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Abstract

We introduce and investigate X-maximal congruences and relevant sets for a given
algebra. We describe interrelations among these concepts and atomicity of the congruence
lattice and the number of atoms. We also investigate subdirect decomposition of algebras
into subdirectly irreducible factors.
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1. Introduction

In this paper we introduce and investigate the notion of an X-maximal
congruence for a given algebraA, that is, a maximal congruence onA which
does not include any pair of elements from the subset X ⊆ A. Basing on
this concept we introduce the new notion of a relevant set for A, i.e. a
subset X ⊆ A such that every nontrivial congruence on A contains a pair
of elements from X. It means that the identity relation is X-maximal for
A. Proposition 6 expresses the relationship among these concepts.
We also consider minimality (under inclusion as well as under cardinality)

of relevant sets for a given algebra and we investigate some properties of
congruence lattices, mainly atomicity and existence of atoms. For example,
we prove that the existence of a finite minimal relevant set for A implies
the finiteness of its congruence lattice and we obtain the estimation of the
number of atoms as well.
The studies within the field of congruence lattice properties are still im-

portant and worth of effort (see [5], [3]), however our motivation has its
source in our previous work on partial algebras (see [6], [7], [8]). We were
interested in finding properties of injections of a given partial algebra B into
algebras (in the sense of universal algebra) which were called extensions. As
there is a large number of extensions of a given partial algebra B we had
to look for some final objects with a rather simple structure. To get such
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objects we take quotients of the free extension of B by maximal congru-
ences which do not contain any pair of elements from B. It means that we
take B-maximal congruences for the free extensions of B. The subdirect
decomposition into a minimal number of subdirectly irreducible factors of
such final extensions plays a crucial role in this researching.
In this paper, we consider subdirect decomposition, too. Birkhoff’s The-

orem (Theorem 1) states that every algebra is isomorphic to a subdirect
product of subdirectly irreducible algebras. We show in Theorem 4 that,
under the assumption that the congruence lattice is atomic, it is possible
to reduce the number of subdirectly irreducible factors to the number of
atoms. Finally, Theorem 5 states that if there exists a finite relevant set
with minimal cardinality n, then it is possible to reduce the number of
subdirectly irreducible factors to at most n− 1.

1.1. Preliminaries. An algebra A of type F is an ordered pair (A,F ),
where A is a nonempty set and F is a finite family of finitary operations on
A. An algebra A is trivial if |A| = 1.
A binary relation θ on A is called a congruence on an algebra A of type

F if it is an equivalence relation on A satisfying the compatibility property,
i.e. for each n-ary function f ∈ F and elements ai, bi ∈ A if (ai, bi) ∈ θ
holds for i = 1, . . . , n, then (f (a1, . . . , an) , f (b1, . . . , bn)) ∈ θ. The set of
all congruences on an algebra A is denoted by ConA. It is known that
(ConA,⊆) is a complete algebraic lattice which is called the congruence
lattice of A, and is denoted by ConA.
For an algebra A and a1, . . . , an ∈ A let θ (a1, . . . , an) denote the congru-

ence generated by {(ai, aj) : 1 ≤ i, j ≤ n} , i.e. the smallest congruence such
that a1, . . . , an are in the same equivalence class. A congruence θ (a1, a2)
is called a principal congruence. For arbitrary X ⊆ A, let θ (X) be the
congruence generated by X ×X.
Compact elements in ConA are just finitely generated congruences, and

at the same time, joins of a finite number of principal congruences. The
least element, denoted by ∆A, is the identity relation on A and the greatest
element, denoted by ∇A, is the full relation A×A.
A congruence is an atom in the congruence lattice of A if it covers ∆A. A

nontrivial algebraic lattice is atomic if every element but the least contains
an atom. Minimal elements in ConA\∆A are atoms in ConA. Every atom
is a principal congruence.
A congruence is called maximal if it is a maximal element in ConA\∇A.
Some properties of the congruence lattice ofA are correlated to properties

of A.
An algebra A is

(1) trivial iff ∆A = ∇A,
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(2) simple iff ∆A 6= ∇A and ConA = {∆A,∇A},
(3) subdirectly irreducible iff ConA is atomic and there is exactly one

atom called monolith.

We will use the fact that if θ =
⋂

{θi : i ∈ I}, then A/θ is a subdirect
product of the algebras A/θi, i ∈ I. Hence if ∆A =

⋂

{θi : i ∈ I}, then
A is a subdirect product of algebras A/θi, i ∈ I. Some proofs will need
The Correspondence Theorem. Before looking at this theorem let us recall
that for any θ ∈ ConA the closed interval [θ,∇A] = {φ ∈ ConA : θ ⊆ φ}
is a sublattice of ConA. The Correspondence Theorem states that the
mapping h defined on [θ,∇A], where θ ∈ ConA for some algebra A, by
h (φ) = φ/θ is a lattice isomorphism from [θ,∇A] to ConA/θ. We will also
use the proof of Birkhoff’s Theorem (see [1]) using original notation, so we
quote the proof from [2] in details.

Theorem 1. Every algebra A is isomorphic to a subdirect product of sub-
directly irreducible algebras (which are homomorphic images of A).

Proof. As trivial algebras are subdirectly irreducible we only need to con-
sider the case of nontrivialA. For a, b ∈ A with a 6= b, we can find a congru-
ence θa,b on A which is maximal with respect to the property (a, b) 6∈ θa,b.
Then clearly θ (a, b) ∨ θa,b is the smallest congruence in [θa,b,∇A] \ {θa,b},
so A/θa,b is subdirectly irreducible. As

⋂

{θa,b : a 6= b} = ∆A we can show
that A is subdirectly embeddable in the product of the indexed family of
subdirectly irreducible algebras A/θa,b, a 6= b. �

For more facts concerning universal algebra or lattice theory see [2], [4].

2. X-maximal congruences

Definition 1. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset. We say that a congruence θ separates X iff θ ∩ X2 = ∆X . And a
congruence θ ∈ ConA \ ∇A is called X-maximal for A iff θ is a maximal
congruence that separates X.

Notice that if A is trivial, then |ConA| = 1 and thus there exists no set
X such that any congruence is X-maximal.
Notice also that by Zorn’s lemma, for any chain Γ of congruences sep-

arating X, the sum
⋃

Γ is an upper bound for Γ and separates X. It is
worth also noting that for every congruence θ ∈ ConA \ ∇A there exists a
nonvoid set that is separated by θ. Thus an X-maximal congruence is well
defined.

Example 1. Let A be a nontrivial algebra. Then

(1) ∆A is A-maximal for A,
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(2) if A is simple, then for any nonempty X ⊆ A, ∆A is X-maximal
for A.

Proposition 1. If θ is X-maximal for A and |X| = 1, then θ is a maximal
element in ConA \ ∇A. Hence A/θ is simple.

Proposition 2. If a congruence θ is {a, b}-maximal for a nontrivial A,
and a 6= b, a, b ∈ A, then A/θ is subdirectly irreducible.

Proof. The proof is based on the observation that θ is a maximal congruence
separating {a, b}, so θ = θa,b, where θa,b is as in the proof of Theorem 1. �

The next proposition follows directly from maximality:

Proposition 3. Let A be a nontrivial algebra and let X ⊆ A, |X| ≥ 2 and
θ ∈ ConA \ ∇A. Then the following conditions are equivalent:

(1) θ is X-maximal for A,
(2) θ separates X and for any ϕ ∈ ConA if ϕ ⊃ θ, then ϕ does not

separate X. It means that there exist x 6= y, x, y ∈ X such that
(x, y) ∈ ϕ.

Proposition 4. LetA be a nontrivial algebra and let X,Y ⊆ A be nonempty
sets. Then

(1) if θ is X-maximal for A, X ⊆ Y and θ separates Y , then θ is
Y -maximal for A,

(2) if ∆A is X-maximal for A, then ∆A is Y -maximal for A for every
Y ⊇ X,

(3) if θ is X-maximal for A and Y ⊇ X, then every congruence ϕ ⊃ θ
does not separate Y .

3. Relevant sets and atoms in congruence lattices

Definition 2. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset. We say thatA is X-maximal iff ∆A is X-maximal for A. The set X
such that A is X-maximal is called a relevant set for A. If X is a relevant
set for A, then we define the set PCon (X) = {θ (x, y) : x 6= y, x, y ∈ X}
consisting of appropriate principal congruences.

The following simple fact follows directly from the definition.

Proposition 5. If X is a relevant set for A and |X| ≥ 2, then for every
θ ∈ ConA \∆A there is θ (x, y) ∈ PCon (X) such that θ (x, y) ⊆ θ.

Proof. As∆A ⊂ θ isX-maximal forA and Proposition 3 holds, we conclude
that there exist x 6= y, x, y ∈ X such that (x, y) ∈ θ. Hence θ (x, y) ⊆ θ. �

The next fact follows from The Correspondence Theorem.
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Proposition 6. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset and θ ∈ ConA \ ∇A. Then θ is X-maximal for A iff A/θ is Xθ-
maximal, where Xθ = {[x]θ : x ∈ X}.

Notice that Example 1 shows that the carrier set A for any algebra A is
relevant for A, and also, that every nonempty subset of A is relevant for a
simple algebra A. Moreover, Proposition 4(2) states that any superset of a
relevant set for a given algebra is also relevant. Hence it is worthwhile to
consider minimal (under inclusion) sets relevant for A. It turns out that
it is possible to obtain minimal relevant sets of different finite cardinalities.
On the other side, it is not possible to have a finite minimal relevant set
and an infinite minimal relevant set in the same algebra, what follows from
Corollary 1 and Theorem 2.

Example 2. Let n = {0, . . . , n− 1} and let Cn = (n, s) be a unary algebra
with s : n→ n defined as s (k) = (k + 1) modn. Then
ConCn = {θ (0, d) : d dividesn} and (a, b) ∈ θ (0, d) iff (a = b) modd.
If n = pα1

1 · . . . · pαm

m is the prime factorization with p1 < . . . < pm,
then ConCn has exactly m atoms: θ (0, n/p1) , . . . , θ (0, n/pm). The set
{0, n/p1, . . . , n/pm} is a minimal relevant set for Cn. Moreover, every min-
imal relevant set for Cn has at least m+ 1 and at most 2m elements.

Example 3. (1) The sets {0, 3, 5}, {1, 2, 4, 12} and {1, 3, 7, 8} are min-
imal relevant sets for C15.

(2) Let A = Z2 × Z2, where Z2 is the two-element group. Here every
relevant set has at least three elements and {(0, 0) , (0, 1) , (1, 1)},
{(0, 0) , (1, 0) , (1, 1)} are minimal relevant sets for A, and ConA

has three atoms.
(3) If A is subdirectly irreducible, then ConA has exactly one atom

θ (a, b). Then the set {a, b} is a minimal relevant set for A.

The above examples show that there is a relationship (which is not
straightforward) between the cardinality of minimal relevant sets for A and
the number of atoms in ConA.

Proposition 7. If a set X is relevant for A and ϕ ∈ ConA is an atom in
ConA, then there are x 6= y, x, y ∈ X such that ϕ = θ (x, y). Moreover,
θ (x, y) is a minimal element in PCon (X).

Proof. Let ϕ ∈ ConA be an atom in ConA. Thus ϕ 6= ∆A and by
Proposition 5 there are x 6= y, x, y ∈ X such that (x, y) ∈ ϕ. Hence
θ (x, y) ∈ PCon (X) and θ (x, y) ⊆ ϕ and hence ϕ = θ (x, y) by assump-
tion that ϕ is an atom in ConA. Obviously, ϕ as an atom is minimal in
PCon (X). �
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Proposition 8. Let A be a nontrivial algebra and let X ⊆ A be a relevant
set for A and let θ (x, y) be a minimal element in PCon (X). Then θ (x, y)
is an atom in ConA.

Proof. Let ∆A ⊂ ϕ ⊆ θ (x, y). Then θ (a, b) ⊆ ϕ for some a 6= b, a, b ∈ X.
Hence by minimality of θ (x, y) we get that θ (a, b) = ϕ = θ (x, y) and hence
θ (x, y) is an atom in ConA. �

Example 4. (1) Let A = C15 (Example 2). Then θ (0, 3) and θ (0, 5)
are all the atoms in ConA. For the relevant set X = {0, 3, 5} we
see that PCon (X) = {θ (0, 3) , θ (0, 5) , θ (3, 5)}.
Then θ (3, 5) = ∇A and θ (0, 3) , θ (0, 5) are minimal in PCon (X).
For the relevant set X = {1, 3, 7, 8} we see that
PCon (X) = {θ (1, 3) , θ (1, 7) , θ (1, 8) , θ (3, 7) , θ (3, 8) , θ (7, 8)}.
Then θ (1, 3) = θ (7, 8) = θ (1, 8) = θ (3, 7) = ∇A and
θ (3, 8) = θ (0, 5), θ (1, 7) = θ (0, 3) are minimal in PCon (X).

(2) Let A = Z2 × Z2. Then
θ ((0, 0) , (0, 1)), θ ((0, 0) , (1, 0)), θ ((0, 0) , (1, 1)) are all the atoms in
ConA. For the relevant set {(0, 0) , (0, 1) , (1, 1)} (Example 3 (2))
we see that
PCon (X) = {θ ((0, 0) , (0, 1)) , θ ((0, 0) , (1, 1)) , θ ((0, 1) , (1, 1))}
and each of its elements is an atom.
Notice that θ ((0, 0) , (1, 0)) = θ ((0, 1) , (1, 1)).

(3) Let A = C30. Then θ (0, 6) , θ (0, 10) , θ (0, 15) are all the atoms
in ConA. For the relevant set {0, 6, 10, 15} we find PCon (X) =
{θ (0, 6) , θ (0, 10) , θ (0, 15) , θ (6, 10) , θ (6, 15) , θ (10, 15)}. Here, the
first three elements are atoms, and the last three are not atoms.

Proposition 9. If X is a relevant set for an algebra A and every con-
gruence θ ∈ PCon (X) contains a minimal element from PCon (X), then
ConA is atomic with the set of atoms consisting of all the minimal elements
from PCon (X).

Proof. By Proposition 5 every nontrivial congruence θ contains a congruence
from PCon (X) and by assumption it contains a minimal element from
PCon (X). Finally, by Proposition 8 it contains an atom. �

Corollary 1. If an algebra A has a finite relevant set, then ConA is an
atomic lattice with a finite number of atoms.

Propositions 7, 8 and the last corollary yield that if X is a finite relevant
set for an algebra A, then the number of atoms in ConA is not greater

than the number of two-element subsets of X, i.e.
(|X|

2

)

. We describe the
lower bound on the number of atoms in Theorem 2.
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Proposition 10. If ConA is atomic with At = {θ (ai, bi) : i ∈ I}, then
⋃

{ai, bi} is a relevant set for A.

Proof. If ConA is atomic, then every nontrivial congruence contains an
atom. Thus it contains a pair of generators (ai, bi) of this atom. �

Corollary 2. If ConA is atomic, then there is a relevant set for A of
cardinality at most 2 |At|.

The above facts lead to the following conclusion:

Corollary 3. Let A be a nontrivial algebra. Then ConA is atomic with a
finite set of atoms iff there exists a finite relevant set for A.

In the next examples we show algebras with no finite relevant sets, and
we also answer the natural question if atomicity of the congruence lattice
is equivalent to minimality of a relevant set. The answer is ‘no’.

Example 5. Let C = (Z, s) be the set of integers with a unary successor
operation. Then ConC has no atoms since every principal congruence is of
the form θ (m,n) ,m < n, and then θ (n, n+ (n−m)) ⊂ θ (m,n), so every
principal congruence properly includes other principal congruence. From
this we conclude that there is no finite relevant set for C. However, notice
that there are different infinite relevant sets, for example, all the integers Z
and all the even integers 2Z.

Example 6. Let N = (N, s) be the set of natural numbers with a unary
successor operation. Then, as in the above example, ConN has no atom
and there is no finite relevant set for N.

The algebra C in the previous example has an atomless congruence lat-
tice. In the next example we have an algebra for which the congruence
lattice has exactly one atom.

Example 7. Let A = C∪̇C2 be the disjoint sum of algebras as defined
above. Then ConA is not atomic, but has one atom θ (02, 12), where 02, 12
are elements from C2. There is no finite relevant set for A but every rele-
vant set contains elements 02, 12.

The following example shows that there exists a minimal relevant set
but the congruence lattice is not atomic. Hence the existence of minimal
relevant set does not yield atomicity of congruence lattice. Examples 9, 10
show algebras with atomic congruence lattice and minimal relevant sets.

Example 8. Let A = (N ∪̇N ′, s) be the disjoint sum of two copies of natu-
rals with a unary operation s such that s is the ordinary successor operation
on the first copy N , i.e. s (n) = n + 1, and for the second copy N ′,
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s (n′) = n + 1, where n ∈ N and n′ ∈ N ′. Then ConA is not atomic, but
has infinitely many atoms θ (n, n′). The minimal relevant set for A is equal
to N ∪̇N ′ and obviously |N ∪̇N ′| = |At|.

Example 9. Let A = {
(

˙⋃{−n}
)

∪̇{0} : n ∈ N \ {0}} be the disjoint sum

of sets −n = {−nn, (−n+ 1)n , . . . ,−1n} and zero, and let A = (A; s).
The unary operation s is defined as s (0) = 0, s (ai) = (a+ 1)i if ai < −1i
and s (ai) = 0 in opposite case. Then principal congruences are of the
form of θ (an, bm), atoms are of the form of θ (−1n, 0) for n ∈ N \ {0} and
θ (−1n,−1m) for n 6= m, n,m ∈ N \ {0}. The minimal relevant set for A

is equal to {0} ∪ {−1n : n ∈ N \ {0}}.

In the next example we have an uncountable algebra with a countable
set of atoms and a countable minimal relevant set. Moreover, we construct
a descending chain of relevant sets such that the meet is not relevant.

Example 10. Let A =
∏

Z2 be a countable power of the two element group.
The elements of A are binary countable sequences and for any a ∈ A we see
that a+a = 0 where 0 = (0, 0, . . . , 0). Every principal congruence is an atom
since every congruence class is two-element. Hence there are uncountably
many atoms. Moreover, for any a, b ∈ A we see that θ (a, b) = θ (0, a+ b)
and θ (0, a) = θ (b, a+ b).
We show now that there exists a set X which is a minimal relevant set

for A. It consists of 0 and all the sequences with 1 on the first coordinate.
The cardinality of X is equal to the cardinality of the set of atoms according
to Theorem 2. Let us prove that X is a minimal relevant set. We show
that X is relevant and for any a ∈ A the set Xa = X \ {a} is not relevant.
To prove the first assertion let us take any principal congruence θ (0, a). If
a1 = 1 then, obviously, 0, a ∈ X. If a1 = 0, then take a′ = (1, a2, a3, . . .)
and notice that θ (0, a) = θ (a′, a+ a′) and a′, a+a′ ∈ X. So, X is relevant.
Let now a ∈ X and take Xa. If a = 0, then θ (0, 1) cannot be generated

by any pair of elements from X0. For any b ∈ X0 it holds that 0 + b ∈ X0

and 1 + b 6∈ X0. Analogously, if a 6= 0, then θ (0, a) cannot be generated by
any pair of elements from Xa.
Notice also that there exists an infinite descending chain of relevant sets,

the intersection of which is not relevant. To construct it let C consist of
all the sequences with a finite number of 1′s and let Xn = C ∪ Bn, where
Bn = {b : bi = 0 for i < n, bn = 1}. It is easy to check that every Xn is
relevant and X1 ⊃ X2 ⊃ X3 ⊃ . . ., |Xn| > |N | , |

⋂

Xn| = |C| = |N |.

Notice that examples in Example 3 show that relevant sets for a given
algebra can be of different cardinality. It follows from the fact that to
obtain a relevant set we can choose any pair of generators of every atom.
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Proposition 10 shows the relationship between atomicity of the congruence
lattice and existence of a relevant set of cardinality limited by the cardinality
of the set of atoms. The next theorem shows that the existence of a minimal
relevant set forces the existence of atoms with limited cardinality. It would
be desirable to show that the existence of a minimal relevant set forces
atomicity of the congruence lattice but we have not been able to do this.

Theorem 2. Let A be a nontrivial algebra and let At denote the set of
atoms in its congruence lattice. If there exists a minimal relevant set X for
A then

(1) if X is finite, then ConA is atomic with a finite number of atoms

and |At| ≥ |X|
2 ,

(2) if X is infinite, then |At| = |X|.

Proof. The finite case follows from Corollaries 1, 2, 3. We give here a
common proof for both finite and infinite cases. LetX be a minimal relevant
set for A and a ∈ X. Then Xa = X \ {a} is not relevant, so there is a
congruence ϕ 6= ∇A separating Xa and not separating X. Hence there is
b ∈ Xa such that θ (a, b) ⊆ ϕ. Moreover, θ (a, b) is minimal in PCon (A), for
if c 6= d, c, d ∈ Xa, then if θ (c, d) ⊂ θ (a, b) ⊆ ϕ, then ϕ does not separate
Xa.
Finally, for every a ∈ X there exists an atom θ (a, b) , b ∈ Xa, so we have

at least |X|2 atoms if |X| is finite and even, and |X|+1
2 atoms if |X| is finite

and odd. When X is infinite we have |X| atoms. �

Corollary 4. If ConA is not atomic and the set of atoms is finite, then a
minimal relevant set for A does not exist.

Proof. If a minimal relevant set exists and is finite, then ConA is atomic,
and if this set is infinite, then ConA has infinitely many atoms. �

4. η-maximal algebras

In this section we consider minimality of relevant sets under cardinality.

Definition 3. Let A be a nontrivial algebra. A congruence θ ∈ ConA\∇A

is η-maximal forA iff η = min{|X| : X ⊆ A,X 6= ∅, θ isX−maximal forA}.
We say that A is η-maximal if ∆A is η-maximal for A.

Proposition 11. A nontrivial algebra A is 1-maximal iff A is simple.

Proof. If A is 1-maximal, then ∆A is {a}-maximal for some a ∈ A, so
by Proposition 1 we get that A/∆A

∼= A is simple. If A is simple with
|A| ≥ 2, then ∆A is X-maximal for every nonempty X ⊆ A, in particular
for |X|=1. �
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Proposition 12. A nontrivial algebra A is 2-maximal iff it is subdirectly
irreducible but not simple.

Proof. IfA is 2-maximal, then there exists a two-element relevant set {a, b}.
By Proposition 2 A is subdirectly irreducible and it is not simple for it is
not 1-maximal.
Assume that A is not simple and η-maximal. Then |η| ≥ 2. More-

over, there exists a two-element relevant set for A because A is subdirectly
irreducible. Hence η = 2. �

The next theorem is analogous to Proposition 6.

Theorem 3. A congruence θ is η-maximal for A iff A/θ is η-maximal.

Proof. A/θ is simple for η = 1 by Proposition 1 so it is 1-maximal by
Proposition 11. A/θ is subdirectly irreducible for η = 2 so, by Proposition
12, A/θ is 2-maximal.
Assume now that θ is η-maximal, η > 2 and A/θ is ξ-maximal. Then

there exists a relevant set X of cardinality η. By Proposition 6 A/θ is
X/θ-maximal, but θ separates X, so |X/θ| = |X| = η. Hence ξ ≤ η.
On the other side, if A/θ is ξ-maximal, then there is a set Y/θ relevant

for A/θ and |Y/θ| = ξ. Thus |Y/θ| = |Y ′| = ξ, where Y ′ is the set of
selected elements (one from each congruence class): y′ ∈ [y]θ , y ∈ Y . Thus
η ≤ ξ and, in consequence, η = ξ. �

Example 11. Based on the previous examples notice that Cn is m + 1-
maximal, where m is a number of prime factors of n. Z2×Z2 is 3-maximal.
Algebras from Examples 5, 7, 8, 9 are |N |-maximal, wherein the last one is
uncountable.

Let us consider now finite maximality, to emphasize this finiteness we use
symbol n instead of η. The following fact is a consequence of Proposition
10 and Theorem 2.

Proposition 13. Let A be a nontrivial n-maximal algebra. Then ConA is
atomic with a finite set of atoms and the following inequalities hold:

[

n−1
2

]

+ 1 ≤ k ≤
(

n
2

)

, where k = |At|.

Proof. Let X be a relevant set for A and |X| = n. Then X is a minimal
relevant set, so by Proposition 2 we get the lower bound. The upper bound
follows from Proposition 8, since At ⊆ PCon (X). �

The next examples show that we cannot get better bounds.

Example 12. (1) If A is a disjoint sum of n trivial mono-unary alge-
bras, then A is n-maximal and every pair of two different elements
from A generates a new atom. Hence k =

(

n
2

)

.
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(2) Z2 × Z2 is 3-maximal and has 3 atoms. Hence
(

n
2

)

=
(

3
2

)

= 3 = k.

(3) C15 is 3-maximal and has 2 atoms, so n = 3, k = 2. Hence
[

n−1
2

]

+

1 =
[

3−1
2

]

+ 1 = 2 = k.
(4) Any non-simple subdirectly irreducible algebra is 2-maximal and has

one atom. Hence
[

2−1
2

]

+ 1 = 1.

(5) C30 is 4-maximal and has 3 atoms, so n = 4, k = 3. Hence
[

n−1
2

]

+

1 =
[

4−1
2

]

+ 1 = 2 < k and
(

n
2

)

=
(

4
2

)

= 6 > k.

Corollary 5. Under assumptions from the last proposition we get that

⌈1+
√
1+8k
2 ⌉ ≤ n ≤ 2k, where ⌈ ⌉ denotes rounding up to the nearest inte-

ger.

Proof. It is enough to show the left inequality. Notice that k ≤
(

n
2

)

= n(n−1)
2

and hence n2 − n − 2k ≥ 0. Solving the last inequality we get that n ≥
1+
√
1+8k
2 . �

Theorem 4. If ConA is atomic with |At| = κ ≥ 2, then A is a subdirect
product of κ subdirectly irreducible algebras. Moreover, this decomposition
is proper, i.e. there is no isomorphic copy of A in this product.

Proof. Let κ ≥ 2 and At = {θ (ai, bi) , i ∈ I} and for every i ∈ I let θai,bi
be a maximal congruence separating {ai, bi}. Then as in Birkhoff’s The-
orem A/θai,bi is subdirectly irreducible and

⋂

{θai,bi : i = 1, . . . , k} = ∆A.
Hence A is a subdirect product of subdirectly irreducible algebras A/θai,bi .
Moreover, ConA is atomic, so θai,bi 6= ∆A and hence this decomposition is
proper. �

For a finite numbers of atoms κ = k this theorem gives a subdirect
decomposition into k = |At| factors. By Proposition 13 k ≤

(

n
2

)

, so we have

at most
(

n
2

)

factors for any n-maximal algebra. The next theorem limits
the number of factors to n− 1.

Theorem 5. If A is n-maximal with n ≥ 2, then A is a subdirect product
of at most n− 1 subdirectly irreducible algebras.

Proof. If n = 2, then A is subdirectly irreducible and 2 − 1 = 1 so the
assertion is true. Assume that the assertion is true for some fixed n ≥ 2.
Let A be n + 1-maximal. Then there is a minimal relevant set X ⊆ A
such that |X| = n + 1. As in the proof of Theorem 10 for any a ∈ X we
take Xa = X \ {a}. Then there exists a congruence ϕ 6= ∆A such that ϕ
separates Xa. Let Φ be a maximal congruence with this property, i.e. Φ is
Xa-maximal. Then there exists b ∈ Xa such that (a, b) ∈ Φ and θ (a, b) is
an atom in ConA. Then Φ∩ θa,b = ∆A and hence A is a subdirect product
of A/Φ and A/θa,b wherein the last algebra is subdirectly irreducible. Since
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Φ is Xa-maximal and |Xa| = n, we get by inductive assumption that A/Φ
is m-maximal for some m ≤ n. By induction A/Φ is a subdirect product
of at most n− 1 subdirectly irreducible algebras. Finally, A is a subdirect
product of at most n− 1 + 1 = n subdirectly irreducible algebras. �

Notice that if κ from Theorem 4 is infinite, then A is κ-maximal, so we
can formulate a generalization of the last theorem:

Corollary 6. If ConA is atomic and A is κ-maximal, then A is a subdirect
product of κ subdirectly irreducible algebras.
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