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!"$%&'&("') *+ ,*-(.!" &/0' !1- !.)* *1 &$' '2&'1)%*1 *+ &$'%" +(13

&%*1!.%&/ !1- *0&%,%4!&%*1 5678℄: ;!)% "%&'"%! *+ *0&%,%4!&%*1 *+ $%<$3

)0''- ,*-(.!" *,0(&%1< )&"(&("') !"' ,%1%,!. "'-(1-!1/ *+ -!&!

'1*-%1<= ,%1%,%4!&%*1 *+ '2'(&%*1 &%,') *+ *,0(&!&%*1!. 0"*'-("')=

,!2%,%4!&%*1 *+ !""/%1< !0!%&/ *+ !"%&$,'&%!. (1%&):

 ! "#$%&'( )%*+,( -.-/,*-

>"%&$,'&%!. 0"*0'"&%') *+ '%&$'" 1(,?'" )/)&', @")& *+ !.. !"' -'@1'- ?/

$!"!&'" *+ %1&'"?%& .%1A) -("%1< '2'(&%*1 *+ *0'"!&%*1) *1 *-'B*"-):

C& %) B'.. A1*B1 &$!& !"%&$,'&%!. *0'"!&%*1) %1 "'!. *,0(&'") !"' '2'3

(&'- *1 &$' 1(,?'") 0"')'1&'- %1 0*)%&%*1!. 1(,?'" )/)&', DEFGH: C1

&$' <%I'1 1(,?'" )/)&',= -%<%&) *+ *(&0(& *,0(&!&%*1 !"' !.(.!&'-

)'J('1&%!../ )&!"&%1< B%&$ .*B3*-'" 0*)%&%*1):

K("%1< '2'(&%*1 *+ -/!-% !"%&$,'&%!. *0'"!&%*1) %1 EFG= &$'"' !1

*(" ?%&B%)' *I'"L*B) B$%$ )$*(.- ?' &!A'1 %1&* !*(1& %1 )(0'"%*"

1(,?'" 0*)%&%*1 B%&$ "')0'& &* &$' *1)%-'"'- *1': C1 *&$'" B*"-)=

EFG $!) )&"%&./ )'J('1&%!. )&"(&("': M$%) ,!A') <"'!&./ -%N(.& &$'

*1)&"(&%*1 *+ $%<$3)0''- )0'%!.%4'- *,0(&'") *1 &$' ?!)%) *+ EFG=

')0'%!../ !& $%<$ ?%& !0!%&/ *+ 0"*'))'- -!&!: C& %) "'!)*1!?.' &$!&

1(,?'" )/)&',) B%&$ 0!"!..'. )&"(&("' !"' &$' ,*)& *1I'1%'1& +*" &$'

*"<!1%)!&%*1 *+ 0!"!..'. *,0(&!&%*1): O2!&./ PFG %) ! 1(,?'" )/)&',

%1 B$%$ %1&'"?%& .%1A) -("%1< !"%&$,'&%!. *0'"!&%*1) !"' !?)'1& 567Q℄:

C1 !1 PFG= !1 %1&'<'" X %) "'0"')'1&'- ?/ ! )'& *+ "')%-(!.)

χ1 = |X|m1
, χ2 = |X|m2

, . . . , χk = |X|mk
B$%$ !"' "')(.&) *+ -%I%3

)%*1 *+ X ?/ 1!&("!. ,*-(.') D"!-%2 1(,?'")H m1, m2, . . . , mk: C& !1

?' 1*&'- *1-%&%*1!../ !) X = (χ1, χ2, . . . , χk):
C& +*..*B) +"*, &$' <%I'1 -'@1%&%*1 &$!& ! )'& *+ %1&'<'") )!&%)+/%1<

)%,(.&!1'*() *1<"('1') 5R℄



















X ≡ χ1 (mod m1)

X ≡ χ2 (mod m2)

. . .

X ≡ χk (mod mk)

(1)

*""')0*1-) &* ! ,*-(.!" *-' DPSH *+ %1&'<'" X:

C1 &$' !)' B$'1 ,*-(.') m1, m2, . . . , mk !"' 0!%"B%)' 0"%,'= &$'

)*.(&%*1 *+ &$%) )%,(.&!1'*() *1<"('1') D6H %) &$' "')%-(' .!)) ,*-(.*
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Mk =
k
∏

i=1

mi "#$%#" &' ()# *#+,(-.%

X =

k
∑

i=1

Mi,kµi,kχi (mod Mk), (2)

/)#*# Mi,k = Mk/mi, µi,k = |M−1
i,k−1|mi

χi = |X|mi
(i = 1, 2, . . . , k)0

1.*23+, 456 7-8#% ,&.8# -9 ()# #99#%# .; ()# 9.<,++#" =)-%#9# *#<

2,-%"#* ()#.*#2 4=>?60

@% ,% ABC /-() 2."3+#9 m1, m2, . . . , mk ;.* ()# 932D "-E#*#%#

,%" F*."3( .; -%(#7#*9 A ,%" BD ,.*"-%7+'D "#$%#" &' ()#-* A=G

A = (α1, , α2, . . . , αk) ,%" B = (β1, β2, . . . , βk) (αi = |A|mi
,

βi = |B|mi
, i = 1, 2, . . . , k)D ()# ;.++./-%7 *#+,(-.%9 ,*# (*3# HID 5℄G

|A + B|Mk
= (|α1 + β1|m1

, |α2 + β2|m2
, . . . , |αk + βk|mk

); (3)

|A− B|Mk
= (|α1 − β1|m1

, |α2 − β2|m2
, . . . , |αk − βk|mk

; ) (4)

|AB|Mk
= (|α1β1|m1

, |α2β2|m2
, . . . , |αkβk|mk

). (5)

A.*#.8#*D -; A -9 "-8-"#" &' B /-().3( *#2,-%"#* ,%"D -% ,""-(-.%D

()# +#,9( .22.% "-8-9.* -9 93) (),( (βi, mi) = 1 ;.* ,++ i = 1, 2, . . . , kD
()#%

|A/B|Mk
= (|α1/β1|m1

, |α2/β2|m2
, . . . , |αk/βk|mk

). (6)

?)39D ,*-()2#(-,+ .F#*,(-.%9 -% ABC ,*# F#*;.*2#" -%"#F#%"#%(+'

2."3+. mi, i = 1, 2, . . . , kD /)-) -%"-,(#9 ()# F,*,++#+-92 .; , 7-8#%

9'9(#20 K,L .; -%(#*&-( +-%L9 "3*-%7 *#,+-M,(-.% .; .F#*,(-.%9 4N6<4O6 -9

.%# .; ;3%",2#%(,+ ,%" 2.9( ,((*,(-8# ),*,(#*-9(- F*.F#*(' .; 2."<

3+,* ,*-()2#(- 4AP60 ?)# .F#*,(-.%9 /)-) ),8# F*.F#*(' .; -%"#F#%<

"#%# .; "-7-(9 ,*# ,++#" 2."3+,*0

Q,) 2."3+,* .F#*,(-.% -9 *#,+-M#" -% , "#$%-(# (-2# #R3,+ (. (-2# .;

-(9 #S#3(-.% ,( ()# 7*#,(#9( 2."3+#0 @% ()# ,9# .; 92,++ &-( ,F,-(' .;

2."3+#9D ,++ 2."3+,* .F#*,(-.%9 ,% &# *#,+-M#" &' 2#,%9 .; +..L<3F (,<

&+#9 -% #R3,+ (-2#0 @; .F#*,(-.%9 .; ,""-(-.%D 93&(*,(-.%D 23+(-F+-,(-.%

,%" "-8-9-.% &' -%(#7#* ,*# ,**#" .3( -% ,.*",%# /-() *3+#9 4N6<4O6

/-().3( F.99-&+# .8#**3%%-%7 .; *#93+(9 .; .F#*,(-.% .8#* *,%7# .; ABCD

()#% ()#' ,*# ,++#" ;.*2,+0

?)#*# ,*# , +.( .; -2F.*(,%( .2F3(#* ,FF+-,(-.%9 ;.* /)-) , F*-%<

-F+# .; ;.*2,+ ",(, F*.#99-%7 -% , ABC -9 ,FF+-#" 93#99;3++'0 @( -9
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"#$$%&'() *#+ (,-."'() /0(1 .#23'($ m1, m2, . . . , mk -+( $('(5(2 $#

50-5 - +-16( #* 789 -'/-:$ #15-%1$ 50( +($3'5$ #* +(-'%;(2 #."35-<

5%#1-' "+#($$= >5 50( $-.( 5%.() $3&"+#235$ #* #."35-5%#1$ -+( -&'(

5# #?(+$5(" 50( '%.%5$ #* 2-5- +-16(= @#/(?(+) 50( #?(+A#/ 0(B 23+%16

-+%50.(5%-' #"(+-5%#1$ %$ +(C3%+(2 %1 50( .#$5 #* #."35(+ -""'%-5%#1$=

D1 -1 789) 50( 6%?(1 #"(+-5%#1$ $30 -$ $%61 2(5(5%#1) +#312<#E) $-'<

%16 -12 #50(+$ 0-?( 2%E(+(15 $5+353+( %1 #15+-$5 5# .#23'-+ #"(+-5%#1$

-12 -+( .#+( #."'%-5(2 -12 5%.(<#1$3.%.6= F0%$ %$ -3$(2 &(-3$(

-1 7G 2#($ 1#5 #15-%1 50( (?%2(15 %1*#+.-5%#1 -&#35 - 13.&(+ ?-'3(

-$ 2%$5%15 *+#. "#$%5%#1-' #2($=

H"(+-5%#1$ #* 7> *#+ /0%0 50( +($3'5%16 2%6%5$ 2("(12 1#5 #1': #1

50( -1-'#6#3$ &35 -'$# #1 #50(+ 2%6%5$ #* #"(+-12$ -+( -''(2 1#5 .#23'-+=

I#+ 50(%+ +(-'%;-5%#1) %5 %$ 1($$($-+: 5# 3$( ?-+%#3$ %15(6+-' 0-+-5(+%$5%$=

F0(%+ 0#%( -12 .(50#2$ #* 50(%+ -'3'-5%#1 -+( 2(J1(2 &: #."'(,%5:

-12 $%163'-+%5%($ #* +(-'%;-5%#1 #* -'6#+%50.$ %1 7>=

 ! "#$%&'() +('($%',-$,- ./ ( 0.12)(' .1%

9:150($%$ #* 1#5 .#23'-+ "+#(23+($ %$ &-$(2 #1 3$%16 #* ?-+%#3$ %15(<

6+-' 0-+-5(+%$5%$ #* 7G KDG7GL= >.#16 50(.) #(M%(15$ #* "#':-2%

*#+.$) +-1B) B(+1(') %15(+?-' %12(, -+( 6(1(+-'': 3$(2= F0( 6%?(1 0-+-<

5(+%$5%$ -''#/ 3$ 5# #&5-%1 50( +(C3%+(2 %1*#+.-5%#1 -&#35 13.&(+ ?-'3(

*+#. %5$ 7G NO) P℄=

H*5(1) -$ -1 DG7G) 50( 2%6%5$ #* "#$%5%#1-' 13.&(+ +("+($(15-5%#1$

-+( -""'%(2= D1 50%$ -$() - B(: ('(.(15 #* -'' 1#5 .#23'-+ "+#(23+($

%$ 50( #1?(+$%#1 #* -1 7G 5# - #++($"#12%16 RG= D1 50( 6(1(+-'%;(2

R89 KSR89L) /0%0 %$ -'$# -''(2 -$ - "#':-2% #+ .%,(2 +-2%, 13.&(+

$:$5(.) 50( %15(6(+ X ∈ | • |Mk
= {0, 1, . . . , Mk − 1} %$ +("+($(15(2 -$

X = x1 + x2M1 + x3M2 + . . . + xkMk−1, (7)

/0(+( xi ∈ | • |mi
= {0, 1, . . . , mi− 1}; Mi =

i
∏

j=1

mj ; mi %$ 50( i50 +-2%,

(i = 1, 2, . . . , k)=
F0( #1?(+$%#1-' -'6#+%50. #* -1 7G #* -1 %15(6(+ X = (χ1, χ2, . . . , χk)
5# - #2( #* - SR89 %$ #1( #* -""+#-0($ 5# #1$5+35%16 1#5 .#23<

'-+ "+#(23+($ /%50 0%60 .#23'-+%5:= T$%16 *#+.3'- KUL) %5 %$ (-$: 5#

#&5-%1 50( *#''#/%16 -'3'-5(2 +('-5%#1$ *#+ 50( "#':-2% #2( 2%6%5$

x1, x2, . . . , xk #* 50( 13.&(+ X

xi = |X(i)|mi
, i = 1, 2, . . . , k, (8)



 !"#$%& '(*+,-#( !. /%&%$$($ ,+.!&0%',!+ /&!(11,+2  !

"#$%$

X(i) =

{

X &' i = 1,

(1/mi−1)(Xi−1 − xi) &' i = 2, 3, . . . , k,
(9)

()*+,$- m1, m2, . . . , mk .%$ /.&%"&-$ /%&($0

1&2&3- x1, x2, . . . , xk )' /),4.*& )*$ )63.&7$* +-&72 %$,.3&)7- 89:

.7* 8;: .%$ %$/%$-$73$* &7 .7 <=>= "#&# .%$ "&*$,4 +-$* &7 .,2)%&3#(&

)7-3%+3&)7- )' >?0 ?- &- )6@&)+- '%)( ')%(+,. 8;:A &7 3#$ )7@$%-&)7.,

.,2)%&3#( )7,4 3") ()*+,.% )/$%.3&)7- .%$ +-$*B -+63%.3&)7 .7* (+,C

3&/,&.3&)7 64 &7@$%-$ (+,3&/,&.3&@$ @.,+$ )' -)($ ()*+,$0 D)"$@$%A

$@$7 3#)+2# #&2# ()*+,.%&34A 3#&- .,2)%&3#(A "#&# &- .,-) .,,$* 3#$

#.&7 .,2)%&3#(A .77)3 6$ $E$3&@$,4 +-$* ')% )7-3%+3&)7 )' /.%.,,$,

)(/+3&72 /%)$*+%$- -&7$ &3 /)--$--$- -3%&3,4 -$F+$73&., #.%.3$%0

G%)( 3#$ /)&73 )' @&$" )' /.%.,,$,&-(A 3#$ =HI /%)@&*$- 2%$.3$% .C

/.6&,&3&$- ')% )63.&7&72 )' 7+(6$% @.,+$ '%)( &3- >=0 <7 )%*$% 3) )7@$%3

. 7+(6$% '%)( .7 >JK 3) . LJKA &3 &- /)--&6,$ 3) .//,4 3#$ =HI ')%(+C

,.3$* &7 3#$ ')%( )' 3#$ %$,.3&)7 8M:0 D)"$@$%A #&2#C-/$$* %$.,&N.3&)7- )'

3#$ %$,.3&)7 8M: 64 ($.7- )' /)-&3&)7., -+((.3)%- ()*+,) Mk *$(.7*

%.3#$% )7-&*$%.6,$ #.%*".%$ $7@&%)7($73 .7* &7 3#$ .-$ )' 2%$.3 @.,C

+$- )' Mk 6$)($ /%.3&.,,4 +7.$/3.6,$0 <7 .**&3&)7A 3#$ /)-&3&)7.,

-3%+3+%$ )' -+# %$.,&N.3&)7- $--$73&.,,4 ,&(&3- . )*$ )7@$%-&)7 -/$$*0

>+# 2%$.3$% $O&$74 &- $7-+%$* "&3# /.%.,,$, /%)$*+%$- ')% 3#$

)(/+3.3&)7 )' <=>= "#&# #.@$ #&2# ()*+,.%&34A &0$0 (.&7,4 &7,+*$

()*+,.% )/$%.3&)7-0 ?)%*&72 3) ')%(+,. 8M: ')% .%6&3%.%4 X ∈ |X|Mk
A

3#$%$ $P&-3- . +7&F+$ &73$2$% ρk(X) "#&# &- .,,$* . %.7Q )' 7+(6$% X
&7 . >JK "&3# ()*+,$- m1, m2, . . . , mk -+# 3#.3 RS℄

X =

k
∑

i=1

Mi,kχi,k − ρk(X)Mk, (10)

"#$%$ χi,k = |M−1
i,k−1χi|mi

0

UP/%$--&)7 8SV: &- .,,$* 3#$ %.7Q ')%( )' &73$2$% X0 W&3# &3- #$,/A

.,, 7)3 ()*+,.% )/$%.3&)7- .7 6$ %$.,&-$*0 <7 3#&- )77$3&)7A .,+,.C

3&)7 )' %.7Q ρk(X) &- 3#$ 6.-& .+P&,&.%4 )/$%.3&)70 ?- )(/+3.3&)7.,

.,2)%&3#( .)%*&72 3) ')%(+,. 8SV: &- $.-&,4 $P/)-$* 3) /.%.,,$,&N&72A

3#$7 3#$ )7-&*$%$* .//%).# 3) )7-3%+3&)7 )' 7)3 ()*+,.% /%)$*+%$-

.,,)"- +- 3) %$.# #&2# /%)$--&72 -/$$*0
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"#$%&' ()*)+ ,$-$ %/'0&% $-1$ 2%3%2 45 67&722%2-'8 45 /4# 849027&

6&4%90&%' 7/9 $73% 1&%7#%& 849027&-#: -/ 4867&-'4/ ,-#$ &7/; ρk(X)+

7&% #$% '4<722%9 ;%&/%2 $7&7#%&-'#-'= ;%&/%2 h(X) =
k
∑

i=1

τi⌊X/mi⌋ 7/9

/4&872->%9 ;%&/%2 η(X) =
k
∑

i=1

⌊τiX/mi⌋ 45 /08?%& @+ ,$%&% τ1, τ2, . . . , τk

7&% '6%-722: '%2%#%9 -/#%1%& ,%-1$#'+ #$% 3720% ⌊x⌋ -' 9%'-1/7#%9 #4 #$%

-/#%1%& 67&# 45 7 &%72 /08?%& x AB℄D

E# 7 $4-% 45 #$% ?7'% ()*) 54& 4/'#&0#-4/ 7/9 -862%8%/#7#-4/

45 /4# 849027& 46%&7#-4/' 724/1 ,-#$ 849027&-#:+ -# -' 72'4 /%%''7&:

#4 4/'-9%& #$% 3720% 45 0'%9 $7&7#%&-'#-'D F&48 #$% 64-/# 45 3-%,

45 7 849027&-#: 6&-/-62%+ #$% ;%&/%2 $7&7#%&-'#-' h(X) 7/9 η(X) 7&%

%G0-372%/# ?0# '%#' 45 #$%-& 3720%' 9-H%& %''%/#-722: 5&48 %7$ 4#$%&D

(/ 4867&-'4/ ,-#$ 7 ;%&/%2 h(X)+ #$% &7/1% 45 7 /4&872->%9 ;%&/%2'

η(X) -' /7&&4,%&D I$%&%54&%+ -#' 7662-7#-4/ 7' #$% ?7'% ()*) -' 84&%

6&%5%&7?2%D

(5 3720%' τ1, τ2, . . . , τk 7&% '%2%#%9 '4 #$7# η(Mk) = mk+ #$%/ %J<

6&%''-4/ 54& η(X) 244;' 2-;% AB℄=

η(X) = M−1
i,k−1

(

X −
k
∑

i=1

Mi,k−1χi,k−1

)

, (11)

,$%&% Mk−1 =
k−1
∏

i=1

mi, χi,k−1 = |M−1
i,k−1χi|mi

Mi,k−1 = Mk−1/miD

K%# 0' /4#% #$7# %J-'#%/% 7/9 0/-G0%/%'' 45 -/#%1%&<3720%9 /08?%&

η(X) 54& 7/: X ∈ | • |Mk
54224, 9-&%#2: 5&48 )LID I$% $7&7#%&-'#- 45

#$% 54&8 MBBN ,$-$ &%6&%'%/#' #$% ?%'# 37&-7/# 45 ;%&/%2 ()*) -' 722%9

7/ -/#%&372 -/9%J M((N 7/9 54& -# #$% '6%-72 /4#7#-4/ I(X) ,7' -/#&490%9
-/ AB+ O℄D

E' ,-22 ?% '$4,/ 50&#$%&+ #$7/;' #4 7662-7#-4/ 45 -/'-1/-P7/# &%<

90/97/:+ #$% 4860#7#-4/ 45 (( I(X) &%6&%'%/#' %J#&%8%2: '-862% 46<

%&7#-4/ 45 '0887#-4/ 45 &%'-90%' 849024 mkD I$%&%54&%+ 90% #4 $-1$

849027&-#: 7/9 67&722%2-'8 45 4860#7#-4/72 6&4%90&% 7/ (( I(X) $7'

7 6&-4&-#: 784/1 ()*)D
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 ! "#$#%&' ()*+$*&$, %-*+'&( $+%.)( /0/,)%/

"#$ %&' ()$(#*' #+ ,-($#.,/0 ($#('$%,'* #+ 123 4/5 $4,*,/0 '6,'/8 #+

19: $'5)/54/8 #+ '/#5,/0 #+ %&' /)-'$,4; ,/+#$-4%,#/ ,* ,/%$#5)'5<

='5)/54/% -#5);4$ '/#5,/0 4;;#>* )* %# *,-(;,+8 /#% -#5);4$ #('$?

4%,#/* '**'/%,4;;8: @$*% #+ 4;;: +);; -);%,(;,4%,#/: *4;,/0 A-);%,(;,4%,#/

#$ 5,.,*,#/ B8 #/*%4/%*C 4/5 #5' #/.'$*,#/ DE: F℄<

H&' I/#>/ %'&/,J)'* $'4;,*,/0 %&' *(',@'5 4(($#4& %# #(%,-,K4?

%,#/ #+ -#5);4$ #-()%4%4%,#/4; *%$)%)$'* $'J),$' 4((;,4%,#/ #+ %&'

0$'4%'$ $'5)/54/8< 1#$' #+%'/: %&' *,K' #+ 4 #5' >#$5 ,/$'4*'* 4(?

($#L,-4%';8 %>,' *# %&4% %&' $'*);% #+ ($#5)% #+ 4/8 %># /)-B'$* ,*

)/,J)';8 $'($'*'/%'5 ,/ 4/ 123< 9% %&' *4-' %,-': 4$,%&-'%,4; ($#(?

'$%,'* #+ 123 4/ B' ,-($#.'5 '**'/%,4;;8 )*,/0 -,/,-4; $'5)/54/8<

"#$ #(%,-,K4%,#/ #+ -#5);4$ #-()%4%,#/4; *%$)%)$'*: 4/#%&'$ .4$,?

4/% #+ $'5)/54/% #5,/0 ,* -#*% $'4*#/4B;': >&'/ 4 '$%4,/ *)B*'%

D ∈ |X|Mk
,* )*'5 4* 4 $4/0' #+ 123< 9* 4 *)B*'% D: >' >,;; )*'

| • |M = {−M,−M + 1, . . . , M − 1},>&'$' M =
k−1
∏

i=0

mi: m0 ,* %&'

4)L,;,4$8 /4%)$4; -#5);'< H&' $'*);%4/% $'5)/54/% 123 ,* /4%)$4;;8 4

$'*%$,%,#/ #+ B4*, 123 4/5 (#**'**'* 4;; ,%* ($#('$%,'* DEM ℄<

H&' -4,/ 4,- #+ )*,/0 %&' ;'** 4$5,/4;,%8 #+ 4 *'% D #/*,*%* ,/

#/*%$)%,#/ #+ 4/ 123 >&,& >,%& 4 -,/,-)- #+ #5' $'5)/54/8

($#.,5'* -#$' *,-(;' B4*' $';4%,#/ +#$ 5'#5,/0 %$4/*+#$-4%,#/< N'% 4/

,/%'0'$ X ∈ D, X = (χ1, χ2, . . . , χk)< H&'/ 4#$5,/0 %# %&' O=H B8

4/4;#08 %# +#$-);4 AFC: >' &4.'

|X|Mk−1
=

∣

∣

∣

∣

∣

k
∑

i=1

Mi,k−1|M
−1
i,k−1χi|mi

∣

∣

∣

∣

∣

Mk−1

. (12)

H&,* -'4/* %&4% %&'$' ,* *#-' .4;)' I(X) *)& %&4% %&' ,/%'$.4;?

-#5);4$ +#$- #+ 4 /)-B'$ X ,* *(',@'5 B8 4 $';4%,#/

X =

k−1
∑

i=1

Mi,k−1χi,k−1 + I(X)Mk−1. (13)

9* ,% ,* #B.,#)* +$#- AFC: 'L($'**,#/ AEPC 5#'* /#% #/%4,/ -#5);#Mk

#('$4%,#/*< H&'$'+#$': 5'#5,/0 ($#'5)$'* *8/%&'*,*'5 #/ %&' B4*' #+ QQ

I(X) 4$' -#$' 'R'%,.' %&4/ ($#'5)$'* $'4;,*,/0 5,$'% ,-(;'-'/%4%,#/*

#+ %&' O=H DEMP℄<
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"#$ %&'( *+,$+, *- ,#$ ./(+(.0$ *- 1(+(121 /$32+3&+, 1*320&/

*3(+4 *+'(',' (+ ,#$ -*00*5(+4 ,#$*/$16

 !"#$"%6

7+ */3$/ ,#&, (+ & 89: 5(,# .&(/5('$ ./(1$ 1*320$' m1, m2, . . . , mk

(k > 1) &+ 77 I(X) *- +21%$/ X ∈ D = | • |M (' *1.0$,$0; 3$<+$3

%; & /$'(32$ Îk(X) = |I(X)|mk
= ,#$ k,# 1*320$ mk 12',

'&,('-; ,#$ +$$''&/; &+3 '2>($+,0; *+3(,(*+ mk > 2m0 + ρ= 5#$/$
ρ = max{ρk−1(X)}, ρk−1(X) (' & /&+? 3$<+$3 %; $@2&0(,;

|X|Mk−1
=

k−1
∑

i=1

Mi,k−1χi,k−1 − ρk−1(X)Mk−1; (14)

(+ &33(,(*+= -*/ 77 I(X) ,#$ -*00*5(+4 &020&,(+4 $A./$''(*+' &/$ B&0(3C

I(X) =

{

Îk(X) (- Îk(X) < m0;

Îk(X)−mk (- Îk(X) > mk −m0 − ρ;
(15)

Îk(X) =

∣

∣

∣

∣

∣

k
∑

i=1

Ri,k(χi)

∣

∣

∣

∣

∣

mk

; (16)

Ri,k(χi) =

∣

∣

∣

∣

χi,k−1

Mk−1

∣

∣

∣

∣

mk

; Rk,k(χk) =

∣

∣

∣

∣

χk

Mk−1

∣

∣

∣

∣

mk

. (17)

 !""#6

D/*1 (+,$/B&0E1*320&/ -*/1 *- & +21%$/ X FGHI (, -*00*5' ,#&,

I(X) =

k−1
∑

i=1

χi,k−1

mi

+
X

Mk−1
. (18)

"#$/$-*/$= (+ */3$/ ,* *%,&(+ /$0&,(*+ FGJI= (, (' '2>($+, ,* &..0; &

/$'(32$ 1*320* mk *.$/&,(*+ (+ -*/120& FGKI ,&?(+4 (+,* &*2+, 3$'(4E

+&,(*+ FGLI6

M$, Imin = min
X∈D

{I(X)} &+3 Imax = max
X∈D

{I(X)}6 "#$+ ,#$ +$$'E

'&/; &+3 '2>($+, *+3(,(*+ *- /$(./*&0 '(+40$EB&02$3 *//$'.*+3$+$

%$,5$$+ B&02$' *- 77 I(X) &+3 /$'(32$ Îk(X) (' /$&0(N&,(*+ *- (+$@2&0(,;

mk > Imax − Imin + 1. (19)
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"# $%%&'&(#) *(+ I(X) ',- *(..(/&#0 *(+12.$ &3 '+2-

I(X) =

{

Îk(X) &* Îk(X) < Imax;

Îk(X)−mk &* Îk(X) > mk + Imin.
(20)

425'+$'&#0 $#% $%%&#0 ρk−1(X)Mk−1 &# ',- +&0,' 7$+' (* -87+-33&(#

9!:; $#% $77.<&#0 ',-# *(+12.$ 9!=;) /- (5'$&#

X =

k−1
∑

i=1

Mi,k−1χi,k−1 − ρk−1(X)Mk−1 + ρk−1(X)Mk−1 + I(X)Mk−1 =

= |X|Mk−1
+ ρk−1(X)Mk−1 + I(X)Mk−1.

"' *(..(/3 ',$' $(+%&#0 '( $ >2.&%-$# .-11$ *+(1 ',- ',-(+< (* %&?&3@

&5&.&'< AB℄) /- ,$?-

ρk−1(X) + I(X) =

⌊

X

Mk−1

⌋

. (21)

D$E&#0 &#'( $(2#' ',$' ⌊X/Mk−1⌋ *(+ $#< X ∈ [−M ; −M +Mk−1)
,$3 $ 1&#&121 $#% &# $# &#'-+?$. [−M ; −M +Mk−1) ',-+- &3 $ #215-+

−M+X0 *(+ /,&, ρ(−M+X0) = ρk−1(|−M+X0|Mk−1
) = ρk−1(X0) = ρ)

&' *(..(/3 *+(1 *(+12.$ 9F!; ',$'

Imin = min
X∈D

{⌊

X

Mk−1

⌋

− ρk−1(X)

}

=

=

⌊

−M + X0

Mk−1

⌋

− ρk−1(−M + X0) = −m0 − ρ.

G#$.(0(23.<) $3 ⌊X/Mk−1⌋ *(+ $#< X ∈ [M −Mk−1; M − 1) +-$,-3
$ 1$8&121 $#% ρ(M−Mk−1) = ρk−1(|−M +Mk−1|Mk−1

) = ρk−1(0) = 0)
(# ',- 5$3&3 (* *(+12.$ 9F!; &' *(..(/3 ',$'

Imax = max
X∈D

{⌊

X

Mk−1

⌋

− ρk−1(X)

}

=

=

⌊

M −Mk−1

Mk−1

⌋

− ρk−1(M −Mk−1) = m0 − 1.

H(/ *(+ (#.2%&#0 ',- 7+((* (* ',- ',-(+-1) &' &3 32I&-#' '( 325@

3'&'2'- ',- (5'$&#-% .(/-+ Imin $#% 277-+ Imax 5(2#%$+&-3 (* ?$+&$'&(#

(* I(X) &#'( +-.$'&(#3 9!J; $#% 9FK;L
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"# $% &'($&)% #*+# +, -./ 0$#* 1&2)34% m1, m2..., mk +,2 454#$(4

7+,84 D = | • |M 0*$* +74 %434#42 +&72$,8 #& #*4 #*4&741 *+% #*4

1$,$1)1 742),2+,9 $: #*4 4;)+#$&, mk−2m0−ρ = |mk−ρ|2 $% +77$42
&)#< =)%# $, #*$% +%4 +, -./ $% +3342 #*4 1$,$1+3 742),2+,# -./<

>*&)8* #*4 :+# #*+# $,#7&2)42 742),2+,9 $% %1+33 4,&)8*? #*+,@%

#& #*$% &1A)#+#$&, &: "" I(X) $, 1$,$1)1 742),2+,# -./ '4&14%

#7$($+3 &A47+#$&,< B(4,#)+339? $# +3%& 4,%)74% %$1A3$$#9 &: ,&# 1&2)3+7

A7&42)74% %9,#*4%$C42 &, #*4 '+%$% &: $,#47(+3D1&2)3+7 :&71 EFGH? I7%#

&: +33 &24 &,(47%$&, +,2 %+3$,8 JFKG℄<

 !"!#!$!&

JF℄ M<M< N&39+2+? "<>< O+@<  !"#$%& '(&#(#&*+ !, -./*$.0* -&!*++1

.02 !, (3* 4.2.(%$ 50,!&6%(.!07 P,$(47%$#4#%@&4? -$,%@ FQQ!<

E", R)%%$+,H<

J!℄ M<S< T*47,9+(%@9? U<U< V+,$34($*? M<M< N&39+2+? -<W< /439+,$D

,&(< 8.231+/**"  *(3!"+ %0" '9+(*6+ !, 4.2.(%$ 50,!&6%(.!0 -&!1

*++.027 X438&%),$(47%$#4#? -$,%@ FQQY< E", R)%%$+,H<

JG℄ M<M< N&39+2+? U<U< R4($,%@9? -<W< /439+,$,&( *( %$7 B3414,#% &:

#*4 #*4&79 +,2 +AA3$+#$&,% &: 1&2)3+7 #4*,$;)4 &: A+7+3343 $,D

:&71+#$&, A7&4%%$,8<  !"*&0 -&!:$*6+ !, ;/(.+< =%".%(.!0  %1

(*&.%$+ '.*0*< 50,!&6%(.+< =%".!/39+.+ %0" >$*(&!0.+7 -&!7

'.7 =*+*%&3 50+(7 ?//$7 -39+7 -&!:$7? X438&%),$(47%$#4#? -$,%@?

(&3< !? AA< FK F? FQQY< E", R)%%$+,H<

JZ℄ -<W< /439+,$,&(< >*4&74#$+3 '+%4% &: 1&2)3+7 &2$I+#$&, &:

+384'7+$ %9%#41%< -&!7 @%(7 ?%"7 '.7 A*$%&#+< .&< F? FFZKFFQ?

![[!< E", R)%%$+,H<

J ℄ -<W< /439+,$,&(< MAA3$+#$&, &: ,)147$+339D+,+39#$+3 1&2)D

3+7 &1A)#$,8 #4*,$;)4% :&7 A47:&71+,4 &: +22$#$(4 +,2 1)3D

#$A3$+#$(4 &A47+#$&,% &(47 %$8,+3% $, %A+4% &: &7#*&8&,+3 A7&\4D

#$&,%< =*/7 @%(7 ?%"7 '.7 A*$%&#+<  !? .&< !? Y!KYY? ![[!<

E", R)%%$+,H<

JY℄ "<-< U$,&87+2&(< >$*6*0(+ !, @#6:*& B3*!&97 .+)@+? -&%&0

FQ]F< E", R)%%$+,H<


