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(sin x)2 + (cosx)2 = 1 0)' #"" x ∈ R.1,2"#
%*( /,', &/, $%*, #*- &/, 
)$%*, 3. 04*
&%)*$ f, g : R → R, #*-
2 3. # *#&4'#" *4+3,' k, 5, ',
,%6, &/, 04*
&%)*#" ,74#&%)*8
(9) (f(x))k + (g(x))k = 15%&/ x ∈ R, 5/%
/ 5#$ $&4-%,- 3. 1: ;#'-%< %* =>℄@ %* 
)**,
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&%)* f, g $#&%$0.D%*( E9F@ 5/%
/ 5)4"- 
)'',$2)*- &) &/, 5,"" G*)5* ',2',$,*&#&%)*$ )0
cos(x+ y) #*- sin(x+ y) &/,* x, y ∈ R %* &/, 
#$, 5/,', k = 2. 9* =A℄9 %*&')-4
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'()*+& "$,# -'(& ('+& .&/&+*0 +&-10,- )+&-&/,&2 $/ "#*,3'00'"-45&, X 6& */ *+6$,+*+7 /'/8&(),7 -&, */2 0&, k 6& * 9:&2 /*,1+*0/1(6&+4 !""# $% ;"' +&*0 31/
,$'/- f, g 2&9/&2 '/ X -*,$-37 31/
,$'/*0&<1*,$'/ =>? 3'+ x ∈ X $3 */2 '/07 $3 ,#&+& &:$-,- * 31/
,$'/ t : X → R-1
# ,#*,
(1)

f(x) =
cos t(x)

k
√

(cos t(x))k + (sin t(x))k
, g(x) =

sin t(x)
k
√

(cos t(x))k + (sin t(x))k3'+ x ∈ X.@'"A -1))'-& ,#*, X $- * /'/8&(),7 -16-&, '3 * .+'1) (G,+).&'!()!" $% B1))'-& ,#*, 31/
,$'/- f, g : X → R -*,$-37 31/
8,$'/*0 &<1*,$'/ =>? 3'+ x ∈ X, */2 0&, * 31/
,$'/ t : X → R 6& -1
# ,#*,,#& +&0*,$'/- = ? #'02 $/ X. >3 t $- */ $/C&+,$60& 31/
,$'/ '/ X, ,#&/A 3'+&C&+7 x, y ∈ X -1
# ,#*, x+ y ∈ X */2 z := t−1(t(x+ y)− t(x)) ∈ X,,#& 3'00'"$/. -7-,&( '3 31/
,$'/*0 &<1*,$'/- $- -*,$-9&2D
(2)
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







f(x+ y) =
f(x)f(z)− g(x)g(z)

k
√

(f(x)f(z)− g(x)g(z))k + (f(x)g(z) + f(z)g(x))k

g(x+ y) =
f(x)g(z) + f(z)g(x)

k
√

(f(x)f(z)− g(x)g(z))k + (f(x)g(z) + f(z)g(x))kE'+&'C&+A $3 t $- */ *22$,$C& */2 $/C&+,$60& 31/
,$'/A ,#&/ z = y.>/ ,#& -16-&<1&/, ,&:, "& *--1(& ,#*, (X,+) $- * .+'1) "$,# */&1,+*0 &0&(&/, 2&/',&2 67 θA */2 k $- * 9:&2 &C&/ /*,1+*0 /1(6&+4F'+ */7 31/
,$'/- f, g : X → R "& 2&9/& ,#& 31/
,$'/ w : X2 →
〈0,+∞) 67 ,#& 3'+(10*D
(3) w(x, y) = k

√

(f(x)f(y)− g(x)g(y))k + (f(x)g(y) + f(y)g(x))k3'+ (x, y) ∈ X2.



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !"# $%& '(%' '(# )*+
'-.+$ f, g /. +.' 0%+-$( $-1*2'%+#.*$2& -+
X -) %+/ .+2& -) (f(x))2 + (g(x))2 > 0 ).3 %22 x ∈ X. 4' -$ 
2#%3 '(%'
w(x, y) > 0 ).3 x, y ∈ X -) f, g /. +.' 0%+-$( $-1*2'%+#.*$2& -+ X.5(#3#).3# 6# 
%+ 
.+$-/#3 '(# ).22.6-+7 $&$'#1 .) )*+
'-.+%2 #8*%'-.+$9
:44; 





















f(x+ y) =
f(x)f(y)− g(x)g(y)

w(x, y)

g(x+ y) =
f(x)g(y) + f(y)g(x)

w(x, y)).3 x, y ∈ X. <#' *$ +.'-
# '(%' $&$'#1 :44; $'%'#$ +.'(-+7 #2$# '(#+$&$'#1 :=; 6-'( z = y.4+ 6(%' ).22.6$ 6# /#+.'# '(# 1*2'->2-
%'-0# 73.*> .) '(# *+-'
-3
2# 6-'( '(# 1*2'->2-
%'-.+ .) '(# 
.1>2#? +*1@#3$ @& (T, •) (T =
{z ∈ C : |z| = 1})A 6(#3#%$ H(X, T ) $'%+/$ ).3 '(# )%1-2& .) %22(.1.1.3>(-$1$ 1%>>-+7 '(# 73.*> (X,+) -+'. '(# 73.*> (T, •) :'(#&6-22 @# 
%22#/9 
!"#"
$%#&;B C.6A 2#' *$ 3#
%22 '(# ).22.6-+7 '(#.3#19 !"#$"% &' D*+
'-.+$ f, g : X → R /. +.' 0%+-$( $-1*2'%+#E.*$2& %+/ $%'-$)& '(# $&$'#1 :44; ).3 %22 x, y ∈ X -) %+/ .+2& -) '(#3##?-$'$ % 
(%3%
'#3 h ∈ H(X, T ) 6-'( U := F# h, V := 41h $*
( '(%'9
(4) f(x) =

U(x)
k
√

(U(x))k + (V (x))k
, g(x) =

V (x)
k
√

(U(x))k + (V (x))k).3 x ∈ X.G.3#.0#3A -) )*+
'-.+$ f, g : X → R $%'-$)& '(# $&$'#1 :44; .3 '(#
.+/-'-.+$ :H;A '(#+ '(#& $%'-$)& '(# #8*%'-.+ :4; .+ XA 6(#3# f -$#0#+A g -$ .//A f(θ) = 1A %+/ g(θ) = 0.(#$#))*$+ ,' 4) a : X → R -$ %+ %//-'-0# )*+
'-.+ %+/ f, g : X →
R %3# /#I+#/ @& '(# ).31*2%$9
(5)

f(x) =
cos a(x)

k
√

(cos a(x))k + (sin a(x))k
, g(x) =

sin a(x)
k
√

(cos a(x))k + (sin a(x))k).3 x ∈ X, '(#+ f, g /. +.' 0%+-$( $-1*2'%+#.*$2& %+/ $%'-$)& '(#$&$'#1 :44; %+/ #8*%'-.+ :4;B
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'.)#+ f &#/ g /01#0/ 23 ()45,*&+ 678 $.**20 
&**0/  !" #"$"%&'()"* 
,-($" )# X &#/  !" #"$"%&'()"* -($" )# X40+90
'.:0*3;"# '%0 940+0#' 9&904 $0 $.** +%)$ '%&' +3+'05 6""8 20
)50+ & +90<
.&* 
&+0 )( 5)40 =0#04&* (,#
'.)#&* 0>,&'.)#; ?0 $.** 940+0#' '%.+0>,&'.)# &#/ +%)$ '%&' .'+ +)*,'.)#+ 940+04:0 2&+.
 94)904'.0+ )( =0#<04&*.@0/ +.#0 &#/ 
)+.#0 (,#
'.)#+; ! "#$% &%'%()*+,%- .(+&#'#$%.(+
 $)01?0 
)#'.#,0 ') &++,50 '%&' (X,+) .+ & =4),9 $.'% & #0,'4&* 0*050#'/0#)'0/ 23 θ; A)40)$04B *0' (A,K,+, •, ·) 20 & 
)55,'&'.:0 &*=024&$.'% & ,#.'3 ):04 '%0 10*/ K )( 40&* )4 
)59*0C #,5204+; D%0 5,*<'.9*.
&'.)# )( :0
')4+ $.** 20 /0#)'0/ 23 '%0 +352)* E•F; D%0 ,#.'3 )('%.+ &*=024& $.** 20 /0#)'0/ 23 1, &#/ .'+ @04)<0*050#' 23 0; !"#$% &' G0' ϕ : X → A 20 & #)#<@04) 5)49%.+5 )( & =4),9
(X,+) .#') '%0 +05.=4),9 (A, •), $%.
% 50&#+ '%&'H ϕ(x+y) = ϕ(x)•
ϕ(y) ()4 &** x, y ∈ X. D%0# '%0 ()**)$.#= 
)#/.'.)#+ &40 +&'.+10/H6.8 ϕ(x) 6= 0 ()4 &** x ∈ X;6..8 .( '%0 &*=024& A %&+ #) @04)</.:.+)4+B 6.;0; a • b = 0 .( &#/ )#*3.( a = 0 )4 b = 0, ()4 a, b ∈ A8B '%0# ϕ(θ) = 1I6...8 ϕ(x+ y) = ϕ(y + x) ()4 &** x, y ∈ X."# $%&' ()**)$+ $0 &++,50 '%&' n : A→ 〈0,+∞) .+ & #)#<#0=&'.:0(,#
'.)# +,
% '%&'H6&8 n(a) = 0 .( &#/ )#*3 .( a = 0B628 n(λa) = λn(a) ()4 &** λ > 0, a ∈ A.J2:.),+*3B 0:043 #)45 .# '%0 +9&
0 A +&'.+10+ '%0 
)#/.'.)#+ 6&8&#/ 628;K,' S := {a ∈ A : n(a) = 1} &#/ *0' u : A\{0} → S 20 & (,#
'.)#/01#0/ 23 '%0 ()45,*&H
(6) u(a) =

a

n(a)
()4 &** a ∈ A\{0}.



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !"#$$%&' ()*( ()'+' ',-&(& * .%./0'+% 1%+$)-&1 ϕ : X → A 2+%1* 3+%#$ (X,+) -.(% ()' &'1-3+%#$ (A, •) &#
) ()*(5
(7) u(ϕ(X)) = S.6%7 7' *&&#1' ()*( F : X → A -& * 2#.
(-%. &*(-&28-.3 ()' 2%99%7-.3
%.:-(-%.5
(8) n(F (x)) = 1 2%+ *99 x ∈ X;()-& 1'*.& ()*( F : X → S. ;' 7-99 &)%7 ()*( ()' 2#.
(-%. F 8-'9:&* &%9#(-%. %2 * 2#.
(-%.*9 '<#*(-%. 
%1$*+*=9'> -. * &'.&'> 7-() ()'&8&('1 %2 '<#*(-%.& ? @A;' %=&'+B' ()*( 
%.:-(-%.& ?C@ *.: ?D@ -1$98 ()' 2%99%7-.3 
%.:-/(-%.5
(9) ∀x∈X∃y∈XF (x) = u(ϕ(y))."%> 
%.:-(-%. ?E@ :'F.'& * 2#.
(-%. t : X → X &#
) ()*(5
(10) F (x) = u(ϕ(t(x))) =

ϕ(t(x))

n(ϕ(t(x)))
2%+ x ∈ X.6%7> %=&'+B' ()*(5

F (x)•F (z) =
ϕ(t(x))

n(ϕ(t(x)))
• ϕ(t(z))

n(ϕ(t(z)))
=

ϕ(t(x) + t(z))

n(ϕ(t(x)))n(ϕ(t(z)))
2%+ x, z ∈ X,7)'.
'

n(F (x) • F (z)) =
n(ϕ(t(x) + t(z)))

n(ϕ(t(x)))n(ϕ(t(z)))
2%+ x, z ∈ X.G+%1 9*&( (7% '<#*9-(-'& 7' :':#
' ()*(

(11)
F (x) • F (z)

n(F (x) • F (z))
=

ϕ(t(x) + t(z))

n(ϕ(t(x) + t(z)))
2%+ x, z ∈ X.H%+'%B'+> 2+%1 ?!I@ 7' 3'( ()' 2%99%7-.3 +'&#9(5

(12) F (x+ y) =
ϕ(t(x+ y))

n(ϕ(t(x+ y)))
2%+ x, y ∈ X.



   ! "#$%&'(!"# $% &'( 
'&%*+", #(' %*#$-#*'&% (.*
. 
-& '

$,/0 1 23 t *% -& -++*#*4" 3$&
#*'& '& X5 #."& 
'&+*#*'&% 0661 -&+ 06 1*789: #." 3'99'(*&; "<$-#*'&/0=1 F (x+ y) =
F (x) • F (y)

n(F (x) • F (y))
3', x, y ∈ X.>',"'4",5 3,'7 
'&+*#*'& 06?1 -&+ #." -++*#*4*#: '3 #." 3$&
#*'& t *#3'99'(% #.-#

(13) F (x) =
ϕ(t(x))

n(ϕ(t(x)))
=

ψ(x)

n(ψ(x))
3', x ∈ X,(."," ψ = ϕ ◦ t : X → A *% - &"( &'&@A",' 7',8.*%7 3,'7 #." ;,'$8

(X,+) *&#' #." %"7*;,'$8 (A, •)
(

ψ(x+y) = ϕ(t(x+y)) = ϕ(t(x)+t(y)) = ϕ(t(x))•ϕ(t(y)) = ψ(x)•ψ(y)3', x, y ∈ X
)

. 0!1 23 #."," "B*%#% #." *&4",%" 3$&
#*'& t−1 : X → X5#."& 3,'7 
'&+*#*'&% 0661 -&+ 06 1 (" 'C#-*& #." "<$-#*'&0-=1, F (x+ y) =
F (x) • F (z)

n(F (x) • F (z))(."," z = t−1(t(x + y) − t(x)) 3', x, y ∈ X; *& 3-
#5 *3 z =
t−1(t(x+y)− t(x)), x, y ∈ X, #."& t(z) = t(x+y)− t(x), t(z)+ t(x) =
t(x+y). D,'7 #.*% -&+ 3,'7 #." 
'&+*#*'& 0***1 '3 E"7-,F 6 (" 'C#-*&#." 3'99'(*&; "<$-9*#*"%/ ϕ(t(x) + t(z)) = ϕ(t(z) + t(x)) = ϕ(t(x+ y)).G'(5 - 
'78-,*%'& '3 #." ,*;.# .-&+ %*+"% '3 3',7$9-% 06615 06 1 9"-+%#' #." "<$-#*'& 0-=1HG'( (" (*99 %.'( #.-# #." %:%#"7 '3 "<$-#*'&% 0 1 :*"9+% - %8"@
*-9 
-%" '3 "<$-#*'& 0-=15 (.*9" #." "<$-#*'& 0221 *% - %8"
*-9 
-%" '3"<$-#*'& 0=1H"#$%&' () 2& #." ,"-9 %8-
" R2 (" 
-& *&#,'+$
" -& -%%'
*-#*4"'8",-#*'& I•J '3 - 7$9#*89*
-#*'& '3 4"
#',% *& -

',+-&
" (*#. #."$%$-9 7$9#*89*
-#*'& '3 
'789"B &$7C",%/
(14)

∀ (u,y)∈R2

(r,s)∈R2

(u, v) • (r, s) =
(E"((u+ iv)(r + is)), 27((u+ iv)(r + is))

)

=



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !
= (ur − vs, us+ vr)."#$% (R2,R,+, •, ·) &' ( )$(* 
,--./(/&0$ (*1$2)( 3&/# ( .%&/4 1 =

(1, 0). 5,)$,0$) /#&' &' ( 6(%(
# (*1$2)( 3&/# ( 7.
*&8$(% %,)-9
‖u, v‖ = |u+ iv| '(/&':4&%1 /#$ 
,%'&'/$%
4 
,%8&/&,% 3&/# /#$ $;.(*&/4<&=$=9
(15) ‖(u, v) • (r, s)‖ = ‖(u, v)‖ · ‖(r, s)‖ :,) (u, v), (r, s) ∈ R

2. !"#$% &' >$/ n : R2 → 〈0,+∞) 2$ ( :.%
/&,% 8$?%$8 24 /#$:,)-.*(9@ABC n(u, v) = k
√
uk + vk :,) (u, v) ∈ R2 @'/&** k &' (% ()2&/)()&*4 ?D$8$0$% %(/.)(* %.-2$)C="#$% :,**,3&%1 
,%8&/&,%' #,*89@AEC n &' ( %,)- &% )$(* 'F(
$ R2G@AHC n(1, 0) = 1G@AIC n(u,−v) = n(u, v) :,) (u, v) ∈ R2. !"#$% (' J.FF,'$ /#(/ n : R2 → 〈0,+∞) &' 8$?%$8 24 :,)-.*(@ABC (%8 F = (f, g) : X → R2 &' ( %,3#$)$ 0(%&'#&%1 -(F= "#$% /#$)$(* 
,,)8&%(/$' f, g ,: /#$ -(F F '(/&':4 /#$ '4'/$- ,: $;.(/&,%' @KKC&% X &: (%8 ,%*4 &: /#$ -(F F '(/&'?$' /#$ :.%
/&,%(* $;.(/&,% @"C &%

X= 5,)$,0$)< &: F '(/&'?$' @"C &% X, /#$% F (θ) = (1, 0) (%8 /#$ '$/ ,:0(*.$' ,: F &' 
,%/(&%$8 &% ( 
.)0$ S '4--$/)&
 3&/# )$'F$
/ /, (0, 0)(%8 8$?%$8 24 /#$ :,)-.*(9
(20) S =

{

(u, v) ∈ R
2 : n(u, v) =

k
√

uk + vk = 1
})$**+' ", '#,3 /#$ $;.&0(*$%
$ ,: /#$ '4'/$- @KKC 3&/# $;.(/&,%@"C &/ '.L
$' /, ,2'$)0$ /#(/ F (x)•F (y) = (f(x), g(x))•(f(y), g(y)) =

(f(x)f(y)− g(x)g(y), f(x)g(y) + f(y)g(x)) :,) (x, y) ∈ X. "#$)$:,)$
n(F (x) • F (y)) = w(x, y) :,) x, y ∈ X 3#$)$ w &' 8$?%$8 24 @!C=M&1= A F)$'$%/' 
.)0$' S 8$?%$8 24 :,)-.*( @ NC :,) k = 2 (%8
k = 4=



 !  ! "#$%&'(

"#$% &%'($)*+,-. .#*#/0( -1 -21.+ ).+3 #, -2+ 4(115 15 6+*0(7 ! .218-20- #5 5),
-#1,. f, g 0,3 t .0-#.5: -2+ 0..)*4-#1,. 15 ;2+1(+* &<
F = (f, g), 0,3 n #. -2+ 5),
-#1, 3+=,+3 >: ?&@A< -2+, -2+ .:.-+* 15+B)0-#1,. ? A 0..)*+. -2+ 51(* ?0;A%C18 8+ 8#// -(: -1 .1/D+ -2+ +B)0-#1, ?;A ),3+( .1*+ 033#-#1,0/
1,3#-#1,.% !"#$"% &' E)441.+ -20- (X,+) #. 0 $(1)4 8#-2 0 ,+)-(0/ +/F+*+,- θ 0,3 (A,K,+, •, ·) #. 0 
1**)-0-#D+ 0/$+>(0 8#-2 0, ),#-: 11D+( -2+ =+/3 K 15 (+0/ 1( 
1*4/+G ,)*>+(. ?-2+ .:*>1/ H•I 3+,1-+.*)/-#4/#
0-#1, 15 D+
-1(. 0,3 0 .-0,3. 51( -2+ J+(1 +/+*+,- 15 0/$+>(0A%K1(+1D+(< 0..)*+ -20- n : A → 〈0,+∞) #. 0 5),
-#1, .0-#.5:#,$ -2+
1,3#-#1,.L?0A n(a) = 0 #5 0,3 1,/: #5 a = 0,?>A n(λa) = λn(a) 51( 0// λ > 0, a ∈ A, 0. 8+// 0.?
A n(1) = 1.;2+, 0 *04 F : X → A .0-#.=+. -2+ 5),
-#1,0/ +B)0-#1,?;A F (x+ y) =

F (x) • F (y)

n(F (x) • F (y))
51( x, y ∈ X



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !"#$%&'( )$&* &*+ ,#''#)$%- 
#%/$&$#%01234 n(F (x) • F (y)) = n(F (−x) • F (−y)) ,#5 6'' x, y ∈ X,274 F (θ) = 1$, 6%/ #%'( $, &*+5+ +8$0&0 6 %#%9:+5# ;#5<*$0; ϕ : X → A ,5#; &*+-5#=< (X,+) $%&# &*+ ;='&$<'$
6&$>+ 0+;$-5#=< (A, •) $+? ϕ(x + y) =
ϕ(x) • ϕ(y) ,#5 6'' x, y ∈ X 0=
* &*6&
ϕ(θ) = 1, n(ϕ(x)) = n(ϕ(−x)) 6%/ F (x) =

ϕ(x)

n(ϕ(x))
,#5 x ∈ X.@+,#5+ &*+ <5##, #,  !"#$"% &' #A0+5>+ &*6& +>+5( %#5; $% &*+0<6
+ A 0=
* &*6& n(1) = 1 06&$0B+0 &*+ 600=;<&$#%0 #, &*$0 &*+#5+;?C#5+#>+5D ,5#; &*+ ,#5; #, +E=6&$#% 2F4 6%/ ,5#; 600=;<&$#%0 #% &*+,=%
&$#% n $& ,#''#)0 &*6& $&0 0#'=&$#% F : X → A %+
+0065$'( *60 &#06&$0,( &*+ $%+E=6'$&( F (x) • F (y) 6= 0 ,#5 6'' x, y ∈ X, 60 )+'' 60 &*++E=6'$&( n(F (x)) = 1 ,#5 +>+5( x ∈ X 2&# 0++ &*$0 $& 0=G
+0 &# <=&

y = θ $% 2F44?($##) #,  !"#$"% &* H=<<#0+ &*6& F : X → A $0 6 ;6< 06&$0,(9$%- +E=6&$#% 2F4 "#$%&'( )$&* 
#%/$&$#%0 234 6%/ 274? F*+% ,#5 x ∈ X6%/ y = −x )+ #A&6$%
(21) 1 = F (θ) =

F (x) • F (−x)
n(F (x) • F (−x)) .I+& ϕ : X → A A+ 6 ;6< /+B%+/ A( &*+ ,#5;='61

(22) ϕ(x) :=
F (x)

√

n(F (x) • F (−x))
,#5 x ∈ X.F*+% )+ -+&

ϕ(x+ y) =
F (x+ y)

√

n(F (x+ y) • F (−y − x))
=

=

F (x) • F (y)

n(F (x) • F (y))
√

n

(

F (x) • F (y)

n(F (x) • F (y))
• F (−y) • F (−x)
n(F (−y) • F (−x))

)

=



 !  ! "#$%&'(
=

F (x) • F (y)

n(F (x) • F (y))

√

n([F (x) • F (−x)] • [F (y) • F (−y)])
n(F (x) • F (y))n((F (−x) • F (−y))

=

=
F (x) • F (y)

√

n(F (x) • F (y))

n(F (−x) • F (−y))n([F (x) • F (−x)] • [F (y) • F (−y)])
=

=

F (x)
√

n(F (x) • F (−x))
• F (y)
√

n(F (y) • F (−y))
√

n(F (x) • F (y))

n(F (−x) • F (−y))
n([F (x) • F (−x)] • [F (y) • F (−y)])
n(F (x) • F (−x))n(F (y) • F (−y))

=

=
ϕ(x) • ϕ(y)

√

n(F (x) • F (y))

n(F (−x) • (F (−y)) n
(

F (x) • F (−x)
n(F (x) • F (−x)) •

F (y) • F (−y)
n(F (y) • F (−y))

)"#$ %&& x, y ∈ X.'%()*+ )*,# %

#.*, 
#*/),)#*0 123 %*/ 1 43 %*/ ,56 67.%&),8 n(1) = 196 #:,%)* ,56 "#&&#9)*+ $60.&,0;
n(F (x) • F (y))

n(F (−x) • F (−y)) = 1,
(F (x) • F (−x))
n(F (x) • F (−x)) = 1,

(F (y) • F (−y))
n(F (y) • F (−y)) = 1 !" n(1•1) = n(1) = 1. #$%&%'(&%) ϕ(x+y) = ϕ(x)•ϕ(y) '(& x, y ∈ X.*(&%(+%&) ϕ(θ) = F (θ)√

n(F (θ)•F (−θ)
= 1, $%!
%) ϕ -.  !(!/0%&( 1(&2$-.134""-5-(! 667) 5$% '(66(8-!9 %:; 6-5-%.<

n(F (x)) = n(F (x+ θ)) = n

(

F (x) • F (θ)

n(F (x) • F (θ))

)

=
n(F (x) • F (θ))

n(F (x) • F (θ))
= 1-1267 5$ 5

n(ϕ(x)) =
n(F (x))

√

n(F (x) • F (−x))
=

1
√

n(F (x) • F (−x))
(23)'(&  66 x ∈ X.



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !"#$% &'#' ()* +#$% ,  - ./ +$00$12 /&(/
F (x) = ϕ(x) ·

√

n(F (x) • F (−x)) =
ϕ(x)

n(ϕ(x))
+$# (00 x ∈ X.3$)*./.$) , 4- (02$ .%50.'2 /&(/

n(ϕ(−x)) =
1

√

n(F (−x) • F (x))
=

1
√

n(F (x) • F (−x))
= n(ϕ(x))+$# (00 x ∈ X.3$)6'#2'078 2955$2' )$1 /&(/ ϕ : X → A .2 ( %$#5&.2% 2(/.2+7.):/&' 
$)*./.$)2 +$#%90(/'* .) /&' (22'#/.$) $+ /&.2 /&'$#'%< =.)
' ϕ.2 ( )$)>?'#$ %$#5&.2%8 @7 A'%(#B C8 /&' .)'D9(0./7 ϕ(x) 6= 0 &$0*2+$# (00 x ∈ X ()* 1' 
() *'E)' ( %(5 F : X → A @7 /&' +$#%90(F

F (x) = ϕ(x)
n(ϕ(x))

+$# (00 x ∈ X. G' 1.00 2&$1 /&(/ 29
& F 2(/.2E'2+9)
/.$)(0 'D9(/.$) ,H- I$.)/07 1./& 
$)*./.$)2 ,G- ()* ,J-< K)*''*8
F (x) • F (y)

n(F (x) • F (y))
=

(

ϕ(x)

n(ϕ(x))
• ϕ(y)

n(ϕ(y))

)

· 1

n

(

ϕ(x)

n(ϕ(x))
• ϕ(y)

n(ϕ(y))

) =

ϕ(x+ y)

n(ϕ(x))n(ϕ(y))
· 1

n(ϕ(x+ y))

n(ϕ(x))n(ϕ(y))

=
ϕ(x+ y)

n(ϕ(x+ y))
= F (x+ y)+$# (00 x, y ∈ X. L$#'$6'#8

n(F (x) • F (y)) = n

(

ϕ(x)

n(ϕ(x))
• ϕ(y)

n(ϕ(y))

)

=
n(ϕ(x+ y))

n(ϕ(x))n(ϕ(y))
=

n(ϕ(−y − x))

n(ϕ(−x))n(ϕ(−y)) = n

(

ϕ(−x)
n(ϕ(−x)) •

ϕ(−y)
n(ϕ(−y))

)

= n(F (−x)•F (−y))+$# (00 x, y ∈ X. ".)(0078 )$/' /&(/ F (θ) = ϕ(θ)
n(ϕ(θ))

= 1, @'
(92' ϕ(θ) =
1. H&.2 
$%50'/'2 /&' 5#$$+< !"#$%$&#' =955$2' /&(/ (X,+) .2 ( :#$95 ()* (A,K,+, •, ·).2 ( 
$%%9/(/.6' (0:'@#( 1./& ( 9)./7 1 $6'# /&' E'0* K $+ #'(0 $#
$%50'M )9%@'#2 ()* 0'/ n : A → 〈0,+∞) @' ( +9)
/.$) 2(/.2+7.):/&' 
$)*./.$)2 ,(-8 ,@- ()* ,
-< N %(5 F : X → A 1.00 @' 
(00'*  !"#"$ %&'"( )$&!*#*+")$&
 + - .+ ()* $)07 .+ ./ 2(/.2E'2 /&' +9)
/.$)(0'D9(/.$) ,H- I$.)/07 1./& /&' 
$)*./.$)2 ,G- ()* ,J-<



 !  ! "#$%&'("#$% $& '()** '(#$ +()+ ,(&#-&.  /' ) '0&
/)* 
)'& #2 ,(&#-&.34 ,# '&& +(/'% /+ '56
&' +# 0-#7& +(& 2#**#$/89 -&.)-:4 !"#$% &' ;&+ (X,+) /' ) 9-#50 <$/+( ) 8&5+-)* &*&.&8+ θ= )8>*&+ (A,K,+, •, ·) '+)8> 2#- +(& ?)8)
( )*9&@-) (R2,R,+, •, ·) $/+( +(&.5*+/0*/
)+/#8 #2 7&
+#-' >&A8&> @B <CD= )8> $/+( +(& E5
*/>&)8 8#-.4F500#'& +()+ n : R2 → 〈,+∞) /' +(& 258
+/#8 >&A8&> @B <CG= <$/+()8 )-@/+-)-/*B AH&> &7&8 8)+5-)* 85.@&- k= )8> F = (f, g) : X → R2/' ) 8#$(&-& 7)8/'(/89 .)04,(&8 +(& 2#**#$/89 
#8>/+/#8' )-& &I5/7)*&8+J< D= K58
+/#8' f, g ')+/'2B &I5)+/#8 <LL=M< N= F ')+/'A&' &I5)+/#8 <,= O#/8+*B $/+( +(& 
#8>/+/#8' <P= )8> <Q=M< G= ,(&-& &H/'+' ) 
()-)
+&- h ∈ H(X, T ) $/+( U = R& h )8> V =L.h '5
( +()+
f(x) =

U(x)

n(U(x), V (x))
, g(x) =

V (x)

n(U(x), V (x))
2#- )** x ∈ X;< S= ,(&-& &H/'+' ) 8#8TU&-# .#-0(/'. ϕ : X → LR2 2-#. ) 9-#50

(X,+) /8+# +(& .5*+/0*/
)+/7& '&./9-#50 (LR2, •) '5
( +()+ ϕ(θ) =
(1, 0),
n(ϕ(x)) = n(ϕ(−x)) )8>

F (x) =
ϕ(x)

n(ϕ(x))
2#- )** x ∈ X.($))*' ,(& &I5/7)*&8
& #2 
#8>/+/#8' < D= )8> < G= -&'5*+' 2-#.,(&#-&.  % $(&-&)' 
#8>/+/#8' < N= )8> < S= )-& &I5/7)*&8+ +):/89)

#58+ #2 ,(&#-&. D4 ,(5'% /+ '56
&' +# '(#$ +()+ 
#8>/+/#8' < G=)8> < S= )-& &I5/7)*&8+4V''5.& +()+ 
#8>/+/#8 < G= (#*>'4 "#$ $& 05+ ϕ = (U, V ). F/8
&

h = U + iV /' ) 
()-)
+&-% +(&8 U(θ) = 1, V (θ) = 0, U /' )8 &7&8258
+/#8 )8> V /' #>>4 K-#. (&-& )8> 2-#. <CW= (n(u,−v) = n(u, v)2#- (u, v) ∈ R2) 2#**#$' 
#8>/+/#8 < S=4X#87&-'&*B% '500#'& +()+ 
#8>/+/#8 < S= /' ')+/'A&>4 ;&+ ϕ =
(ϕ1, ϕ2)% $(&-& ϕ1, ϕ2 )-& 
##->/8)+&' #2 +(& .#-0(/'. ϕ. ,):/89
U(x) = ϕ1(x)

‖ϕ(x)‖
%

V (x) = ϕ2(x)
‖ϕ(x)‖

2#- x ∈ X )8> h = U + iV $& #@+)/8J
|h(x)| = ‖U(x), V (x)‖ =

∥

∥

∥

∥

ϕ1(x)

‖ϕ(x)‖ ,
ϕ2(x)

‖ϕ(x)‖

∥

∥

∥

∥

=



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !
=
‖(ϕ1(x), ϕ2(x))‖

‖ϕ(x)‖ =
‖ϕ(x)‖
‖ϕ(x)‖ = 1"#$ x ∈ X. %&'
)

(ϕ1(x+y), ϕ2(x+y)) = ϕ(x+y) = ϕ(x)•ϕ(y) = (ϕ1(x), ϕ2(x))•(ϕ1(y), ϕ2(y)) =

= (*)((ϕ1(x)+iϕ2(x))(ϕ1(y)+iϕ2(y))), +,((ϕ1(x)+iϕ2(x))(ϕ1(y)+iϕ2(y))))"#$ x, y ∈ X -'. /0) 12
3&.)-' '#$, 4-/&45)4 /0) 
#'4&4/)'
6 
#'.&/&#'789:; <) 0-=)
h(x+ y) = U(x + y) + iV (x+ y) =

ϕ1(x+ y)

‖ϕ(x+ y)‖ + i
ϕ2(x+ y)

‖ϕ(x+ y)‖ =

=
(ϕ1(x) + iϕ2(x))(ϕ1(y) + iϕ2(y))

‖ϕ(x)ϕ(y)‖ =
ϕ1(x) + iϕ2(x)

‖ϕ(x)‖ ·ϕ1(y) + iϕ2(y)

‖ϕ(y)‖ =

= (U(x) + iV (x))(U(y) + iV (y)) = h(x)h(y)"#$ x, y ∈ X. >#'4)?2)'/36 h ∈ H(X, T ). @#$)#=)$;
f(x) =

ϕ1(x)

n(ϕ(x))
=

ϕ1(x)

‖ϕ(x)‖

n

(

ϕ1(x)

‖ϕ(x)‖ ,
ϕ2(x)

‖ϕ(x)‖

) =
U(x)

n(U(x), V (x))
"#$ x ∈ X-'. -'-3#A#2436

g(x) =
V (x)

n(U(x), V (x))
"#$ x ∈ X.B0&4 
#,C3)/)4 /0) C$##" #" *),-$D 9EF 
-$)"23 &'4C)
/&#' #" /0) C$##" #" *),-$D 9 40#<4 /0-/ "#$ /0)C$##" #" /0) )?2&=-3)'
) #" 
#'.&/&#'4 7 G: -'. 7 H: /0) "#$, #" /0)"2'
/&#'

n : R
2 → 〈0,+∞) &4 &$$)3)=-'/; I2/ /0) "-
/ /0-/ /0&4 "2'
/&#' 4-/&45)4
#'.&/&#'4 7-:; 7I: -'. 78!: &4 )44)'/&-3E B0)$)"#$); <) 
#'
32.) /0-//0) "#33#<&'A $),-$D &4 /$2)E !"#$% &' %2CC#4) /0-/ (X,+) &4 - A$#2C 7<&/0 - ')2/$-3 )3J),)'/ θ:; F = (f, g) : X → R2 &4 - '#<0)$) =-'&40&'A ,-C -'.

n : R2 → 〈0,+∞) &4 - "2'
/&#' 4-/&4"6&'A /0) 
#'.&/&#'4K 7-:; 7I: -'.78!:E B0)' 
#'.&/&#'4 7 G: -'. 7 H: -$) )?2&=-3)'/E



 !  ! "#$%&'( ! "#$%&'() $*+ 
-.-''$./()"#$% $& '()** +,&'&-. '&/&,)* &0)1+*&' #2 23-
.5#-' n : R2 → 〈0,+∞)$(5
( ').5'26 .(& 
#-75.5#-' 8)9% 8:9% 8
9 )-7 8;<9= >#1& #2 .(&1 ),&-#,1'% .(& #.(&,' ),& -#.= ?#,&#/&,% 2#, &/&,6 '3
( 23-
.5#- n $& $5**7,)$ ) 
3,/& S 7&@-&7 :6 .(& 2#,13*)A
(28) S = {(u, v) ∈ R

2 : n(u, v) = 1}. !"#$%& '( B&. n : R2 → 〈0,+∞) :& ) 23-
.5#- 7&@-&7 :6 .(&2#,13*)A
(29) n(u, v) = |u|+ |v|+

√

|uv| 2#, (u, v) ∈ R
2.C(&- n 5' -#. ) -#,1 )-7 D5E= F +,&'&-.' .(& 
3,/& S.

D5E= F= !"#$%& )( B&. n : R2 → 〈0,+∞) :& ) 23-
.5#- 7&@-&7 :6 .(&2#,13*)A
(30) n(u, v) =







u2 + v2

|u|+ |v| 2#, (u, v) 6= (0, 0)

0 2#, (u, v) = (0, 0)
.C(&- n 5' -#. ) -#,1 )-7 G5
.3,&  +,&'&-.' .(& 
3,/& S.



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !

"#$%  % !"#$%& '( &'( p > 0 )' *+ *,)#,*,#-. /0'1 234#(#5' +67)', *+1-'( n : R2 → 〈0,+∞) )' * 86+
(#3+ 1'/+'1 ). (:' 83,76-*;
(31) n(u, v) = (|u|p + |v|p)

1
p 83, (u, v) ∈ R

2.<:'+ n #4 * +3,7 #8 *+1 3+-. #8 p ≥ 1. "#$6,'4 = *+1 > #--64(,*('(:' 
6,5' S #+ (:' 
*4' ?:',' p = 3 *+1 p = 1
2
, ,'42'
(#5'-.%

"#$% =% "#$% >%



 !  ! "#$%&'("# $%& '())(*+#, &-./0)& *& 1%.)) 02&1&#$ . 
&2$.+# 4,2.0%+
5 /&$%(6(' (7$.+#+#, 1(/& '8#
$+(#1 n : R2 → 〈0,+∞) 1.$+1'9+#, 
(#6+$+(#1:.;< :7;< :
; .#6 :=>;? !"#$%& '( @800(1& $%.$ . 
)(1&6 
82A& K ⊂ R2 (# . 0).#&+1 ,+A&# +# $%& +/0)+
+$ '(2/B Φ(x, y) = 0, *%&2& Φ : G → R +1 .'8#
$+(# 6&C#&6 (# . 1&$ G ⊂ R2 *%+
% +1 19//&$2+
 *+$% 2&10&
$$( $%& 0x .-+1? D66+$+(#.))9< .118/& $%.$ . 1&$ D +1 7(8#6&6 79 $%+1
82A& K, $%& 0(+#$ (0, 0) 7&)(#,1 $( $%& +#$&2+(2 (' D, (1, 0) ∈ K,K+1 19//&$2+
 *+$% 2&10&
$ $( $%& 0x .-+1< .#6 .#9 2.9 *+$% $%& (2+,+#+# (0, 0) 
2(11&1 $%+1 
82A& K &-.
$)9 .$ (#& 0(+#$? E)&.2)9< $%& 0(+#$
(0, 0) 
.# #($ 7& . 0(+#$ (' $%+1 +#$&21&
$+(# 7&
.81& +$ 6( #($ 7&)(#,$( K. F%&2&'(2& $%& '())(*+#, 
(#6+$+(# +1 1.$+1C&6B: !; '(2 &A&29 0(+#$ (x, y) /∈ R2\{(0, 0)} $%&2& &-+1$1 &-.
$)9 (#&#8/7&2 t(x, y) > 0 18
% $%.$ Φ(t(x, y)(x, y)) = 0.G+,? H +))81$2.$&1 $%+1 1+$8.$+(#?

G+,? H?I&$ n : R2 → R 7& . '8#
$+(# 6&C#&6 79 $%& '(2/8).B
(33) n(x, y) =







1

t(x, y)
'(2 (x, y) 6= (0, 0)

0 '(2 (x, y) = (0, 0)F%&# n 1.$+1C&1 $%& 
(#6+$+(#1 :.;< :7;? "#6&&6< '(2 &A&29
(x, y) ∈ R2\{(0, 0)} .#6 λ > 0 *& %.A&B Φ(λt(λx, λy)(x, y)) =



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"   
Φ(t(λx, λy)(λx, λy)) = 0. !"#$ %&"& '() *"#$ + ,- ./ *#00#12 /%'/
t(x, y) = λt(λx, λy)3 '()3 
#(2&56&(/073 /%& *#00#1.(8 &56'0./7 %#0)29

1
t(λx,λy)

λ
t(x,y)

. :( ;.&1 #* +  - 1& #</'.(9 n(λ(x, y)) = n(λx, λy) =

λn(x, y).=#"&#;&"3 (#/& /%'/
S = {(x, y) ∈ :>2 : n(x, y) = 1} =

= {(x, y) ∈ R
2 : Φ(1(x, y)) = Φ(x, y) = 0} = K.?.(
& (1, 0) ∈ K, 1& %';& n(1, 0) = 1 '()3 /%&"&*#"&3 n 2'/.2@&2 /%&
#()./.#( +
-A =#"&#;&"3 /%& 27$$&/"7 #* K 1./% "&2B&
/ /# /%& 0x'C.2 .$B0.&2 /%'/ .* Φ(x, y) = 0, /%&( Φ(x,−y) = 0 *#" (x, y) ∈ G.D%623 1& #</'.(9

0 = Φ(t(x, y)(x, y)) = Φ(t(x, y)x, t(x, y)y) = Φ(t(x, y)x,−t(x, y)y) =

= Φ(t(x, y)(x,−y))*#" '00 (x, y) ∈ R2, 1%&(
& t(x,−y) = t(x, y) *#" (x, y) ∈ R2. D%&"&E*#"& n(x,−y) = n(x, y) *#" (x, y) ∈ R2, '()3 
#(2&56&(/073 n 2'/.2@&2
#()./.#( +FG-3 /##AH#13 1& 2%'00 2%#1 2#$& *6(
/.#(2 n *#" 1%.
% /%& &56'/.#( +D-.2 &56.;'0&(/ /# /%& *6(
/.#( #* /%& 
#()./.#(2 +I-3 +J- K#.(/07 1./%/%& &56'/.#( +D-A :( /%.2 1'7 1& 2%'00 2%#13 *#" 1%.
% *6(
/.#(2 n '('('0#86& #* D%&#"&$ , "&$'.(2 ;'0.)A !"#$% &' L&/ (X,+) <& ' 8"#6B '() 0&/ (A,K,+, •, ·) =
(R2,R,+•, ·). ?6BB#2& /%'/ n : R2 → 〈0,+∞) .2 ' *6(
/.#( 2'/.2*7.(8/%& 
#()./.#(29 +'-3 +<-3 +
-3 '() +FG-A :* ' $'B F = (f, g) : X → R22'/.2@&2 &56'/.#( +D-3 /%&( F 2'/.2@&2 /%& 
#()./.#(2 +I- '() +J-A($))*' I& )&@(& *6(
/.#(2 m : X → C '() η : C → 〈0,+∞) <7/%& *#"$60'29+ M- m(x) = f(x) + ig(x) *#" x ∈ X,+ N- η(z) = n(>&(z), :$(z)) = n(u, v) *#" z = u+ iv ∈ C, (u, v ∈ R).



 !  ! "#$%&'("#$%&#'( % )*+
-./+ m 0%-.01$0 -2$ )/##/3.+4 )*+
-./+%# $5*%-./+67
8 m(x+ y) =
m(x)m(y)

η(m(x)m(y))
)/& x, y ∈ X.9/&$/:$&( -2$ )*+
-./+ η 2%0 -2$ )/##/3.+4 ;&/;$&-.$0<6 =8 η(z) = 0 .) %+> /+#' .) z = 0;6 ?8 η(λz) = λη(z) )/& %## λ > 0, z ∈ C;6 @8 η(1) = 1;6 A8 η(z) = η(z) )/& z ∈ C.B*-.+4 y = θ 6θ .0 -2$ +$*-&%# $#$C$+- /) (X,+)8 .+ 67
8 3$ /D-%.+-2%-

(40) η(m(x)) = 1 )/& x ∈ X.72*0( m(x) 6= 0 )/& $:$&' x ∈ X, D' 6 =8E F/3( $5*%-./+ 67
8 .C;#.$0-2%-
m(x+ y)

m(x)m(y)
=

1

η(m(x)m(y))
> 0 )/& x, y ∈ X.G$+
$(

m(x+ y)

m(x)m(y)
=

∣

∣

∣

∣

m(x+ y)

m(x)m(y)

∣

∣

∣

∣

=
|m(x+ y)|
|m(x)||m(y)| )/& %## x, y ∈ X.H&/C 2$&$ .- )/##/30 -2%-

(41)
m(x+ y)

|m(x+ y)|
m(x)

|m(x)| ·
m(y)

|m(y)| )/& %## x, y ∈ X.F/3 3$ >$1+$ % )*+
-./+ h : X → C D' -2$ )/&C*#%<
h(x) =

m(x)

|m(x)| )/& x ∈ X. !"#$%$!" &'() $*+,$-. %/0%
h(x+ y) = h(x)h(y) 1!2 x, y ∈ X.3!2-!4-25 |h(x)| = 1 1!2 x ∈ X. 6/-2-1!2-5 h $. 0 /!*!*!2+/$.*12!* (X,+) $"%! %/- *7,%$+,$
0%$4- 92!7+ !1 %/- 7"$% 
$2
,- (T, ·):



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !"#$
& 1 = h(θ) = m(θ)
|m(θ)|

, '& ()*& 1 = η(1) = η
(

m(θ)
|m(θ)|

)

= η(m(θ))
|m(θ)|

=
1

|m(θ)|
, +, - ./ )$0 -12/3 4567 (&5& #8 96::6'; 8()8 |m(θ)| = 1 )$08(&5&965& m(θ) = 1. <6$;&=>&$8:, f(θ) = 1 )$0 g(θ) = 0. #3&3 F (θ) =

1; 8(>; 8(& 
6$0#8#6$ -?/ (6:0; 85>&3@6'A 6+;&5*& 8()8 h(−x) = h(x) 965 x ∈ X, '(&$
& m(−x)
|m(−x)|

=
m(x)

vertm(x)|
965 x ∈ X. B(& :);8 &=>):#8, )$0 
6$0#8#6$; - C/ )$0 -12/#7D:, 8()8

1

|m(x)| =
η(n(x))

|m(x)| =
η
(

m(x)
)

|m(x)| = η

(

m(x)

|m(x)|

)

= η

(

m(−x)
|m(−x)|

)

=

=
η(m(−x))
|m(−x)| =

1

|m(−x)|965 x ∈ X. B(>;A |m(x)| = |m(−x)| 965 x ∈ X. 4567 (&5& )$0 95678(& #$&=>):#8,E
η(m(x)m(y)) =

m(x)m(y)

m(x+ y)
> 0 965 ):: x, y ∈ X,'& #$9&5 8()8E

η(m(x)m(y)) =

∣

∣

∣

∣

m(x)m(y)

m(x+ y)

∣

∣

∣

∣

965 x, y ∈ X.B(&5&965&A
η(m(x)m(y)) =

∣

∣

∣

∣

m(x)m(y)

m(x+ y)

∣

∣

∣

∣

=
|m(x)||m(y)|
|m(x+ y)| =

|m(−x)||m(−y)|
|m(−y − x)| =

∣

∣

∣

∣

m(−y)m(−x)
m(−y − x)

∣

∣

∣

∣

= η(m(−y)m(−x)) = η(m(−x)m(−y))965 x, y ∈ X )$0A 
6$;&=>&$8:,A
n(F (x) • F (y)) = n((f(x), g(x)) • (f(y), g(y))) =

= n(F&(m(x)m(y)), G7(m(x)m(y))) = η(m(x)m(y)) = η(m(−x)m(−y)) =

= n(F (−x) • F (−y))965 ):: x, y ∈ X; 8(>; 8(& 
6$0#8#6$ -H/ (6:0; 85>&3F&7)5I; J )$0 K L6#$8:, '#8( B(&65&7  #7:D, 8(& 96::6'#$M



 !  ! "#$%&'( !"!##$"% &' "#$ (X,+) %# & '()*+ &,- .#$ n : R2 → 〈0,+∞) %#& /*,
$1), 2&$123,' $4# 
),-1$1),2 5&67 5%67 5
6 &,- 5896: ;*++)2# $4&$
F = (f, g) : X → R2 12 ,)<4#(# =&,1241,': >4#, F 2&$123#2 /*,
$1),&.#?*&$1), 5>6 ), X 1/ &,- ),.@ 1/ $4#(# #A12$2 & 
4&(&
$#( h ∈ H(X, T )<1$4 U = B#h &,- V = CDh 2*
4 $4&$
f(x)

U(x)

n(U(x), V (x))
&,- g(x) =

V (x)

n(U(x), V (x))
/)( &.. x ∈ X. ! "#$#%&'$(
 &*+#'(,-. ,/ .,%& 
+$0&."#$ S ⊂ R2 %# & 
.)2#- 
*(=# 2@DD#$(1
 <1$4 (#2+#
$ $) $4# Ox &A12&,- 2*
4 $4&$ $4# +)1,$ (0, 0) %#.),'2 $) $4# 1,$#(1)( )/ & 2#$ <41
4 12%)*,-#- %@ $412 
*(=#: E--1$1),&..@7 2*++)2# $4&$

S =
{

(u, v) ∈ R
2 : n(u, v) = 1

}

,<4#(# n : R
2 → 〈0,+∞) 12 & /*,
$1), 2&$12/@1,' $4# 
),-1$1),2 5&675%67 5
6 &,- 5896 5(#
&.. $4&$ (R2,R,+, •, ·) 12 &, &.'#%(&6: F()D 5
6 1$/)..)<2 $4&$ (1, 0) ∈ S. G)<7 <# D&@ 
),21-#( $4# /*,
$1),&. #?*&$1),5>6 F (x+ y) =

F (x) • F (y)

n(F (x) • F (y))
,<4#(# F = (f, g) : R → R2, x, y ∈ R. H@ B#D&(I J &,- %@ $4#)%2#(=&$1), D&-# &/$#( >4#)(#D  <# 1,/#( $4&$ #=#(@ 2).*$1), F)/ #?*&$1), 5>6 2&$123#2 
),-1$1),2 5K67 5L67 &,- 1$2 =&.*#2 %#.),'$) $4# 
*(=# S. ;1,
# & D&+ ϕ : R → R

2 -#3,#- %@ $4# /)(D*.&M
ϕ(x) = (cosx, sin x) /)( x ∈ R #2$&%.124#2 & 4)D)D)(+412D %#N$<##, $4# '()*+ (R,+) &,- $4# D*.$1+.1
&$1=# 2#D1'()*+ )/ $4# *,1$
1(
.# 1, R2, $4#,7 %@ >4#)(#D  7 $4# D&+ F : ϕ

n(ϕ)
2*
4 $4&$M

F (x) = (cos x,sinx)
n(cos x,sin s)

/)( x ∈ R @1#.-2 & 2).*$1), )/ #?*&$1), 5>6:>4#, $4# &('*D#,$ x D#&2*(#2 $4# 2.)+# )/ $4# =#
$)( (0, 0), F (x) $)$4# &A12 0x, $412 D#&,2 $4&$ x 12 &, &('*D#,$ )/ $4# 
)D+.#A =&.*#
m(x) )/ $4# /*,
$1), m = f + ig -#3,#- ), R <1$4 1$2 =&.*#2 ), S,+()=1-#- $4&$ S 12 $(#&$#- &2 & 
)D+.#A 
*(=#: C, <4&$ /)..)<27 <#&22*D# $4&$ &,@ &('*D#,$ )/ & 
)D+.#A ,*D%#( z = u + iv 2$&,-2/)( $4# &('*D#,$ )/ $4# +)1,$ (u, v) ∈ R2. H@ $4# 
),-1$1), 5%67 <#)%2#(=# $4&$ $4#(# #A12$2 #A&
$.@ ),# +)1,$ ), $4# 
*(=# S <1$4 & 3A#-&('*D#,$ x 51$ D#&,2 $4&$ &,@ (&@ <1$4 $4# )(1'1, 1, (0, 0) 
()22#2 $4#



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  !
#$%& S &'(
)*+ ,-
&./ 0-1&&12 34 5,3-)6 p1 = (r1 cosx, r1 sin x) (-1
p2 = (r2 cos x, r2 sin x) 73)8 )8& $(13#6&6 r1, r2 > 0, $&65&
)3%&*+2 (-173)8 )8& 6(9& ($:#9&-) x ;&*,-: ), )8& 
#$%& S, )8&-<
r1n(cosx, sin x) = n(r1 cos x, r1 sin x) = 1 = n(r2 cosx, r2 sin x) =

= r2n(cos x, sin x).=$,9 8&$& 3) 4,**,76 )8() r1 = r2 (-12 
,-6&>#&-)*+2 p1 = p2. ?8&$&4,$&2)8& 5,3-) F (x) @
,$$&65,-13-: ), )8& -#9;&$ m(x), 5$,%31&1 S 36)$&()&1 (6 ( 
,95*&' 
#$%&. 36 ( #-3>#& 5,3-) 73)8 )8& ($:#9&-) x783
8 ;&*,-:6 ), S. A3-
& &%&$+ $&(* -#9;&$ x 36 (- ($:#9&-) ,4 )8&6,*#)3,- F, )8&- 3)6 %(*#&6 F (x) B** #5 )8& 
#$%& S. C3D&736& 7& ,;)(3-6,9& 5($(9&)$3
 &>#()3,-6 4,$ )8& 
#$%& S :

(42)

u = f(x) =
cosx

n(cosx, sin x)
, v = g(x) =

sin x

n(cos x, sin x)
4,$ x ∈ R.E,$&,%&$2 7& 
(- 68,7 ( $&
#$$&-) 6&>#&-
& (sk)k∈N ,4 5,3-)6 ;&F*,-:3-: ), S 6#
8 )8() )8& ($:#9&-) ,4 )8& -&') 5,3-) 13G&$6 4$,9)8() ,4 )8& 5$&%3,#6 5,3-) 4,$ ( 
,-6)(-) %(*#& x.H4 
,#$6&2 7& 
(- )$+ ), 1&)&$93-& )836 6&>#&-
& ;+ (;,%& 5($(9&)$3
&>#()3,-6 @IJ.2 ;#) B-13-: )8& %(*#&6 ,4 )$3:,-,9&)$3
 4#-
)3,-6 -,)(*7(+6 36 6395*& )(6D/ K& 73** #6& )8& 4#-
)3,-(* &>#()3,-@?
. m(x+ y) =

m(x)m(y)

η(m(x)m(y))
4,$ (** x, y ∈ R,78&$& m = f + ig (-1 η(z) = n(L& (z), 09 (z)) 4,$ z ∈ C.M#) sk = (L&mk, 09mk) 4,$ k ∈ N, 78&$& (mk)k∈N 36 ( 6&>#&-
&,4 
,95*&' -#9;&$6 ;&*,-:3-: ), )8& 
#$%& S @5$,%31&1 S 36 )$&()&1(6 ( 
,95*&' 
#$%&.2 1&B-&1 ;+ )8& 4,**,73-: 7(+< 7& B-1 ( 5,3-)

(u+ iv) = m1 6= 1, 73)8 6,9& ($:#9&-) x, 13$&
)*+ 4$,9 )8& 5$&6&-)&16+6)&9 ,4 5($(9&)$3
 &>#()3,-6 @IJ. ,$ ;+ )8& 6,*#)3,- ,4 )8& 4,**,73-:6+6)&9 ,4 &>#()3,-6<
{

n(u, v) = 1
v = au78&$&2 4,$ &'(95*&< u > 0, α = ):x > 0. ?8& %(*#& x 36 -,) D-,7-2;#) 4,$ 6#N
3&-)*+ 69(** 5,63)3%& %(*#&6 α, )8& 5,3-)6 ,;)(3-&1 73** *3&



 !  ! "#$%&'("#$%#&' ($ S. )&#*+&', -.# /(0$- m1 (1-*0$#" .*% -.# *+234#$- x *$",-.#+#5(+#, m1 = m(x). 6+(4 #73*-0($ 89
; <# =$" -.# $#>- /(0$- m21' -.# 5(&&(<0$2 <*'?
m2 =

(m1)
2

η((m1)2)
=

m(x)m(x)

η(m(x)m(x))
= m(2x).@3//(%# -.*- <# .*A# 5(3$" * /(0$- mk 5(+ *$' k ∈ N *$" mk =

m(kx). 9.#$ <# 2#- -.# $#>- /(0$- mk+1 *

(+"0$2 -( -.# +3&#?
mk+1 =

mk ·m1

η(mk ·m1)
=

m(kx)m(x)

η(m(kx)m(x))
= m((k + 1)x).B$ -.0% <*' <# (1-*0$ -.# +#730+#" %#73#$
# (5 -.# /(0$-% ($ -.# 
3+A#

S. C#&(< <# /+#%#$- -.# %#- (5 -.# /(0$-% ($ -.# 
3+A#
S =

{

(u, v) ∈ R2 :
(

√

|u|+
√

|v|
)2

= 1

}

602D ED ! "#$%&'( ')*+,-'9( -#+40$*-# -.0% /*/#+ <# <0&& 20A# *$(-.#+ #>*4/&# (5 * %(&3-0($ (5-.# #73*-0($ 89; F(0$-&' <0-. -.# 
($"0-0($% 8G; *$" 8H; 0$ -.# 
*%#<.#+# (A,K,+, •, ·) 0% * 53$
-0($ *&2#1+*D



 ! "#$% "&%
()* $#+&,("$" -%./%%! 0+#1&" )!2 )*0%-+)"  ! !"#$%& '( "#$ (X,+) = (R,+) %# & '()*+ &,- .#$ (A,K,+, •, ·) =
(C(〈−a, a〉),R,+, •, ·) %# $/# &.'#%(& )0 (#&. 
),$2,*)*3 0*,
$2),3 -#45,#- ), $/# 2,$#(6&. 〈−a, a〉, (a > 0) 72$/ $/# 3$&,-&(- &--2$2), &,-8*.$2+.2
&$2),9 (f + g)(t) = f(t) + g(t), (f • g)(t) = f(t) · g(t), 0)(
t ∈ 〈−a, a〉. :/#, A 23 & (#&. 
)88*$&$26# &.'#%(& 72$/ & *,2$; 1,7/#(# 1(t) = 1 0)( t ∈ 〈−a, a〉. <33*8# $/&$ ‖ • ‖ : C(〈−a, a〉) →
〈0,+∞) 3$&,-3 0)( $/# *,20)(8 
),6#('#,
# ,)(8 2, $/# .2,#&( 3+&
#
(C(〈−a, a〉),R,+, ·), 2=#=9 ‖f‖ = sup{|f(t)| : −a ≤ t ≤ a} 0)( f ∈
C(〈−a, a〉). >%62)*3.;? 7# /&6# ‖1‖ = 1. @)7? .#$ *3 
),32-#( $/#0)..)72,' 0*,
$2),&. #A*&$2),9B:,C F (x+ y) =

F (x) • F (y)

‖F (x) • F (y)‖ ,7/#(# F : R → C(〈−a, a〉), x, y ∈ R. D#5,# & 8&+ ϕ : R → 〈0,+∞)%; $/# 0)(8*.&9
∀x∈R ∀t∈〈−a,a〉(ϕ(x))(t) = ext.:/#, ϕ 23 & 8)(+/238 0()8 $/# '()*+ (R,+) 2,$) $/# 8*.$2+.2
&$26#3#82'()*+ (C(〈−a, a〉), •). E,-##-? (ϕ(0))(t) = e0t = 1 0)( t ∈ 〈−a, a〉,$/*3 ϕ(0) = 1. F)(#)6#(

(ϕ(x+y))(t) = e(x+y)t = exteyt = (ϕ(x))(t)·(ϕ(y))(t) 0)( x, y ∈ R, t ∈ 〈−a, a〉.G()8 /#(# 2$ 0)..)73 $/&$
ϕ(x+ y) = ϕ(x) • ϕ(y) 0)( x, y ∈ R.<--2$2),&..;?

∀x∈〈−a,a〉‖ϕ(x)‖ = sup
{

ext : −a ≤ t ≤ a
}

= e|x|a,7/#,
# ‖ϕ(x)‖ = ‖ϕ(−x)‖ 0)( x ∈ 〈−a, a〉. H; :/#)(#8  7# 2,0#($/&$ $/# 8&+ F : R → C(〈−a, a〉) '26#, %;
F (x) =

ϕ(x)

‖ϕ(x)‖ 0)( x ∈ 〈−a, a〉,2=#=
∀x∈R ∀t∈〈−a,a〉(F (x))(t) =

ext

e|x|a
= ext−|x|a,3&$235#3 0*,
$2),&. #A*&$2), B:,C 2, R I)2,$.; 72$/ BJC &,- BKC=



 !  ! "#$%&'( !"!#!$
!&"#℄ %& '()*)+,-.&  ! "#!#$%&'(#) *'!# %!) 
,*'!# -.!
/',!*& /-*012+34)350 6)37&  !8 9:;29<!8 #==>&"9℄ %& '()*)+,-.2?5(@3-.&  ! "#!#$%&'(#) *'!# %!) 
,*'!# -.!
/',!*0%%8 /-*01+34)350 6)37& "#8 ><#2><A8 9!! &";℄ B& C)4(5D& 12# *.$-%
#* z = (xn +yn)
1
n %$# '*,/2#$3%&4 CE-13@23754( %13-41)3501)F G@*H0+5I* 01 ?I1
3501)F KLI)3501+8 M)42N)1)08 %3)F@8 #=A>&


