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b !"#$#%#& '( )*#+&,*#$" *!. /',0%#&1 2$&!&F 8!$9&1"$#: '( M0'=& !"#$%#' /0 -12, .$.+" 3+ 40,2(+" 5$"246, (+702-240, 48 $ .+"24(2 860-240 $0(+,-$9%2,1 400+-240, 9+-3++0 -1+:; 20 .$"-26%$"; 3+ ."45+ +<625$%+0+ 48 ,4:+48 -1+:! /0 .$.+", $0( -+=-944>, 40+ $0 70( (2?+"+0- (+702-240, 48 $ .+"24(2860-240! @12, "$2,+, -1+ <6+,-240 3121 48 -1+: $"+ +<625$%+0-!:; *7.<8=<<?1 8@ / @A2?<82 f : X →  ! <2 / =8B/<2 XCX ⊆  ! D !" # $%&()!& f : X → *+ (X ⊆ *+) !&, #& -,,( .)(/ (/, $!00!.)&12,3&)()!&4 !$ 5,")!2))(6∗7 !"#$%$&# '(8 $%&()!& f )4 5,")!2) )& # 2!-#)& X 9)& (/, α:4,&4,; ⇔

⇔ ∃
T 6=0

∀
x∈X

[x± T ∈ X ∧ f(x + T ) = f(x)] <=>=?℄ !"#$%$&# )(8 $%&()!& f )4 5,")!2) )& # 2!-#)& X 9)& (/, β:4,&4,; ⇔
⇔ ∃

T>0

∀
x∈X

[x± T ∈ X ∧ f(x + T ) = f(x)] <A℄
∗ ! "#$%#&'(#$) *+,%#(.+, "/0&#%#!&$ !1 */,#!"##%2 3/ ($/ %/,4$5 */,#!"##%2 #& %)/

α6$/&$/7 #& %)/ β6$/&$/ +&" #& %)/ γ6$/&$/8



 !"  !"#$%" &$'"()  !*+',!* -!$..#$% &' ()*+$ %,-% .$/01%1*0' 2 -0. 3 -)$ $4&1+-5$0%6 !"#$"% &'70 -)81%)-)9 :&0%1*0 f : X → <= (X ⊆ <=) 1' ($)1*.1 10 %,$ α>'$0'$ 1:-0. *059 1: 1% 1' ($)1*.1 10 %,$ β>'$0'$6($##)*<% 1' *8+1*&' %,-% ($)1*.11%9 10 %,$ β>'$0'$ 1?(51$' ($)1*.11%9 10 %,$
α>'$0'$6@* ()*+$ %,$ 10+$)'$ 1?(51-%1*0 5$% &' -''&?$ %,-% - :&0%1*0 f 1' ($>)1*.1 10 %,$ α>'$0'$6 7*).10A %* @,$*)$? 2 %,$)$ $B1'%' T1 '&, %,-%

T1 6= 0, (1)

∀
x∈X

[x± T1 ∈ X ∧ f(x + T1) = f(x)]. (2)7' T1 6= 0C %,$0 T1 > 0 *) T1 < 06 <0 %,$ -'$ T1 > 0 :)*? D3E F$ ,-+$G
∃

T>0

∀
x∈X

[x± T ∈ X ∧ f(x + T ) = f(x)].7''&?$ -..1%1*0-559 %,-% T1 < 06 #$% -5'* x ∈ X6 @,$0 *0 %,$ 8-'1'*: D3E F$ ,-+$ x − T1 ∈ X -0. f [(x − T1) + T1] = f(x − T1)C F,$0$1% :*55*F' %,-% f(x − T1) = f(x)6 <0%)*.&10A 0*%-%1*0 T2 = −T1 F$*8%-10G T2 > 0 -0. f(x + T2) = f(x) :*) -)81%)-)9 x ∈ X6 H&)%,$)?*)$C
x± T2 ∈ X6 @,$)$:*)$C

∃
T>0

∀
x∈X

[x± T ∈ X ∧ f(x + T ) = f(x)].<: T1 > 0 *) T1 < 0C %,$0
∃

T>0

∀
x∈X

[x± T ∈ X ∧ f(x + T ) = f(x)].I$0$C *0 %,$ 8-'1' *: .$/01%1*0 3 - :&0%1*0 f 1' ($)1*.1 10 %,$ β>'$0$CF,1, ()*+$' %,$ '%-%$?$0%6<0 +1$F *: @,$*)$? 2C %* ,-)-%$)1J$ ($)1*.11%9 10 - .*?-10 X (X ⊆ <=)F$ -0 &'$ 8*%, .$/01%1*0' 2 -0. 36 K'10A *?(5$%$ 10.&%1*0 *0$ -0 ()*+$%,-%G !"#$"% +'<: f 1' - ($)1*.1 :&0%1*0 D10 %,$ α>'$0'$E F1%, %,$ ()1?1%1+$ ($)1*. T10 - .*?-10 X -0. x ∈ XC %,$0 x∓ nT ∈ X Dn ∈ N − {0}E6



 !"#$ %&'()$)"( "* + ,&-)"%) *#($)"(  !!"#$ %&''&()*+ ,$-*).)&*/ 01$ 0'/& &**$.$, ().# .#$ *&.)&* &% 3$1)&,)).45 !"#$%$&# '(6 %7*.)&* f )/ 3$1)&,) )* 0 ,&80)* X 9)* .#$ γ:/$*/$; ⇔
⇔ ∃

T 6=0

∀
x∈X

[x + T ∈ X ∧ f(x + T ) = f(x)] < ℄. !"#$%$&# )(6 %7*.)&* f )/ 31&+1$//)>$ 3$1)&,) 9?%&1(01,@:3$1)&,); )* 0 ,&80)*
X ⇔

⇔ ∃
T>0

∀
x∈X

[x + T ∈ X ∧ f(x + T ) = f(x)] <A℄. !"#$%$&# *(6 %7*.)&* f )/ 1$+1$//)>$ 3$1)&,) 9?B0C(01,@:3$1)&,); )* 0 ,&80)*
X ⇔

⇔ ∃
T<0

∀
x∈X

[x + T ∈ X ∧ f(x + T ) = f(x)].D. )/ $0/4 .& /#&( .#0.+,!&-!. '("#$ %&''&()*+ )83')0.)&*/ 01$ .17$ %&1 301.)7'01 .43$/ &% 3$1)&,)).45
Periodicity in the - sense

(in a domain X)
a Periodicity in the - sense

(in a domain X)
b

Progressive periodicity
(in a domain X)

Regressive periodicity
(in a domain X)

Periodicity in the - sense
(in a domain X)

g

T<0T>0 E)+F GF"#$1$ 01$ 31&+1$//)>$ 3$1)&,) %7*.)&*/ 0*, 1$+1$//)>$ 3$1)&,) %7*.)&*/(#)# 01$ *&. 3$1)&,) )* .#$ α:/$*/$F E&1 $H083'$I .#$ %7*.)&* f(x) = sin x9().# .#$ 31)8).)>$ 3$1)&, T = 2π; )* 0 ,&80)* X = 〈π
4
,+∞〉 )/ 0 31&+1$//)>$3$1)&,) &*$I (#$1$0/ .#$ %7*.)&* g(x) = cos x 9().# .#$ 31)8).)>$ 3$1)&,

T = −2π; )* 0 ,&80)* X = (−∞, π

3
〉 )/ 0 1$+1$//)>$ 3$1)&,) &*$ 9E)+F J; <GK℄F
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#$%& '& ! "#$%&'%%)* &+ , +-.)%&. f : X →  ! %. , '&/,%.  !#() * +,-/$(- f : 01 → 01 /23 +(44(5$-% 637-$/$(-8 (+ 93)$(6$$/: *)3 (-;8$63)36< !"#$%$&# '()=23 +,-/$(- f $8 93)$(6$ >$- /23 α;83-83? ⇔
⇔ ∃

T 6=0

∀
x∈ ![f(x + T ) = f(x)] @'A BA "A C℄. !"#$%$&# *()E +,-/$(- f $8 93)$(6$ >$- /23 β;83-83? ∗ ⇔

⇔ ∃
T>0

∀
x∈ ![f(x + T ) = f(x)] @F℄.+,!&-!. /)E +,-/$(- f $- * )3*4 6(G*$- $8 93)$(6$ $- /23 α;83-83 $+ *-6 (-4: $+ $/$8 93)$(6$ $- /23 β;83-83 $- /2$8 6(G*$-&=23 9)((+ (+ /2$8 /23()3G $8 8$G$4*) /( /23 9)((+ (+ =23()3G H& I- /23J*8$8 (+ /23 *J(K3G3-/$(-36 /23()3G 93)$(6$$/: (+ * +,-/$(- $- /23 6(G*$-01 *- J3 2*)*/3)$L36 J: J(/2 /23 637-$/$(-8 HM *-6 'M&

∗ ! "#$ "$%"&''( )*℄ ,$-.'/.."1 '2 3 24!".'! .! 3 /'53.!  6 .7 #3-3"$-.8$/ 37 2'99':7;< 24!".'! f .7 ,$-.'/. =.! "#$ β>7$!7$? ⇔ ∃
T>0

∀
x∈ ![f(x) = f(x ± T ) = f(x ± 2T ) = · · · =

f(x ± kT )]@ :#$-$ k .7 3! 3-&."-3-1 .!"$A$-B



 !"#$ %&'()$)"( "* + ,&-)"%) *#($)"(  !" ! "#$ %&'(&% &) * +,(-('(.$ +$,(&/#$% &'()'& '* + ,-).)()/% ,%-)'0 *'- + ,%-)'0) *2&()'& )3 232+445 0%6&%0 +3*'44'738 )* ($%-% %9)3(3 ($% 4%+3( ,'3)()/% &2.:%- T 3+()3*5)&; ($% '&0)()'&
f(x + T ) = f(x) <*'- +-:)(-+-5 x ∈ X=> ($%& )( )3 +44%0 ($% ,-).)()/% ,%-)'0'* + *2&()'& f : X → ?@A?& ($% ,+,%- BCD℄ )( 7+3 &'(%0 ($+( F)* ($%-% %9)3(3 ($% 4%+3( ,'3)()/% ,%-)'0'- ($% 4+-;%3( &%;+()/% ,%-)'0> ($%& ($% 4+-;%- '* ($%3% (7' &2.:%-3 7$)$%9)3(3 <7$%& (7' &2.:%-3 0' &'( %9)3( +( ($% 3+.% ().%= )3 +44%0 + ,-).)()/%,%-)'0GAH)($ ($)3 0%6&)()'& '* + ,-).)()/% ,%-)'0> '&% +& +43' '&3)0%- + ,-).)()/%,%-)'0 *'- ,-';-%33)/% +&0 -%;-%33)/% ,%-)'0) *2&()'&3A?( 3$'240 :% %.,$+3)I%0 ($+( ($%-% +-% ,%-)'0) *2&()'&3 7$)$ 0' &'($+/% + ,-).)()/% ,%-)'0A J3 +& %9+.,4% 7% +& '&3)0%- ($% *'44'7)&; *2&()'&3<'.,+-% BC℄=8

f(x) = c (c = '&3(), x ∈ ?@;

g(x) =

{

1, )* x ∈ Q

0, )* x ∈ ?@−Q7$%-% Q )3 + 3%( '* +44 -+()'&+4 &2.:%-3AJ& +-:)(-+-5 &'&I%-' -%+4 &2.:%- '&3()(2(%3 + ,%-)'0 '* + *2&()'& f >7$)4% +& +-:)(-+-5 &'&I%-' -+()'&+4 &2.:%- '&3()(2(%3 + ,%-)'0 '* + *2&()'&
gA J ,%-)'0) *2&()'& )& + 0'.+)& X (X ⊆ ?@) 7$)$ 0'%3 &'( $+/% +,-).)()/% ,%-)'0 +& $+/% + 0'.+)& :'2&0%0 +:'/% +3 7%44 +3 :'2&0%0 :%4'7AJ ,-';-%33)/% ,%-)'0) *2&()'& f : X → ?@ $+/)&; + ,-).)()/% ,%-)'0 )3&'( + *2&()'& 7)($ + 0'.+)& :'2&0%0 +:'/%> 7$%-%+3 + -%;-%33)/% ,%-)'0)*2&()'& $+/)&; + ,-).)()/% ,%-)'0 )3 &'( + *2&()'& 7)($ + 0'.+)& :'2&0%0:%4'7AK5 ($% 7+5> )( 3$'240 :% .%&()'&%0 ($+( +,+-( *-'. ,%-)'0) *2&()'&3<$+/)&; '&% ,%-)'0= ($%-% +-% +43' *2&()'&3 $+/)&; (7' +&0 .'-% ,%-)'03AL'- %9+.,4%> + (7'M,%-)'0) *2&()'& f : ?@ → ?@ $+/)&; (7' ,%-)'03 C +&0√

2 )3 0%6&%0 +3 *'44'738
f(x) =







0 *'- &2.:%-3 x '* ($% *'-. m + n
√

2,7$%-% m +&0 n +-% )&(%;%-3>
1 '($%-7)3%A BN℄L2&()'&3 7)($ .+&5 ,%-)'03 7%-% 3(20)%0 :5 O'4)3$ .+($%.+())+& JA P'.M&)Q) <CNNCRC"SC=A T9(%&3)/% )&*'-.+()'& +:'2( *2&()'&3 7)($ .+&5 ,%-)'03+& :% *'2&0 )& ($% ,+,%- BN℄A
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