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The following definition has been introduced by Jadwiga Knop and Mal-
gorzata Wrobel in 2006 (see [3]).

Definition 1. (J. Knop & M. Wrébel  2006) A subset A of a topological
space X is called to be i-connected if it is connected and Int (A) is nonempty
and connected.

Of course this definition requires much more from a set as for usual con-
nectedness. However, in the space of real numbers endowed by natural topo-
logy each connected set fulfils the condition from definition 1. Some of prop-
erties of i-connected sets were described in that article. We want to discuss
the problem, in what kinds of spaces each connected set is also i-connected.

If £ is any ideal of sets which does not contain any nonempty open set,
then Hashimoto topology generated by this ideal fulfils our requirement.

It is not difficult to observe that any space which is homeomorphic to the
space of real numbers endowed by the described Hashimoto topology fulfils
our requirements i.e. each connected set with nonempty interior is ¢-connected
as well.

Another example of such spaces is the so called “long line” (|4]) and each
space which is homeomorphic to that space.

One can observe that a circle on a plane with topology generated by
Euclidean space R? also fulfils the considered condition.

Now we will consider some of necessary conditions for a topological space
to fulfill the considered condition. From now on _# will denote the class
of topological spaces in which every connected set with nonempty interior is
i-connected. Before we formulate next theorem we will remind the denotation.
For a subset E of a topological space X by A% Int(F) and E we will denote
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the set of all accumulation (adjoint) points of the set E, the interior of the set
E and closure of the set F, respectively.

We defined so called k-connected subsets of a topological space, which are
a little different than i-connected sets, but have some interesting properties.

Definition 2. [1] A subset A of a topological space X is called to be
k-connected if its interior is connected and A C Int (A).

Of course, each k-connected set is i-connected as well.

It is quite easy to see that for euclidean space of real numbers R, a subset
A is k-connected if and only if it is connected.

By # we will denote the class of topological spaces in which every con-
nected set with nonempty interior is k-connected. Hence 2 C ¢

As we could observe, k-connected sets are similar to i-connected ones and
we will make use of this notion, so it is worth to compare those kinds of sets.

Theorem 1. [1] A subset A of a topological space is i-connected if and only
if it can be represented in the form

A=BUC,
such that B is k-connected and
BNnC=¢, Int(C)=9

and each component of C' is not separated with B.

Theorem 2. Let X be a topological space in which each connected set with
a nonempty interior is ¢-connected. Then:

(1) for each nonempty, open and disjoint and connected subsets A, B and C
of the space X
ANBNC =.
Proor. Let X € ¢ and suppose that condition (1) is not fulfilled. There
exist then nonempty disjoint open and connected sets A, B and C such that

ANBNC # .

Let z € AN BNC. Consider the set AU B U {z} and denote it by E. Since
the set A is not separated from {z} and the set B is not separated from {z}
then E is a connected set.
From condition o € C it follows that U N C # @ for each neighbourhood
U of the point z. Hence
x ¢ Int (AU B).
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From here we infer that
Int (E) = AU B.

The set Int (F) is not connected and in consequence E is connected has
a nonempty interior and is not i-connected. Contradiction completes the
proof. O

By a cut point of a connected space X we mean a point x such that X\ {z}
is not connected. A cut point is called strong cut point of a connected space
X if the set X \ {z} has 2 components.

One can see that not every point belonging to a space X from the class
# is a cut point. It may happen that there is no cut point of such a space.
However:

Corollary 1. If X € ¢ and z is a cut point, then it is a strong cut point
of X.

Theorem 3. Let X be a topological space in which each connected set with
a nonempty interior is ¢-connected. Then:

(2) for each nonempty, open and disjoint and connected subsets A and B
of X
(AnB)" = @.

Proor. Let X € ¢ and suppose that there exist two disjoint nonempty
open and connected sets A and B such that

(AnB) #@.
Let x € (Zﬂ?)d and E = AU BU{x}.
Since the sets A and B are connected and not separated from {x}, then
the set F is connected. As before it is not difficult to notice that x ¢ Int (E).

It follows then that Int (£) is not connected, i.e. E is not i-connected, what
completes the proof of condition (2). O

Theorem 4. If X is a locally connected Hausdorff space in which every
i-connected set is k-connected, then

(3) there is no connected set A having at least two elements such that Int (A) =

PROOF. Suppose that there exists a connected set A and points x and y
such that
Int(A) =0, z€A, yed x#uy.
It follows from local connectedness of X that there exists a neighbourhood U
of = such that y ¢ U.
Let B=UU A. The set B is connected because of both set A and U are
connected and non-disjoint.
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Now we will show that
(4) Int (B) C U.
Suppose that a € Int (B) \ U. There exists a neighbourhood V' of the point a
such that
a€V and V CB\U.
On the other hand:

V =TInt (V) =Int (VN B) = Int (V N (UUA)) =

=Int (VNU)U(VNA)=Int(VNA) =@.

Contradiction completes the proof of the required inclusion (4). Inclusions
U C B and (4) imply inclusions

UcInt(B)cCU,

which prove, that Int (B) is connected.
In that way we have proved that the set B is i-connected. Hence it is
k-connected as well. Thus

BcInt(B)cU

what is impossible in view of y € B and y ¢ U. O
We remind that a topological space is called totally disconnected if its
every component is a singleton.

Theorem 5. If X is a topological space such that there is no connected set
A having at least two elements such that Int (4) = @, then any i-connected
set I/ can be represented in the form E = B U C such that B is k-connected,
C is totally disconnected and BN C = .

PROOF.
Let E be i-connected set which is not k-connected. Then E and Int (F)
are connected and

E ¢ Tnt (E).

Let A be any component of the set E'\ Int (E). The set A is nonempty. More-
over Int (A) = @, since

Int (A) C Int <E A (X \ Tnt (E)) = Int (E) \ Int (E) = 9.
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In view of assumptions the set A must not have more than one element, hence
it is a singleton. In that way we proved that

= (EnT(EB) U (£\ It (B)).

where B = E N Int (E) is k-connected, C, where C' = E \ Int (E), is totally
disconnected and BN C = . O

Theorem 6. If X is a locally connected Hausdorff space and each component
of X belongs to the class #, then X € ¢7.

Proor. If E is a connected set in X with a nonempty interior, then it
is contained in one of the components of X, say C. Since C' € _# then E is
i-connected in C. The set C' is open then

Intc(E) = CNintx(E) = Intx(E).

Moreover Int¢(E) is connected, thus Intx (FE) is connected.
In this way we have proved that E' is i-connected. O
It is quite obvious that if a locally connected Hausdorff space X is in the
class ¢, then each component of X also belongs to the class #. Thus:

Corollary 2. If X is a locally connected Hausdorff space, then X € ¢ if
and only if each component of X belongs to the class ¢.

Local connectedness of the space X is necessary, since if

xllc
n=0

Cn:{[o,l]x{i}:neNJr}, n € Ny

CVO = [_172] X {0}7

where

and

then X is not locally connected and each of the components belongs to
the class ¢, but X does not, since Cy is a connected subset of X and
Int (Cp) = ([—1,0) U (1,2]) x {0} is nonempty and is not connected.
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