ∗(0)(t)$), ξ∗(1)(t)1 #&/2&%-0&+34 ! "#$%&'()* +(, &-. */*&.0-%,%&.,'*&'* %)2 &-.', *(3$&'()>&% δi,k 7& ?#')&8&#@/ /3;7'+< δi,j =

{

0, i 6= j,
1, i = j.A/-): %6& ;&%6', '( $=*-+-$#3 0$#-$7+&/ BC℄1 9& $) 9#-%& '=% 2$#E%-$+ ,-F&#&)%-$+ &G=$%-')/ ('# %6& (=)%-')/ ,&H)&, 73 ICJKILJ<

∂P0(t)

∂t
= −aP0(t) +

∫ t

0

P1(0, x, t)µ(0)(x)dx; (8)

∂Pk(0, x, t)

∂t
+
∂Pk(0, x, t)

∂x
= −(a+ c + µ(0)(x))Pk(0, x, t)+

+

∫ t

0

Pk(1, x, y, t)µ(1)(y)dy+

+(1− δk,1)a

k−1
∑

i=1

Pi(0, x, t)gk−i, k = 1, 2, . . . ; (9)

Pk(0, 0
+, t) =

∫ t

0

Pk+1(0, x, t)µ(0)(x)dx+ agkP0(t),

k = 1, 2, . . . ; (10)
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∂Pk(1, x, y, t)

∂t
+
∂Pk(1, x, y, t)

∂y
= −(a + µ(1)(y))Pk(1, x, y, t)+

+(1− δk,1)a
k−1
∑

i=1

Pi(1, x, y, t)gk−i, k = 1, 2, . . . ; (11)

Pk(1, x, 0
+, t) = cPk(0, x, t). (12)#$%&'$ ()

p0(q) =

∫

∞

0

e−qtP0(t)dt, pk(0, x, q) =

∫

∞

0

e−qtPk(0, x, t)dt,

pk(1, x, y, q) =

∫

∞

0

e−qtPk(1, x, y, t)dt, k = 1, 2, . . . ,'*$ +(,-($ '/(%)0&/1) 23'* /$),$4' '& t &0 '*$ 05%'3&%) P0(t)6 Pk(0, x, t)(%7 Pk(1, x, y, t)6 /$),$'38$-9:;)3%< '*$ +(,-($ '/(%)0&/1 3% $=5('3&% >"? (%7 '(@3%< 3%'& (A&5%' '*$ 3%3'3(- &%73'3&% 2$ &B'(3%
qp0(q)− 1 = −ap0(q) +

∫

∞

t=0

e−qt

(
∫ t

0

P1(0, x, t)µ(0)(x)dx

)

dt,2*$/$
∫

∞

t=0

e−qt

(
∫ t

0

P1(0, x, t)µ(0)(x)dx

)

dt =

=

∫

∞

x=0

(
∫

∞

t=x

e−qtP1(0, x, t)dt

)

µ(0)(x)dx.;)3%< '*$ %&'('3&% p∗1(0, x, q) =

∫

∞

x

e−qtP1(0, x, t)dt 2$ &B'(3% '*$0&--&23%< $=5('3&%C
(q + a)p0(q) =

∫

∞

0

p∗1(0, x, q)µ(0)(x)dx+ 1. (13)+$' 5) 3%'/&75$ '*$ 0&--&23%< <$%$/('3&% 05%'3&%)C
P(0)(z, x, t) =

∞
∑

k=1

Pk(0, x, t)z
k,



 ! "#$%&'('$&) *! +#,-$&./$#  !"
P(1)(z, x, y, t) =

∞
∑

k=1

Pk(1, x, y, t)z
k,

G(z) =

∞
∑

k=1

gkz
k.#$%& '()* %+,-./)&0 1"2 3% )4.-/& .$% %+,-./)& ')( .$% ',&./)&

P(0)(z, x, t)6
∂P(0)(z, x, t)

∂t
+
∂P(0)(z, x, t)

∂x
= −(a + c+ µ(0)(x))P(0)(z, x, t)+

+

∫ t

0

P(1)(z, x, y, t)µ(1)(y)dy + a

∞
∑

k=2

zk

k−1
∑

i=1

Pi(0, x, t)gk−i.7)( .$% 0,* /& .$% 8-0. ')(*,8- 3% $-9%
a

∞
∑

k=2

zk

k−1
∑

i=1

Pi(0, x, t)gk−i =

=
∞
∑

i=1

Pi(0, x, t)z
i

∞
∑

k=i+1

zk−igk−i = aG(z)P(0)(z, x, t).#$%& 3% )4.-/& .$% ')88)3/&: %+,-./)&6
∂P(0)(z, x, t)

∂t
+
∂P(0)(z, x, t)

∂x
= −(a+ c+µ(0)(x)−aG(z))P(0)(z, x, t)+

+

∫ t

0

P(1)(z, x, y, t)µ(1)(y)dy. (14);%. ,0 /&.()<,% .$% ')88)3/&: ;-=8-% .(-&0')(*06
p(0)(z, x, q) =

∫

∞

0

e−qtP(0)(z, x, t)dt,

p(1)(z, x, y, q) =

∫

∞

0

e−qtP(1)(z, x, y, t)dt.#$%& =-00/&: .) ;-=8-% .(-&0')(* /& >+? 1 @2 3% $-9%
qp(0)(z, x, q) +

∂p(0)(z, x, q)

∂x
= −(c+ a− aG(z) + µ(0)(x))p(0)(z, x, q)+



  !  !"!"#$% &'()"*( +#), -.$/0* 102!*"
+

∫

∞

0

e−qt

(
∫ t

0

P(1)(z, x, y, t)µ(1)(y)dy

)

dt,"#$%$
∫

∞

0

e−qt

(
∫ t

0

P(1)(z, x, y, t)µ(1)(y)dy

)

dt =

=

∫

∞

0

p(1)(z, x, y, q)µ(1)(y)dy,&'$' "$ ()*+&, *#$ -(..("&,/ $01+*&(,2
∂p(0)(z, x, q)

∂x
= −(q + c+ a− aG(z) + µ(0)(x))p(0)(z, x, q)+

+

∫

∞

0

p(1)(z, x, y, q)µ(1)(y)dy. (15)3+44&,/ *( /$,$%+*&(, -1,*&(,4 &, 60' 7 !8 "$ #+9$
P(0)(z, 0, t) =

1

z

∫ t

0

P(0)(z, x, t)µ(0)(x)dx−

−

∫ t

0

P1(0, x, t)µ(0)(x)dx+ aG(z)P0(t),"#$,$ "$ ()*+&,: ;+44&,/ *( <+;.+$ *%+,4-(%=4
p(0)(z, 0, q) =

1

z

∫

∞

0

p(0)(z, x, q)µ(0)(x)dx−

−

∫

∞

0

p∗1(0, x, q)µ(0)(x)dx+ aG(z)p0(q).>1* -%(= 60' 7 ?8 "$ #+9$
∫

∞

0

p∗1(0, x, q)µ(0)(x)dx = (q + a)p0(q)− 1.@#$, "$ ()*+&, *#$ $01+*&(,
p(0)(z, 0, q) =

1

z

∫

∞

0

p(0)(z, x, q)µ(0)(x)dx+ 1− (q + a− aG(z))p0(q).

(16)



 ! "#$%&'('$&) *! +#,-$&./$#    !"##$%& '( &)%)*"'$(% +,%'$(%# $% ./0 1  2 3) 4"5)
∂P(1)(z, x, y, t)

∂t
+
∂P(1)(z, x, y, t)

∂y
= −(a−aG(z)+µ(1)(y))P(1)(z, x, y, t).6% ')*7# (+ 8"9:") '*"%#+(*7# 3) (;'"$% '4) +(::(3$%& )/,"'$(%

∂p(1)(z, x, y, q)

∂y
= −(q + a− aG(z) + µ(1)(y))p(1)(z, x, y, q). (17)!"##$%& '( &)%)*"'$(% +,%'$(%# $% ./0 1 <2 3) 4"5)
P(1)(z, x, 0, t) = cP(0)(z, x, t),(* 1$% '4) ')*7# (+ 8"9:") '*"%#+(*7#2
p(1)(z, x, 0, q) = cp(0)(z, x, q). (18)=4) #(:,'$(% (+ ./0 1 >2 4"# '4) +(*7 1'"?$%& $%'( "(,%' '4)+(*7 (+ '4) +,%'$(% µ(1)(y)2

p(1)(z, x, y, q) = [1−H(y)]e−(q+a−aG(z))yp(1)(z, x, 0, q)(*@ "# $' +(::(3# +*(7 ./0 1 A2@
p(1)(z, x, y, q) = c[1−H(y)]e−(q+a−aG(z))yp(0)(z, x, q). (19)B)%(') "# π(q) '4) !8C (+ ;,#D 9)*$(E (+ '4) #D#')7 ,%E)* (%F#$E)*"'$(%0 6' $# ?%(3% G<℄ '4"' p0(q) = (q+a−aπ(q))−10 =4) +,%'$(%

π(q) 3$:: ;) E)')*7$%)E :"')*0 I(3 3) #,;#'$',') *):"'$(% 1 J2 $%'(./0 1 K2 '"?$%& $%'( "(,%' '4) +(*7 (+ '4) +,%'$(% µ1(y)0 C(@ 3)(;'"$%
∂p(0)(z, x, q)

∂x
= −(q + c− ch(q + a− aG(z))+

+a− aG(z) + µ(0)(x))p(0)(z, x, q)(*@ $+ 3) $%'*(E,) '4) %('"'$(% χ(z, q) = q + c− ch(q + a− aG(z)) +
a− aG(z)@

∂p(0)(z, x, q)

∂x
= −(χ(z, q) + µ(0)(x))p(0)(z, x, q).=4) #(:,'$(% (+ '4) :"#' )/,"'$(% 4"# '4) +(::(3$%& +(*7L

p0(z, x, q) = [1− B(x)]e−χ(z,q)xp0(z, 0, q). (20)



  !  !"!"#$% &'()"*( +#), -.$/0* 102!*""#$% &'() *+, - ./ 0$ (1234%
p0(z, 0, q) =

z[1− (q + a− aG(z))]p(0)(q)

z − β(χ(z, q))
,3%5 &'() '$6324(% -!7/ 0$ #38$

p0(z, x, q) =
z[1− (q + a− aG(z))]p(0)(q)

z − β(χ(z, q))
[1−B(x)]e−χ(z,q)x. (21)9'() '$6324(% - :/ 0$ (1234%

p(1)(z, x, y, q) =
cz[1− (q + a− aG(z))]p(0)(q)

z − β(χ(z, q))
[1− B(x)][1−H(y)]×

× exp[−χ(z, q)x− (q + a− aG(z))y]. (22) !" #$ %!"!&'()! "*! +#)"(-) π(q).  !" ω(q) /! "*!  01 -+ "*!&2)%-' "('! τ +&-' "*! /!3())()3 "- "*! "!&'()2"(-) -+ 2) 2&/("&2&4255 $!&6(!. 1*!) 7! *26! 82$ (" +-55-7$ +&-' "*! "*!-&4 -+ #$#25
M/G/1/∞ 9#!#! 7("* /#5: 2&&(625$ ;<℄>

π(q) = G(ω(q + a− aπ(q))). (23) !" #$ %!"!&'()! "*! +#)"(-) ω(q).  !" ω(q|ξ = u) /! "*! -)%(?"(-)25  01 -+ "*! &2)%-' 62&(2/5! τ #)%!& -)%("(-) "*2" "*! $!&6(!"('! -+ 2 255 ($ !9#25 "- u. @" ($ -/6(-#$ "*2"
ω(q|ξ = u) = e−qu

∞
∑

k=0

(cu)k

k!
e−cu(h(q))k = e−(q+c−ch(q))u,7*!)! (" +-55-7$ "*2"

ω(q) =

∫

∞

0

ω(q|ξ = u)dB(u) =

=

∫

∞

0

e−(q+c−ch(q))udB(u) = β(q + c− ch(q)),(.!.
ω(q + a− aπ(q)) = β(q + a− aπ(q) + c− ch(q + a− aπ(q))),



 ! "#$%&'('$&) *! +#,-$&./$#   !"#$ %&' ()!* +",-. +/- 0123
π(q) = G(β(q + a− aπ(q) + c− ch(q + a− aπ(q)))).4213 +/- 5".+ 2-5"+61# 7- "# $-+-236#- +/- 313-#+. 10 +/- 9:.;<-261$' 412 -="3<5-> 012 +/- ?2.+ 313-#+ 7- /"@- (60 ρ = aβ1G

′(1)(1+
ch1) < 1*

π1 = −π′(q)|q=0 =
G′(1)β1(1 + ch1)

1− aβ1G′(1)(1 + ch1)
. ! "#$ %&%'()*)+&%*,- *%. ()*)+&%*,-#*,*)$,+()+( &0 )#$ )&)*1 *11( 2&134$ "#$# %& 412 +/- ./-3-  7- /"@- 19@61:.5;

D(x, t) = P{σ(t) < x} = P0(t)+

+

∞
∑

k=1

∫ t

0

P{σ(t) < x | η(t) = k, ν(t) = 0, ξ∗(0)(t) = y}Pk(0, y, t)dy+

+
∞
∑

k=1

t
∫

y=0

t
∫

u=0

P{σ(t) < x | η(t) = k, ν(t) = 1, ξ∗(0)(t) = y, ξ∗(1)(t) = u}×

×Pk(1, y, u, t)dy du. (24)A-#1+- ". A ∗ B(x) +/- B+6-5+C-. 1#@15:+61# 10 +/- $6.+269:+61#0:#+61#. A(x) "#$ B(x) 10 #1#D#-E"+6@- 2"#$13 @"26"95-.> 6'-'
A∗B(x) =

∫ x

0

A(x−u)dB(u). A-#1+- ". A(n)
∗ (x) +/- nD12$-2 B+6-5+C-.1#@15:+61# 10 +/- $6.+269:+61# 0:#+61# A(x)> n = 0, 1, . . . > 6'-'

A(0)
∗

(x) ≡ 1, A(n)
∗

(x) =

∫ x

0

A(n−1)
∗

(x− u)dA(u), n = 1, 2, . . . .F/-# 7- /"@- 19@61:.5;
P{σ(t) < x | η(t) = k, ν(t) = 0, ξ∗(0)(t) = y} = L(k−1)

∗
∗E(0)

y (x),



  !  !"!"#$% &'()"*( +#), -.$/0* 102!*""#$%$& '( )* +,--,"( +%,. /0℄& E(0)
y (x) =

L(x)− F (x, y)

1− B(y)
234'-,5,6(-7& "$ ,8*')4

P{σ(t) < x | η(t) = k, ν(t) = 1, ξ∗(0)(t) = y, ξ∗(1)(t) = u} =

= L(k−1)
∗

∗ E(0)
y ∗ E(1)

u (x),"#$%$ E(1)
u (x) =

R(x)− Φ(x, u)

1−H(u)
29#$4 "$ #':$ +%,. %$-'*),4 ;<!=

D(x, t) = P0(t) +

∞
∑

k=1

∫ t

0

L(k−1)
∗

∗ E(0)
y (x)Pk(0, y, t)dy+

+

∞
∑

k=1

∫ t

y=0

∫ t

u=0

L(k−1)
∗

∗ E(0)
y ∗ E(1)

u (x)Pk(1, y, u, t)dy du.>'(()45 *, ?@9 ,+ *#$ +64*),4 D(x, t) ")*# %$(B$* *, x "$ ,8*')4
δ(s, t) = P0(t) +

∞
∑

k=1

∫ t

0

(ϕ(s))k−1e(0)y (s)Pk(0, y, t)dy+

+

∞
∑

k=1

∫ t

y=0

∫ t

u=0

(ϕ(s))k−1e(0)y (s)e(1)u (s)Pk(1, y, u, t)dy du, (25)"#$%$ /0℄
e(0)y (s) = [1−B(y)]−1

∫

∞

x=0

e−sx

∫

∞

w=y

dF (x, w),

e(1)u (s) = [1−H(u)]−1

∫

∞

x=0

e−sx

∫

∞

w=u

dΦ(x, w).>'(()45 )4 ;<C= *, ?'B-'$ *%'4(+,%. ")*# %$(B$* *, t "$ ,8*')4*#$ +,--,")45 %$-'*),4 +,% *#$ +64*),4 δ(s, q)D
δ(s, q) =

∫

∞

0

e−qtδ(s, t)dt =



 ! "#$%&'('$&) *! +#,-$&./$#   !
= p0(q) +

∞
∑

k=1

∫

∞

0

e−qt

(
∫ t

0

(ϕ(s))k−1e(0)y (s)Pk(0, y, t)dy

)

dt+

+
∞
∑

k=1

∫

∞

0

e−qt

(
∫ t

y=0

∫ t

u=0

(ϕ(s))k−1e(0)y (s)e(1)u (s)Pk(1, y, u, t)dy du

)

dt.

(26)"# %& '( (%)* )+,-& #+%#
S1 =

∞
∑

k=1

∫

∞

0

e−qt

(
∫ t

0

(ϕ(s))k−1e(0)y (s)Pk(0, y, t)dy

)

dt =

= (ϕ(s))−1

∫

∞

0

e(0)y (s)

(
∫

∞

y

P(0)(ϕ(s), y, t)e−qtdt

)

dy =

= (ϕ(s))−1

∫

∞

0

p(0)(ϕ(s), y, q)e(0)y (s)dy..+(&/ %) 0# 1,22,-) 13,4 3(2%#0,& 56 7/
S1 =

1− (q + a− aG(ϕ(s)))p(0)(q)

ϕ(s)− β(χ(ϕ(s), q))
×

×

∫

∞

0

(
∫

∞

x=0

e−sx

∫

∞

w=y

dF (x, w)

)

e−χ(ϕ(s),q)ydy.8,3 #+( 0&#(93%2 0& #+( 2%)# 3(2%#0,& -( +%:(
∫

∞

0

(
∫

∞

x=0

e−sx

∫

∞

w=y

dF (x, w)

)

e−χ(ϕ(s),q)ydy =

=

∫

∞

x=0

e−sx

∫

∞

w=0

dF (x, w)

∫ w

y=0

e−χ(ϕ(s),q)ydy =

=
1

χ(ϕ(s), q)

∫

∞

x=0

e−sx

∫

∞

w=0

(

1− e−χ(ϕ(s),q)w
)

dF (x, w) =

=
ϕ(s)− α(s, χ(ϕ(s), q))

χ(ϕ(s), q)
..%;0&9 0&#, %,<&# #+%# p0(q) = (q + a − aπ(q))−1/ -( =&%22*,'#%0&

S1 =
a[G(ϕ(s))− π(q)][ϕ(s)− α(s, χ(ϕ(s), q))]

χ(ϕ(s), q)[q + a− aπ(q)][ϕ(s)− β(χ(ϕ(s), q))]
.



  !  !"!"#$% &'()"*( +#), -.$/0* 102!*""# $ %&'&($) *$+ *, -./$&# /0$/
S2 =

∞
∑

k=1

t
∫

y=0

t
∫

u=0

P{σ(t) < x | η(t) = k, ν(t) = 1, ξ∗(0)(t) = y, ξ∗(1)(t) = u}×

×Pk(1, y, u, t)dy du =
ac[G(ϕ(s))− π(q)]

χ(ϕ(s), q))[q + a− aπ(q)]
×

×
[ϕ(s)− α(s, χ(ϕ(s), q))][r(s)− ψ(s, q + a− aG(ϕ(s)))]

[ϕ(s)− β(χ(ϕ(s), q))][q + a− aG(ϕ(s)))]
.1)-' ),($/&-# 23!4 $5/,) %-', $(7($/&-#% *, -./$&#

δ(s, q) = [q + a− aπ(q)]−1

{

1+

+
a[π(q)−G(ϕ(s))][ϕ(s)− α(s, χ(ϕ(s), q))]

χ(ϕ(s), q)[β(χ(ϕ(s), q))− ϕ(s)]
×

×

[

1 +
c(r(s)− ψ(s, q + a− aG(ϕ(s))))

q + a− aG(ϕ(s))

]

}

. (27)8-* (,/ 7% %799-%, /0$/ /0, %/$.&(&/+ -#:&/&-# /$;,% 9($,< =0,#5-) /0, 57#/&-# δ(s) $5/,) %-', $(7($/&-#% *, 0$>,
δ(s) = lim

q→0
qδ(s, q) =

= p0

{

1 +
ϕ(s)− α(s, κ(ϕ(s)))

κ(ϕ(s))
×

×
a(1−G(ϕ(s))) + c(r(s)− ψ(s, a− aG(ϕ(s))))

β(κ(ϕ(s)))− ϕ(s)

}

, (28)*0,), p0 = 1−aβ1G
′(1)(1+ch1)? κ(z) = c−ch(a−aG(z))+a−aG(z)<8-/, /0$/ &5 $((% $99,$) $-):&#@ /- /0, -):&#$)+ %/$/&-#$)+ A-&%B%-# 9)-,%% *&/0 /0, )$/, a 25-) /0, %+%/,' M/G/1/∞4? *, 0$>,

G(z) = z $#: G′(1) = 1 &# ),($/&-#% 23C4? 23D4<



 ! "#$%&'('$&) *! +#,-$&./$#   !"# %& %'('%)# %*+,)*%*- .*/#* 0)%),.&%*- 1.1#&)0 2,3 )4#- #5,0)6.3 ).)%' %''0 7.'(1# (0,&8 *#'%),.& 29:6; <.* #5%1='#> 3.* )4# ?*0)1.1#&) %3)#* *%)4#* .1=',%)#/ %'('%),.& @# .+)%,&
δ1 = Eσ = aG′(1)[α1 1(1 + ch1) + cβ1ψ1 1]+

+
aϕ1 [a(G′(1))2 (β2(1 + ch1)

2 + cβ1h2) + β1G
′′(1)(1 + ch1)]

2[1− aβ1G′(1)(1 + ch1)]
.A.)# )4%) G′′(1) = 0 3.* )4# 0-0)#1 M/G/1/∞; "#$# %& B(==.0# )4%) %& #5)#*&%' %'' 0#*7,# +#8,&0 %) )4#1.1#&) t = 0; C#&.)# %0 η1(t) )4# &(1+#* .3 ,&)#*&%' %''0> @4,4 %*#&.) 0#*7#/ %) )4,0 1.1#&)> =*#0#&) ,& )4# 0-0)#1 (&/#* .&0,/#*%),.&%) )4# 1.1#&) t (&/#* .&/,),.& )4%) )4# #5)#*&%' /#1%&/ 0#*7,# ,0&.) .1='#)#/ %) )4,0 1.1#&); D4#& 3.* )4# 04#1# 9 @# 4%7#

D(x, t) = P{σ(t) < x} = P0(t+

+

∞
∑

k=1

∫ t

0

∞
∑

l=0

P{σ(t) < x | η(t) = k, η1(y) = l, ν(t) = 0, ξ∗(0)(t) = y}×

×P{η1(y) = l}Pk(0, y, t)dy+

+

∞
∑

k=1

∫ t

0

∫ t

0

∞
∑

l=0

P{σ(t) < x | η(t) = k, η1(y) = l, ν(t) = 1,

ξ∗(0)(t) = y, ξ∗(1)(t) = u}P{η1(y) = l}Pk(1, y, u, t)dy du, (29)@4#*# .+7,.(0'- P{η1(y) = l} =
(cy)l

l!
e−cy; D4#& @# 4%7#

P{σ(t) < x | η(t) = k, η1(y) = l, ν(t) = 0, ξ∗(0)(t) = y} =

= L(k−1)
∗

∗ E(0)
y ∗R(l)

∗
(x)%&/

P{σ(t) < x | η(t) = k, η1(y) = l, ν(t) = 1, ξ∗(0)(t) = y, ξ∗(1)(t) = u} =

= L(k−1)
∗

∗ E(0)
y ∗ E(1)

u ∗R(l)
∗

(x),@4#&# 3.*1('% 29E6 )%F#0 )4# 3.*1



  !  !"!"#$% &'()"*( +#), -.$/0* 102!*"
D(x, t) = P0(t)+

+

∞
∑

k=1

∫ t

0

∞
∑

l=0

L(k−1)
∗

∗ E(0)
y ∗R(l)

∗
(x)

(cy)l

l!
e−cyPk(0, y, t)dy+

+

∞
∑

k=1

∫ t

0

∫ t

0

∞
∑

l=0

L(k−1)
∗

∗E(0)
y ∗E(1)

u ∗R(l)
∗

(x)
(cy)l

l!
e−cyPk(1, y, u, t)dy du.

(30)"#$$%&' %& ()*+ ,- ./0 1%,2 34$54, ,- x 14 2#74 #8,43 #9:9#,%-&$
δ(s, t) = P0(t) +

1

ϕ(s)

∫ t

0

e−(1−r(s))cyp(0)(ϕ(s), y, t)dy+

+
1

ϕ(s)

∫ t

0

e−(1−r(s))cye(0)y (s)

(
∫ t

0

e(1)u (s)p(1)(ϕ(s), y, u, t)du

)

dy."#$$%&' #8,43 ,2#, ,- .#59#4 ,3#&$8-3; 1%,2 34$54, ,- t #8,43 $-;4#9:9#,%-& 14 -<,#%& (%& # $%;%9#3 1#=> #$ %, 1#$ ?-&4 8-3 $24;4  +
δ(s, q) = [q + a− aπ(q)]−1

{

1+

+
a[π(q)−G(ϕ(s))][ϕ(s)− α(s, c− cr(s) + χ(ϕ(s), q))]

[β(χ(ϕ(s), q))− ϕ(s)][c− cr(s) + χ(ϕ(s), q)]
×

×

[

1 +
c(r(s)− ψ(s, q + a− aG(ϕ(s))))

q + a− aG(ϕ(s))

]

}

.@& ,2%$ #$4 14 2#74 8-3 ,24 8:&,%-& δ(s)A
δ(s) = lim

q→0
qδ(s, q) = p0

{

1 +
ϕ(s)− α(s, c− cr(s) + κ(ϕ(s)))

c− cr(s) + κ(ϕ(s))
×

×
a[1−G(ϕ(s))] + c[r(s)− ψ(s, a− aG(ϕ(s)))]

β(κ(ϕ(s)))− ϕ(s)

}

.@& ,2%$ #$4 14 -<,#%& 8-3 ,24 B3$, $,#,%-&#3= ;-;4&, -8 ,-,#9 #99$7-9:;4A



 ! "#$%&'('$&) *! +#,-$&./$#   !
δ1 = Eσ = aG′(1)[α1 1(1 + ch1) + cβ1ψ1 1]+

+
aϕ1(1 + ch1) [aβ2(G

′(1))2(1 + ch1) + β1G
′′(1)]

2[1− aβ1G′(1)(1 + ch1)]
+

+
acG′(1)

2

[

β2r1(1 + ch1) +
aβ1G

′(1)h2ϕ1

1− aβ1G′(1)(1 + ch1)

]

. !"!#!$!& !℄ #$%$ &'()*+$  !"$%&!'  ()*'(  +&!(,&- ,-./-0 1*2*40 !566$789 :.22(-9;$ <℄ =$>$ 1-?+@@+0 =$#$ A2B-/*+$ ./(/('01  +&!(,&- 1*2*4 A9(C+@D2(?E %D@220 1*2*40 !5FG$ 789 :.22(-9;$ H℄ I$1$ J(/B*9@9/*$  !"$%&!' 2(!$"3& "4 5",6/!()  +&!(,&70%8+&'&- K/-L@)(/- IME9- NEL-49(O- PQ8J0 N-D2O-4-0<RR6$ 789 %*'(2B;$ G℄ I$1$ J(/B*9@9/*$ ./(/('01 2"3(8& '0 5",6/!()  +&!(,&- A9(C+@D2(?@?2/*@0 1(92/0 !55R$ 789 :.22(-9;$


