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Abstract. In this paper we consider various definitions of a periodic function and
establish connections between them, in particular, we prove equivalence of some
of them. In papers and textbooks one can find different definitions of a periodic
function. This raises the question which of them are equivalent.

1. Periodicity of a function f : X — IR in a domain X
(XCR)

For a function f : X — IR (X C IR) one can meet with the following
definitions of periodicity™:

Definition 1.
A function f is periodic in a domain X (in the a-sense) <

Tio xEVX[x +tTeXANflx+T)= f(z)] [1,10]

Definition 2.
A function f is periodic in a domain X (in the (-sense) <

& I VT XA+ T)=f@)]

*To distinguish particular definitions of periodicity we use terms: periodicity in the
a-sense, in the B-sense and in the v-sense.
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Let us prove that definitions 1 and 2 are equivalent.

Theorem 1.
An arbitrary function f: X — IR (X C IR) is periodic in the a-sense if
and only if it is periodic in the (-sense.

Proof:
It is obvious that periodicity in the [-sense implies periodicity in the
Q-sense.

To prove the inverse implication let us assume that a function f is pe-
riodic in the a-sense. According to Theorem 1 there exists 1 such that

Tl ?é 07 (1)

Y T e X Af@e+T1) = f(@)]. 2)

As Ty # 0, then T3 > 0 or T} < 0. In the case T; > 0 from (2) we have:

Tgo gEeVX[x:i:T EXANflx+T)= f(x).

Assume additionally that T} < 0. Let also x € X. Then on the basis
of (2) we have x — T7 € X and f[(x — T1) + Th] = f(z — T1), whence
it follows that f(z —T1) = f(x). Introducing notation Tp = —T) we
obtain: Ty > 0 and f(x + T3) = f(z) for arbitrary € X. Furthermore,
x + Ty € X. Therefore,

Tio IEVX[Q::tT EXAflx+T)=f(x).

If 77 > 0 or T} <0, then

3 Veg£Te XA T) = .

3,7l fla+1) = f()
Hence, on the basis of definition 2 a function f is periodic in the 3-sence,
which proves the statement.

In view of Theorem 1, to characterize periodicity in a domain X (X C IR)
we can use both definitions 1 and 2. Using complete induction one can prove
that:

Theorem 2.
If f is a periodic function (in the a-sense) with the primitive period T
in a domain X and z € X, then x FnT € X (n € N — {0}).
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The following definitions are also connected with the notion of periodicity:

Definition 3.
A function f is periodic in a domain X (in the v-sense) <

@T§Ox€VX[$+T€X/\f(w+T):f(iﬂ)] [3]-

Definition 4.
A function f is progressive periodic (“forward’-periodic) in a domain
X &

& 3 Y I+TeXAf@+T)=f@)] [l

Definition 5.
A function f is regressive periodic (“backward”™periodic) in a domain
X &

@Tio xevx[erT EXNfx+T)= f(x)).

It is easy to show that

Theorem 3.
The following implications are true for particular types of periodicity:

Periodicity in the a. - sense Periodicity in the B - sense
(in a domain X) — (in a domain X)

= | TS

Progressive periodicity Regressive periodicity
(in a domain X) (in a domain X)
>0 T

Periodicity in the y - sense
(in a domain X)

Fig. 1.

There are progressive periodic functions and regressive periodic functions
which are not periodic in the a-sense. For example, the function f(x) = sinx
(with the primitive period T' = 27) in a domain X = (7, +00) is a progressive
periodic one, whereas the function g(z) = cosz (with the primitive period

T = —27) in a domain X = (—o0, §) is a regressive periodic one (Fig. 2) [10].
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Fig. 2.

2. Periodicity of a function f: X — R in a domain R

For a function f : R — IR the following definitions of periodicity are con-

sidered:

Definition 1%*.
The function f is periodic (in the a-sense) <

&3 VT = @] 126380

Definition 2*.
A function f is periodic (in the (-sense) * <

& 3, V@7 =f@)] )

Theorem 4.
A function f in a real domain is periodic in the a-sense if and only if it

is periodic in the (-sense in this domain.

The proof of this theorem is similar to the proof of Theorem 1. On the
basis of the abovementioned theorem periodicity of a function in the domain
IR can be characterized by both the definitions 1* and 2*.

*In the textbook [7] periodicity of a function in a domain IR is characterized as follows:
A function f is periodic (in the (-sense) < Téo V[R[f(m) =fleaxT)=fzx2T)=---=
(S

f(z £ kT)], where k is an arbitrary integer.
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3. The notion of a primitive period

The notion of a primitive period for a periodic function is usually defined as
follows: if there exists the least positive number 7' satisfying the condition
f(x+T) = f(z) (for arbitrary x € X), then it is called the primitive period
of a function f: X — IR.

In the paper [10] it was noted that “if there exists the least positive period
or the largest negative period, then the larger of these two numbers which
exists (when two numbers do not exist at the same time) is called a primitive
period”.

With this definition of a primitive period, one can also consider a primitive
period for progressive and regressive periodic functions.

It should be emphasized that there are periodic functions which do not
have a primitive period. As an example we can consider the following functions
(compare [1]):

flz)=c (c = const), z € R;

1, ifzeQ
g(x)_{ 0, fzeR—-Q

where Q is a set of all rational numbers.

An arbitrary nonzero real number constitutes a period of a function f,
while an arbitrary nonzero rational number constitutes a period of a function
g.

A periodic function in a domain X (X C IR) which does not have a
primitive period can have a domain bounded above as well as bounded below.

A progressive periodic function f : X — IR having a primitive period is
not a function with a domain bounded above, whereas a regressive periodic
function having a primitive period is not a function with a domain bounded
below.

By the way, it should be mentioned that apart from periodic functions
(having one period) there are also functions having two and more periods.
For example, a two-periodic function f : IR — IR having two periods 1 and
V2 is defined as follows:

0 for numbers z of the form m + nv/2,
flx) = where m and n are integers, 8]
1 otherwise.

Functions with many periods were studied by Polish mathematician A. Lom-
nicki (1881-1941). Extensive information about functions with many periods
can be found in the paper [§].
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