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αjβj(Bj − An,j)
2 (1)-#$.$

• Bj)( *#$ :)C$' 713'*)*+ )' *#$ n*# D'&*$ 5&)'* N=&1',3.+O8
• An,j )( 3 713'*)*+ 32123*$, 0.&/ *#$ n*# 355.&@)/3*)&' 3* *#$(3/$ 5&)'*8
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Eqk
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x(...), qi, An(xi, pi)
)

= 0, (2)>5,*,
• k %7 '0 ,=/'2%#0 0/-+,* %0 ' 1'2' 7,23
• qi '*, 25, $%),0 ,=/'2%#0 9'*'-,2,*73
• pi '*, '(/('2,1 '99*#?%-'2%#0 9'*'-,2,*73
• An %7 '99*#?%-'2%#0 #: =/'02%2. 1%72*%+/2%#0 ),*%@,1 +. ,=/'A2%#03
• x
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i '*, $,0,*,('(%;,1 )'*%'+(,7 '01 25,%*7 1,*%)'2%),741%72'0, ||d|| %7 1,@0%,1 '7B
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αk,mβk,m(Eqk(...))
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• 25,. #),* '(( 25, #+I,2J7 79',3
• ,),*. 79', 5'7 #--#0 9#%027 >%25 '2 (,'72 #0, 79', '7*%+,12# '0#25,* '99*#?%-'2%#03
• ,),*. ,?9,*%-,02'( 9#%02 +,(#0$7 2# '2 (,'72 #0, #: 25, '99*#?%A-'2%#074
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544*.6#+-)#., >-33 3(>()#., 30.1>7 +-@( #) 4.33#8>( ). 7(B,(->> )0( +(-31*(7 C1-,)#)#(3% D/ )0(*( -*( 7#E(*(,)#-> (C1-)#.,3 ./ )0(.*7(* N -+.,$ )0( #,41) 7-)-; )0(, )0( -44*.6#+-)#., 30.1>7 8( -

CN <>-33 /1,)#.,% F0( -1)0.* 13(7 )0( 4.A(* 4.>9,.+#-> ./ )0( N +1.*7(*% F0(*( -*( /.>>.A#,$ -))*#81)(3 -3*#8(7 ). (=(*9 /1,)#., Ak(...).1)3#7( )0( 4-*-+()(*3 3():G&℄ I1+8(* ./ /1,)#., 34-(3%GJ℄ K(#$0)3%GL℄ M*#.*#)#(3%GN℄ O.$#-> =-*#-8>(3%5,9 3.>#7 -, 8( 0.3(, -3 - 30-4( ./ )0( /1,)#., 34-(% F0((-3#(3) 0.#( #3 ). 13( )()*-0(7*->; 18.#7-> -,7 340(*.#7-> (>(+(,)3%



 !"#$ %"&!# '$#(")  !"#$%&'#(%)* +, (#-*#( ./ 0)&$+)* &00 )2 2)3% 4#%$#5 &*( 6#6.#,'+7)*(+$+)* )2 7)+*$ +* (xi, yi, zi) &6)3*$, $) '#8 $'# 2)3% +*#93&0+$/,/,$#6:
bi,xxn + bi,yyn + bi,zzn ≤ 0. (4)"'#,# +*#93&0+$+#, (#,%+.# $'# '&02 ,7&#, (#$#%6+*#( ./ ,7#+- ;&00#0#6#*$, &*( 4#%$#5 )77),+$# $) $'#6<=7'#%+&0 #0#6#*$ +, (#-*#( ./ #*$#% Sk(xs, ys, zs) 0)&$+)* &*(%&(+3, rk &*( 6#6.#%,'+7 )*(+$+)* )2 7)+*$ +* (xi, yi, zi) &6)3*$, $)'#8 $'# 2)00);+*> +*#93&0+$/:

(x− xs)
2 + (y − ys)

2 + (z − zs)
2 ≤ rk. (5)?3.)+(&0 #0#6#*$ +, (#-*#( ./ &* &$$&'#( 4#$)% AnBn@ ;'+' )*##*( .#0)*>, $) $'# ).A#$ &*( &*)$'#% +, 2%##0/ 0)&$#(< "'# 2)00);+*>+*#93&0+$+#, (#-*# $'# +*$#%+)% )2 $'# #0#6#*$:

xA ≤ x ≤ xB ∨ xA ≥ x ≥ xB

yA ≤ y ≤ yB ∨ yA ≥ y ≥ yB (6)

zA ≤ z ≤ zB ∨ zA ≥ z ≥ zB;'#%# (xA, yA, zA)B (xB, yB, zB) &%# $'# )C)%(+*&$#, )2 $'# 4#$)% #*(,<D# &* ')),# &*/ *36.#% )2 A(...) &77%)5+6&$+)*, ,7&#, )* $'#).A#$E, &%#&< "'# ,7&#, ,')30( .# 7&%$0/ )4#%0&77+*> )* #&' )$'#%<F+>3%# ! ,');, $'# #5&670# )2 )4#%0&77+*> $'# ).A#$ ./ $'# 3.)+(&0#0#6#*$, &*( F+>3%# G ,');, $'# $/7+&0 )66)* %#>+)* ;'#%# $'#8*)$# 7)+*$, &%# >#*#%&$#(< ?)66)* %#>+)*, &*( )*,+,$#*/ )*(+C$+)* )2 $'# &77%)5+6&$#( 93&*$+$+#, &$ $'# 8*)$# 7)+*$, &$ +* $'+,6#$')( ,+6+0&%/ $) )*$+*3+$/ )*(+$+)*, +* -*+$# #0#6#*$ 6#$')(<
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"#$% !% &#'()#*+(#,- ,. (/0 1-,( 2,#-('% ! "#$%& '$(#%)
3/0)0 4)0 (/0 ',547708 1-,(0 2,#-(' 80(0)9#-08 #- (/0 ,99,-)0$#,-' .,) (:, ,) 9,)0 .+-(#,- '240' AN (...) ;"#$% !<% =>0)? 1-,(02,#-( /4' $,( #(' ,:-@AB℄ ,5,)8#-4(0'A!℄ 909*0)'/#2 )0$#,-'AD℄ $0-0)4(#,- -+9*0)AE℄ 7,$#47 >4)#4*70'F09*0)'/#2 )0$#,- #' 4 >0(,) Wm(w1, ..., wn, wN) :#(/ (/0 '#G00H+47 (, -+9*0) ,. .+-(#,-' AN(...) 4-8 :/#/ ,92,-0-(' 4)0 (/0.,77,:#-$@
wn = 0 − :/0- (/0 2,#-( #' 7,4(08 ,+('#80 (/0.+-(#,- '240An(...)
wn = pm · αn · βn − :/0- (/0 2,#-( #' 7,4(08 #-'#80 (/0.+-(#,- '240An(...)I+9*0) pm #' 4 2)#,)#(? $#>0- (, ,99,- )0$#,- *? 0J20)( '?'(09%K( (/0 #-#(#47 )+- p = 1% K( 0>0)? -0J( )+- (/0 2)#,)#(? #' 7,:0)08



 !"#$ %"&!# '$#(")  !"# $%& #"'& )'')* +&,-)* -# "..&. /-$% *&0$ 1*)$& 2)-*$#3 4%&1*)$& 2)-*$# "+& ,&*&+"$&. "5$)'"$-"6673 4%& )8)+.-*"$&# (x, y, z)"+& ,&*&+"$&. 5#-*, "*7 "6,)+-$%' 9&3,3 +"*.)'8*5':&+ ,&*&+"$)+;3<&0$= $%& '&':&+#%-2 $) >5*$-)* #2"&# An(...) -# %&1&. "*. $%&2+-)+-$7 p -# #&$3 4%& 2)-*$ -# )5*$&. $) $%& #&$ -> $%& #5' )> $%&)'2)*&*$# )> $%& ?&$)+ w -# ,+&"$&+ $%"* "##5'&. $+&#%)6. ?"65&
∑

i

wi ≥ wgr. (7)4+&#%)6. ?"65& #-'-6"+7 $) 2+-)+-$7 p '"7 :& %"*,&. .5+-*, $%&"656"$-)* 2+)&##3 @),-"6 ?"+-":6&# .&$&+'-*& $%& 2)-*$ 5#&>56*&# -*$%& >5+$%&+ "656"$-)* 2+)&## "*. '"7 +&')?& -$ >+)' #)'& )2&+"8$-)*#3A*)$& 2)-*$# "+& 5#&. $) :-*. $),&$%&+ $%& "22+)0-'"$-)* 2"+"'&8$&+# -* ?"+-)5# #2"&#3 4%& .-#$"*& :&$/&&* >5*$-)*# >)+ &?&+7 2)-*$
(x, y, z) -# "656"$&.= /%-% *5':&+# k :&6)*, $) $%& "$$+-:5$& #&$3B)+ &0"'26&= -$ "* :& .&C*&. "# >)66)/#D
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∑

k







αkβkAk(...)−

∑
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αkβkAk(...)
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. (8) ! "#$%&'() *#+%,-4%& :)5*."+7 2)-*$# "+& #2&-"6 1-*. )> 1*)$& 2)-*$#3 4%&#& 2)-*$# "+&2)-*$# .&$&+'-*&. :7 $%& 5#&+ )+ -*$&+*"6 2+)&.5+& -* /%-% /& 1*)/):E&$F# #$"$& 2"+"'&$&+#3 G$ '"7 %"?& ?"65&# $"1&* F" 2+-)+-F 9&3,3 H&+)*)+'"6 #$+&## )* #)6-.F# #5+>"&; )+ &'2-+-"6 ?"65&#3 I+-)+-$7 )> $%&#&2)-*$# -# " 6),-"6 ?"+-":6& ,-?&* :7 $%& &02&+$ #7#$&' )*$+)66-*, $%&2+),+"' "*. .&2&*.-*, )* +&.-:-6-$7 )> ."$" &*$&+&. -*$) $%& #7#$&'3.! /%*$, &','G*25$ ."$" "+& $%& >)66)/-*,DJK℄ M22+)0-'"$-)* 6"## An(...)JN℄ M+&" -* /%-% $%& >5*$-)* #2"&# "* :& ,&*&+"$&.



 !  ! "#$%&'("#℄ %&')* +,-&.*)/ 01 23) 4*)56"!℄ 78.2 &.,82* 9)8)5'2,.8 '5)'*":℄ ;.48/'51 &.,82* .5 &5.)/45)* .< 23),5 9)8)5'2,.8 &5.=,/)/ 0123) 4*)5">℄ ?.8/,2,.8* *)2 @' &5,.5,@ '2 0.48/'51 &.,82* +)A9A B)5. /,*&C')D-)82 ,8 ' *.C,/ <4C54-6" ℄ EF4'2,.8* '8/ &5.)/45)* ,-&.*)/ .8 <482,.8* An(...) +)A9A 23)D.51 .< )C'*2,,21 )F4'2,.8*G H4,/ -)3'8,* )F4'2,.8*6"I℄ J'5'-)2)5* .< )F4'2,.8* ,8 ,2)-  ,-&.*)/ 01 23) 4*)5 +)A9AK.489@* -./4C4*G J.,**.8@* 5'2,.6"L℄ M)'*45)-)82 5)*4C2*"NO℄ P)*4C2* '2 23) Q8.2) &.,82* .02',8)/ <5.- 23) &5)=,.4* 'C4C'D2,.8 *2'9)"NN℄ R&&5.S,-'2,.8 &'5'-)2)5* ='C4)* 'C4C'2)/ '2 23) &5)=,.4* *2'9)"NT℄ R&&5.S,-'2,.8*G .--.8 5)9,.8 '8/ Q8.2) &.,82* '225,042)*<5.- 23) &5)=,.4* 'C4C'2,.8 *2'9)"N#℄ ES&)52 *1*2)- ,8,2,'C /'2' 0'*)?)52',8 C.9,'C ='5,'0C) 'CC)/ ' C,Q)C,3../ 84-0)5 ,* '*5,0)/ 2.)=)51 )C)-)82 -)82,.8)/ '0.=)A U8 )V)2 .< 23) '55,)/ .42 'C4C'2,.8&5.)** ,2 '8 ')&2 /,V)5)82 ='C4) 23'8 23) ,-&.*)/ .8) '2 23) ,8,2,'C548 2,-) .< 23) &5.95'-A U8 )S25)-) *,24'2,.8 *.-) ,8&42 /'2' .4C/0) 5)W)2)/ +)A9A X5.89 K.489@* -./4C4* ')&2)/6A R.5/,89 2.23) *254245) .< C,Q)C,3../ 84-0)5* '*5,0)/ 2. ,8&42 /'2' 23) *'-)&5.)/45) -'1 X.5Q '* ' 84-)5,'C *,-4C'2.5G 0C'Q 0.S '8'C1B,89)S&)5,-)82'C /'2' .8C1 .5 3105,/ *1*2)- 9)8)5'2,89 '8/ )S&)5,-)82'C1=)5,<1,89 .-&42'2,.8'C -./)C* 4*,89 'CC 23) ')**,0C) Q8.XC)/9)A



 !"#$ %"&!# '$#(")  ! ! "#$%&'&( )&*+'*#,-"#$ %&%$' (#)*+,$' -#.*/ ,*+ %&%$' 0*#/% -#.*/ /1%$% ,$% +%/%$2.*%++.3/,*%3 (%/5%%* ,--$#6.2,/.#* #**%/%+ /# /1%2 #$ ,--$#6.2,/.#*+.3/,*%3 7$#2 /1% 8.&%* #*+./.#*3 9.2-#3%+ +,/, ,*+ %6-%$.2,*/,:+,/,;< =1% 3)2 #7 /1%3% +.3/,*%3 2%,3)$%+ 7#$ ,:: /1% #*3.+%$%+-#.*/3 $%,/%3 %$/,.* -#/%*/.,: F +%-%*+%*/ #* -,$,2%/%$3 pj,n #7,--$#6.2,/.#* An(...)

F =
∑

||d||. (9)>#:)/.#* /# /1% /,30 $%+)%3 /# +%/%$2.*,/.#* #7 -#/%*/.,: 2.*.?2)2@ .<%< 3#:)/.#* #7 /1% 3'3/%2 #7 %A),/.#*3
∂F

∂pj,n

. (10)=1% 3'3/%2 #*3.3/3 #7
M = nmax · jmax (11)%A),/.#*3 ,*+ 2,' (% /1% 3#?,::%+ 5$#*8 #*+./.#*%+ 3'3/%2< B*?3/,(.:./' 2,.*:' $%3):/3 7$#2 5$#*8 /%#$%/.,: ,33)2-/.#*3@ .2-$%.3%(#)*+,$' #*+./.#*3 ,*+ %*/%$.*8 2%,3)$%+ +,/, ()$+%*%+ 5./1 %$?$#$3< C%&%$/1%:%3 /# ,1.%&% /1% $%3):/ /1% ,)/1#$ 1,3 -$#-#3%+ /# )3%/1% 2#+.D,/%+ =.01#*#&E3 .+%,< =1% .+%, $%:' #* F#.*.*8 /1% -#/%*?/.,: F ,++./.#*,: 5./1 3-%.D %:%2%*/@ 51.1 .3 , -$#+)/ #7 %$/,.*2%,3)$% +%/%$2.*%+ #* /1% -,$,2%/%$3 &%/#$ p ,*+ 32,:: -#3./.&%*)2(%$ + ,::%+ $%8):,$.G/.#* -,$,2%/%$< =1% 7#::#5.*8 -#/%*/.,: 5.::(% 3)(F%/ /# 2.*.2.G,/.#*
T = F + δ · ||p̄|| (12)51,/ :%,+3 /# *%5 3'3/%2 #7 %A),/.#*3H

∂T

∂pj,n

=
∂F

∂pj,n

+ δ ·
∂||p̄||

∂pj,n

. (13)I% ,* -$#&% /1,/ 7#$ 3)J.%*/:' :,$8% &,:)% #7 $%8):,$.G,/.#*-,$,2%/%$ δ 3'3/%2 9KL; 1,+ 8#/ 3/,(:% 3#:)/.#*< =1% $%8):,$.G,/.#*-,$,2%/%$ ,*+ 2%,3)$% ().:/ #* /1% -,$,2%/%$ &%/#$ +# *#/ 1,&% /1%:%,$ -1'3.,: .*/%$-$%/,/.#*< =1%$%7#$%@ /1% ,)/1#$ 1,3 .*/$#+)%+ .*



 !  ! "#$%&'("#$ %&'#()(* +("$)"&,- .$/)&"&() "#$ +,0,1$"$0 2$34$)$ ())$"$.6&"# ||p̄||i 1$,240$ (7 .&8$0$)" .$/)&"&() ,). .$"$01&)$. () "#$ p*$"(09
T = F +

∑

i

δi · ||p̄||i (14):(0 $;,1+-$ 6$ 1,< ,2241$
δ1 · ||p̄||1 = δ1 ·

∑

j,n

(pj,n)
2,

δ2 · ||p̄||2 = δ2 ·
∑

j,n

(pj,n − palt
j,n)

2,

δ3 · ||p̄||3 = δ3 ·
∑

j,n

(

pj,n

palt
j,n

− 1

)2

,

δ4 · ||p̄||4 = δ4 ·
∑

j,n

(

pj,n

pwzr
j,n

− 1

)2

,

(15)

6#$0$
||p̄||1 .$"$01&)$2 "#$ 2$)2&"&*&"< () )41$0&,- &)2",=&-&"<
||p̄||2; ||p̄||3 .$"$01&)$ "#$ .&2",)$ =$"6$$) "#$ 2(-4"&() ,).,#&$*$. 0$24-"2 >,&)$. () "#$ 2,1$ (=?$" "<+$
||p̄||4 .$"$01&)$2 "#$ .&2",)$ =$"6$$) 0$24-"2 ,). "#$2(-4"&() 2#$1$ ,++-&$.%#$ 2(-4"&() (7 "#&2 +0(=-$1 &2 , -&1&" (7 , 2$34$)$ (7 2(-4"&()2 >("7(0 .&8$0$)" 0$>4-,0&@,"&() +,0,1$"$02A 6#$) δi → 09 ! "#$%$%& '() *)+,-'+%#$ /),- ,-4-,"&() 0$24-"2 ,0$ *,-4$2 ,). .$0&*,"&*$2 (7 ,++0(;&1,B"&()2 An(...) ,). *,-4$2 (7 74)"&()2 =4&-" () "#$1 ," &).&*&.4,- +(&)"2&) (=?$" 2+,$9 C7 "#$ +(&)" =$-()>2 2&14-",)$4(2-< "( 2$*$0,- 74)&()2+,$2A "#$ 6$&>#"$. ,*$0,>$ (7 "#$ ,20&=$. ,++0(;&1,"&()2 &2 +0(B*&.$. "( 0$24-"&)> +0($.40$

Asr(...) =

∑

αn · βn ·An(...)
∑

αn · βn

. (16)



 !"#$ %"&!# '$#(")   !"# $#%&"'( αn )(+%,#- '. %/-%0%-1)2 )33+.4%5)'%./( 6/78889 5): ,#./(')/'(8 ;1' '"#+# %( ) +%(< .= )33#)+%/& %/ '"# >/)2 (.21'%./ '"#&+.1/-2#(( ?153( .= '"# )33+.4%5)'#- 0)21# ./ '"# ,.1/-)+: ,#'$##/(3)#(8 @' %( '".1&" ,#''#+ '. ')<# αn = αn(x, y, z) )( ) =1/'%./A $"%")33+.)" B#+. )' '"# ,.1/-)+: .= (3)#(8 C.+ '"# 1,.%-)2 #2#5#/'(%' 5): ,# ) =1/'%./ 2%<# '"%(D
αn(x, y, z) = |(x− xAn

)(y − yAn
)(z − zAn
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