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f 7−→ F (f),314 0 %$ +5 6/278-&9
F (f)(x) :=







0 6/2 x = 0

n
xn

x
∫

0

tn−1f(t)dt 6/2 x 6= 0.:51* /, 2&+/2 +2&0*6/27* +5 -&** K(b), b > 0; &-- 2 &- 680+1/0*;/04 < /0 [0, b] 4&01*5103 &+ # 2/; 10+/ 1+* -6! =0 ,&2+18-&2; 6/2 n := 11+ 2 )8 * 1+* -6 +/ +5 8*8&- 10+ 32&- 7 &0! >/2 3 0 2&--$; 314 0 &*81+&%- 680+1/0 ϕ ?10*+ &) /6 @ x 7−→ xn @A /0 7&$ /0*1) 2 &010+ 32&- /, 2&+/2 /6 +5 6/27
(1) Fϕ(f)(x) :=







0 6/2 x = 0

1
ϕ(x)

x
∫

0

ϕ′(t)f(t)dt 6/2 x 6= 0.



 ! "#$#%&'()#* +$,#-%&' .#&$/ 0%#/#%1($- 23$1#4(,567(/ 38#%&,3% 9&/ :%/, 3$/(*#%#* <5 "7=63&*#% ($ >?℄ A# 7&/8%31#* ,7&, ,7# ($'B/(3$ Fϕ(K(b)) ⊂ K(b) C3%#/ ϕ ,3 <# 8%383%D,(3$&' ,3 & 839#% CB$,(3$= .3%# #4&,'5E !"#$"% F"7= 63&*#% >?℄G=  ! "#$ %&$'("%' Fϕ )*+$, -. FHG %,"#$ 0(11 K(b) &'$1$'+$1 "#$ %,+$2*".3 "#$, "#$'$ $2*1" ( '$(0 %,1"(,"
k > 0 (,4 (, a > 0 15# "#(" ϕ(t) = kta3 t ∈ [0, b]6 7%,+$'1$0.3 *!
ϕ(t) = kta, t ∈ [0, b], a > 0, k 6= 03 "#$, "#$ %&$'("%' Fϕ )*+$, -. FHG"'(,1!%'81 "#$ 0(11 K(b) *,"% *"1$0!6I(,7 &$ &B%&5 3C *#$3,&,(3$/ ,7(/ 38#%&,3% 9&/ ,#/,($- <52= .3&$B FHJKLG ($ 7(/ 8B<'(&,(3$ >!℄ M=N= O&P31(Q ($ 7(/ *3,3%&'*(//#%,&,(3$ > ℄ 9&/ *#&'($- 9(,7

F ϕ(f)(x) :=











0 C3% x = 0

1
x
∫

0

ϕ(t)dt

x
∫

0

ϕ(t)f(t)dt C3% x ∈ (0, b],C3% ,7# '&/ C(b), b > 0R &'' %#&' CB$,(3$/R 3$,($B3B/ 3$ [0, b] &$*1&$(/7($- &, )#%3R 97#%# ϕ (/ & -(1#$ CB$,(3$ C%3S C(b)R 83/(,(1# 3$
(0, b]T 8'&($'5R 9# 7&1#

F ϕ = F
(x 7−→

x
∫

0

ϕ(t)dt)
.+$ 97&, C3''39/ 9# /7&'' %#8'&# ,7# *#%(1&,(1# ϕ′ 3C ,7# CB$,(3$

ϕ ($ 63&*#%U/ 38#%&,3% <5 &$3,7#% -(1#$ CB$,(3$= .3%# 8%#(/#'5R9# /7&'' %#8'&# ϕ′ <5 &$ &%<(,%&%5 83/(,(1# 3$,($B3B/ CB$,(3$= V3R9# /7&'' 3$/(*#% & 8&(% (ϕ, ψ) 3C 3$,($B3B/ CB$,(3$/ #$W35($- ,7#C3''39($- 8%38#%,(#/E ϕ, ψ : [0, b] −→ +X, ϕ(0) = 0, ϕ(x) 6= 0 C3% x ∈
(0, b]= +$ ,7(/ 9&5 9# *#:$# &$ ($,#-%&' S#&$ Fϕ,ψ 3$ ,7# /8&# C(b)3C &'' 3$,($B3B/ %#&' CB$,(3$/ 3$ [0, b]R 1&$(/7($- &, )#%3 9(,7 ,7# &(*3C ,7# C3%SB'&
(2) Fϕ,ψ(f)(x) :=







0 C3% x = 0

1
ϕ(x)

x
∫

0

ψ(t)f(t)dt C3% x ∈ (0, b]C3% f ∈ C(b)=2'#&%'5R 9# 7&1#E
Fϕ = Fϕ,ϕ′.



 ! "#$%& '()* +,-- ./01* & /*23-4 2,5,-&/ 40 46&4 73* 40 86! 90&7*/ ,: ;<℄ >0/46* ,:4*?/&- 5*&: Fϕ,ψ @324 ,:4/073*7!B: +6&4 >0--0+2C +* 26&-- 260+ 46&4 3:7*/ 205* &77,4,0:&- &2235.D4,0:2 3.0: 46* ?,1*: >3:4,0:2 46* 7*5&:7 46&4 46* 0//*2.0:7,:?0.*/&40/ Fϕ,ψ 4/&:2>0/52 46* -&22 Kn(b), b > 0 0> &-- E/*?3-&/F /*&-0:1*G >3:4,0:2 0> nD46 0/7*/ 0: 46* ,:4*/1&- [0, b)C ,!*! Cn+1D>3:4,0:2+,46 :0::*?&4,1* (n + 1)D24 7*/,1&4,1*C ,:40 ,42*->C 7*4*/5,:*2 46* &:D&-$4, >0/52 0> ϕ &:7 ψ!)* 26&-- H/24 260+ 46&4 46* ,:4*?/&- 0.*/&40/ Fϕ,ψ ?,1*: %$ EIF &:%* /*./*2*:4*7 &2 46* 235 0> 205* 2.*,&- 0.*/&40/2! !"#$"% &'  !" ϕ, ψ : [0, b] −→ BJ #! %&"'&(%() *(&"'%&) !&+,%-'&. "/! *%00%1'&. 23%2!3"'!)4 ϕ(0) = 0, ϕ(x) > 0 5&6 ψ(x) > 0 *%3
x ∈ (0, b] 5&6 0!" ϕ #! 73'./"+/5&6 )'6!8 6'9!3!&"'5#0! 5" :!3%; <* "/!%2!35"%3 Fϕ,ψ : C(b) −→ BJ[0,b] .'=!& #- EIF "35&)*%3>) "/! 05)) Kn(b)'&"% '")!0*? "/!& ϕ ') 5 C1+*(&"'%& %& "/! '&"!3=50 (0, b] 5&6 "/!3! !@')"5 2%0-&%>'50 w %* %36!3 5" >%)" n %& "/! '&"!3=50 [0, b] )(/ "/5"
Fϕ,ψ(f)(x) =

1

ϕ(x)

x
∫

0

w′(t)

t
ϕ(t)f(t)dt+

1

ϕ(x)

x
∫

0

w(t)

t
ϕ′(t)f(t)dt,

x ∈ (0, b].($##)' "-*&/-$C 46* -&22 P0 &-- .0-$:05,&-2 0> 0/7*/ &4 5024 n0: [0, b] 1&:,26,:? &4 #*/0C ,2 0:4&,:*7 ,: Kn(b)K 50/*01*/ P0 = −P0!L,:&--$ >0/ &:$ p ∈ P0 +* 6&1*
Fϕ,ψ(p) ∈ Kn(b) and − Fϕ,ψ(p) = Fϕ,ψ(−p) ∈ Kn(b),+6*:*

∆n+1
h Fϕ,ψ(p)(x) = 0>0/ &-- x ∈ [0, b] &:7 h > 0 236 x+ (n + 1)h ∈ [0, b]!B4 ,2 +*--DM:0+: E2** *!?! N! O3#5& ;I℄C P! Q#RM*-$6,7, ;(℄F 46&446* 0:-$ 0:4,:3032 20-34,0:2 0> 46,2 *S3&4,0: &/* .0-$:05,&-2 0> 0/7*/&4 5024 n! 96*/*>0/*C 46* >3:4,0: Fϕ,ψ(p) ,2 & .0-$:05,&- &4 5024 0>0/7*/ n! B: .&/4,3-&/C
w := Fϕ,ψ(id)



 ! "#$#%&'()#* +$,#-%&' .#&$/ 0%#/#%1($- 23$1#4(,5(/ & 63'5$37(&' 38 3%*#% &, 73/, n9 .3%#31#%: /($# Fϕ,ψ(id) ∈ Kn(b)<# -#, w(0) = 09 +$ 1(#< 38 ,=# #>?&'(,5
x

∫

0

tψ(t)dt = w(x)ϕ(x), x ∈ (0, b],

ϕ (/ & C1@8?$,(3$ 3$ ,=# ($,#%1&' (0, b] &$*
xψ(x) = w′(x)ϕ(x) + w(x)ϕ′(x), x ∈ (0, b].23$/#>?#$,'5: <# =&1#
ψ(x) =

w′(x)

x
ϕ(x) +

w(x)

x
ϕ′(x), x ∈ (0, b],&$* 6?,,($- ,=(/ 83%7?'& ,3 ABC <# 3D,&($ 3?% &//#%,(3$9 !"#$% &' E3% n = 1 F=#3%#7 G <&/ &'%#&*5 6%31#* ($ HG℄9+$ ,=# /#>?#': <# <('' 6%#/#$, & $##//&%5 3$*(,(3$ 83% -#,,($- ,=#&$&'5,( 83%7 38 ,=# 36#%&,3% Fϕ,ψ /&,(/85($- ,=# 6%#/#%1&,(3$ %#>?(%#*9()!*$!" +'  !" ϕ, ψ : [0, b] −→ +J #! %&"'&(%() *(&"'%&) !&+,%-'&. "/! *%00%1'&. 23%2!3"'!)4 ϕ(0) = 0, ϕ(x) > 0 5&6 ψ(x) > 0*%3 x ∈ (0, b] 5&6 0!" ϕ #! 73'./"+/5&6 )'6!8 6'9!3!&"'5#0! 5" :!3%; <*"/! %2!35"%3 Fϕ,ψ : C(b) −→ +J[0,b] .'=!& #- ABC "35&)*%3>) "/! 05))

Kn(b) '&"% '")!0*? "/!& "/!3! !@')" 5 3!50 %&)"5&" k > 0 5&6 35"'%&50*(&"'%&) p 5&6 q %& "/! '&"!3=50 (0, b] )(/ "/5"
ϕ(x) = ke

x
∫

0

p(t)dt
, x ∈ (0, b],

ψ(x) = q(x)ϕ(x), x ∈ (0, b].<& 253"'(053? "/!3! !@')") 5 35"'%&50 *(&"'%& W : (0, b] −→ +J )(/"/5" ψ = Wϕ′;,$**-' KD/#%1# ,=&, w1 := Fϕ,ψ(id) (/ & 63'5$37(&' 38 3%*#% &,73/, n 3$ ,=# ($,#%1&' [0, b] A/## ,=# 6%338 38 F=#3%#7 GC9 L(7('&%'5:



 ! "#$%& '()* +%,&-. ,/&, w2 := Fϕ,ψ(id
2) -0 & 1+2$.+3-&2 +4 +56*5 &, 3+0, n!7*.*

x
∫

0

tψ(t)dt = w1(x)ϕ(x) and

x
∫

0

t2ψ(t)dt = w2(x)ϕ(x), x ∈ (0, b].7*.*
(∗) xψ(x) = w′1(x)ϕ(x) + w1(x)ϕ

′(x), x ∈ (0, b],

(∗∗) x2ψ(x) = w′2(x)ϕ(x) + w2(x)ϕ
′(x), x ∈ (0, b]."+.0*9:*.,2$;

xw′1(x)ϕ(x) + xw1(x)ϕ
′(x) = w′2(x)ϕ(x) + w2(x)ϕ

′(x)4+5 x ∈ (0, b] )/*.* )* <*,
(xw′1(x)− w′2(x))ϕ(x) = (w2(x)− xw1(x))ϕ

′(x), x ∈ (0, b]."2*&52$= ,/* 4:.,-+. (0, b] ∋ x 7→ xw′1(x)− w′2(x) $-*260 & 1+2$.+3-&2+4 +56*5 &, 3+0, n! >-?*)-0*= ,/* 4:.,-+. (0, b] ∋ x 7→ w2(x)−xw1(x)$-*260 & 1+2$.+3-&2 +4 +56*5 &, 3+0, n+1! @+5*+A*5= -, -0 *&0$ ,+ 0**=,/&, w2(x)− xw1(x) 6= 0 4+5 x ∈ (0, b]! B/*5*4+5*= )* +.2:6* ,/&,
ϕ′(x)

ϕ(x)
=
xw′1(x)− w′2(x)

w2(x)− xw1(x)
=: p(x)4+5 x ∈ (0, b]! C%A-+:02$= ,/*5* *D-0,0 & c ∈ EF 0:/ ,/&, lnϕ(x) =

x
∫

0

p(t)dt + c 4+5 &22 x ∈ (0, b]! G*,,-.< k := ec > 0 )* /&A* ϕ(x) =

ke

x
∫

0

p(t)dt
, x ∈ (0, b]! H112$-.< ,/-0 5*0:2, ,+ *9:&2-,$ (∗) )* <*,
ψ(x) = k

w′1(x)

x
e

x
∫

0

p(t)dt
+ k

w1(x)

x
p(x)e

x
∫

0

p(t)dt
, x ∈ (0, b],-!*!

ψ(x) = ke

x
∫

0

p(t)dtw′1(x) + w1(x)p(x)

x
, x ∈ (0, b].



 ! "#$#%&'()#* +$,#-%&' .#&$/ 0%#/#%1($- 23$1#4(,506,,($- q(x) :=
w′

1
(x)+w1(x)p(x)

x
, x ∈ (0, b] 7# 38,&($

ψ(x) = kq(x)e

x
∫

0

p(t)dt
, x ∈ (0, b],79(9 3;<'#,#/ ,9# <%33=> !"#$% &' ?$*#% ,9# &//6;<,(3$/ 3= @9#3%#; A ,9# 3<#%&,3%

Fϕ,ψ &//6;#/ ,9# =3%;
(

∗∗

∗

)

Fϕ,ψ(f)(x) = e
−

x
∫

0

p(t)dt
x

∫

0

f(t)q(t)e

t
∫

0

p(s)ds
dt, x ∈ (0, b],79#%# q : (0, b] −→ +B (/ & <3/(,(1# %&,(3$&' =6$,(3$>@9# *#/%(<,(3$ 3= ,9# &$&'5,( =3%; 3= ,9# 3<#%&,3% 3$/(*#%#*9&/ 381(36/'5 & $##//&%5 9&%&,#% 3$'5>@9# C6#/,(3$ 79#,9#%D -(1#$,73 %&,(3$&' =6$,(3$/ p, q : (0, b] −→ +BD ,9# 3%%#/<3$*($- 3<#%&,3%

(

∗∗

∗

) <%#/#%1#/ ,9# '&// 3= 3$1#4 =6$,(3$/ 3= 9(-9#% 3%*#%/D %#;&($/6$&$/7#%#*> @9(/ (/ &6/#* 85 ,9# =&, ,9&, ($ /69 & &/# 7# &%#=&#* ,3 ,#*(36/ &'6'&,(3$/D 9&%*'5 ,3 8# <#%=3%;#*D 3$$#,#* 7(,9E$*($- /6(,&8'# <%(;(,(1# =6$,(3$/ &/ 7#'' &/ 7(,9 ,9# <%38'#; 3=*#,#%;($($- <3//(8'# ($1#%/# =6$,(3$/ 3% -(1#$ %&,(3$&' =6$,(3$/> !"#$% (' F/ & ;&,,#% 3= =&,D ,9# &//6;<,(3$ ,9&, ,9# 3<#%&,3%
Fϕ,ψ ,%&$/=3%;/ ,9# '&// Kn(b) ($,3 (,/#'=D 36%%($- ($ @9#3%#; AD7&/ 6/#* #4'6/(1#'5 ($ 3%*#% ,3 <%31# ,9&, ,9# =6$,(3$/ Fϕ,ψ(id)D
Fϕ,ψ(id
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