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+# ,''- -." /,0- (2" -* , (2-,% ,!!,3 4# ,-#-#0 '-5"!"# #, (!,% #(/2"!*

*(6  6,  6" *(/ 4&  6" #(/2"!* ,%4#0 "."!3 !47 ,#' "."!3 '-,04#,% -*

 6" *,/") + /(% -8%-, -." /,0- (2" -* (2-,% ,!!,3 4# ,-#-#0 /( (,%%3

'-5"!"# #, (!,% #(/2"!* *(6  6,  6" 8!4'( 4&  6" #(/2"!* ,%4#0 ",6

!47 ,#' '-,04#,% -*  6" *,/") 9#  6-* 8,8"! 7" 0-." *"."!,% 7,3*  4 4#* !( 

,''- -." ,#' /(% -8%-, -." /,0- (2"*)

89 $4:1;<=:2;4

:,0- *;(,!"* 6,." &,*-#, "' 8"48%" &4! "# (!-"*) +# n× n !33&"&*+ C!E&

-F>!,+ 4# ,-#*  6" #, (!,% #(/2"!* 1, 2, . . . , n2, *(6  6,  6" *(/ 4& "."!3

!47*< 4%(/# ,#' '-,04#,% -*  6" *,/") =-0(!" > '"8- * , 3× 3< , 4× 4 ,#'

, 5× 5  ,2%" ",6 4# ,-#-#0 , '-5"!"# *" 4& #, (!,% #(/2"!* -# *(6 , 7,3

 6,  6" 8!4'( 4&  6" #(/2"!* -# "."!3 !47< 4%(/# ,#' '-,04#,% -*  6"

*,/") ?9#  6" @!*  ,2%"  6" 8!4'( -* 63< -#  6" *"4#' 4#" -* 7! ,#' -#  6"

 6-!' 4#" -* 9!)A B(6  ,2%"* ,!" ,%%"' C>%"&0%&!"&*+ C!E& -F>!,+- ?B"" CD℄A)

12 1 18

9 6 4

2 36 3

1 24 14 15

21 10 4 6

20 7 18 2

12 3 5 28

1 15 42 16 36

14 32 9 3 30

27 6 10 28 8

20 7 24 54 2

48 18 4 5 21
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  !"# %&' !" # $#%&'#( )*$*'#(!+#%!,$ ,- # .#)! "0&#'*1 23$ %4!" 5#5*'

6* 6!(( #(( !% #$ !((#)#*'  !"# %&'17 84* 9'"% .#)! &:* 5',:#:(; #55*#'*<

#:,&% =>?@ !$ # (*%%*' ,- +#',,' (' -', !) 2"** A=B 51 C>D℄71 3$-,'.#%!,$ #$<

.#$; !$%*'*"%!$) '*"&(%" #:,&% .#)! "0&#'*" #$< &:*" #$ :* -,&$< !$ %4*

'*-*'*$*" #$< 6*:F5#)*"1

 $ !((#)#*'  !"# %&' ,- ,'<*' n !" # &:!#( #''#; 23F<!.*$"!,$#( .#%'!G
,- ,'<*' n7

Mn = |mn(i, j, k); 1 ≤ i, j, k ≤ n|

,$%#!$!$) $#%&'#( $&.:*'" 1, 2, 3, . . . , n3 "&4 %4#% %4* "&. ,- %4* $&.:*'"

#(,$) *H*'; ',6 #$< <!#),$#( !" %4* "#.*B !1*1
n(n3+1)

2 1 I; # ',6 ,- # .#)!

&:* 6* .*#$ #$ nF%&5(* ,- *(*.*$%" 4#H!$) %4* "#.* ,,'<!$#%*" !$ %6,

5(#*"1 2J,%*K L* &"* %4* "#.* %*'. -,' # ',6 ,' # ,(&.$ ,' # 5!(#'17

MH*'; #<<!%!H* .#)! &:* ,- ,'<*' n 4#" *G#%(; 3n2 ',6" #$< 4 <!#),$#("
,$$*%!$) %4* *!)4% ,'$*'" ,- %4* &:*1

3$ A?℄ %4*'* #'* <*5!%*< #<<!%!H* .#)! &:*" M3 #$< M41

  %.)#/.#!)#*'  !"# %&' ,- ,'<*' n !" # &:!#( #''#;

Qn = |qn(i, j, k); 1 ≤ i, j, k ≤ n|

,$%#!$!$) n3 .&%&#((; <!N*'*$% $#%&'#( $&.:*'" "&4 %4#% %4* 5',<&% ,- %4*

$&.:*'" #(,$) *#4 ',6 #$< *H*'; ,$* ,- !%" -,&' <!#),$#(" !" %4* "#.*1 L*

#(( %4!" 5',<&% %4*  !"# 012)!1) #$< <*$,%* σ(Qn)1
O!)&'* P "4,6"Q3 6!%4 %4* .#)! ,$"%#$% (2.3.5)31 84* *(*.*$%m3(1, 1, 1) =

18 !" ,$%#!$*< !$ %4* ',6" {18, 20, 75}B {18, 300, 5}B {18, 60, 25} #$< !$ %4*
<!#),$#( {18, 30, 50}1

O!)1 P1 Q&(%!5(!#%!H* .#)! &:* Q3

3$ A?℄ !% !" 5',H*< %4#% #$ #<<!%!H* .#)! &:* Mn ,- ,'<*' n *G!"%" -,'

*H*'; n 6= 21 3- 6* R$,6 # ,$"%'&%!,$ ,- Mn = |mn(i, j, k)|B %4*$ 6* #$
*#"!(; .#R* # .&(%!5(!#%!H* .#)! &:*

Qn = |qn(i, j, k) = 2mn(i,j,k)−1; 1 ≤ i, j, k ≤ n|
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 !"# "#$ %&'! )*+"&*" σ(Qn) , 2
n(n3

−1)
2 - .#!+ /&/$0 )*"&!*+ 1)0%23&+

1)0 )*+"02"!)* )1 %&'! 24$+ Mn &*5 Qn 1)0 &33 n 6= 2- 6)0$)7$08 "#$
)*+"02"$5 24$+ Qn #&7$ & +!'*!9&*"3: +%&33$0 %&'! )*+"&*" "#&* 24$+

)*+"02"$5 2+!*' ;<=-

>$ )*+"02" &* &55!"!7$ %&'! 24$ Mn = |mn(i, j, k); 1 ≤ i, j, k ≤ n|
)1 )05$0 n &*5 & %23"!/3!&"!7$ %&'! 24$ Qn = |qn(i, j, k); 1 ≤ i, j, k ≤ n| )1
)05$0 n 1)0 &33 n 6= 2 2+!*' "#$ 1)33) !*' 1)0%23&+- >$ )*+!5$0 "#0$$ &+$+ ;n
!+ &* )55 !*"$'$0? !1 n !+ &* $7$* !*"$'$08 "#$*  $ 5!+"!*'2!+#  #$"#$0 n !+ )0

!+ *)" 5!7!+!43$ 4: 1)20-= .#$ )00$"*$++ )1 1)0%23&+ 1)0 &55!"!7$ %&'! 24$+

1)33) !%%$5!&"$3: 10)% "#$ /0))1+ !* @A8 B℄-

>$ 2+$ "#$ 1)33) !*' *)"&"!)*D

x (mod n) !+ "#$ 0$%&!*5$0 !* "#$ 5!7!+!)* )1 x 4: n8

x = n + 1− x8

x∗ = %!*{x, x}8

x̃ =

{
0 1)0 1 ≤ x ≤ n

2 ,

1 1)0 n
2 < x ≤ n.

1. E1 n ≡ 1 (mod 2)8 "#$*

mn(i, j, k) = αn2 + βn + γ + 1, (1.1)

qn(i, j, k) = 2α.3β .5γ , (1.2)

 #$0$

α = (i− j + k − 1) (mod n)8

β = (i− j − k) (mod n)8

γ = (i + j + k − 2) (mod n)-

99 182 300 408 16
1456 75 102 4 792
600 816 1 198 364
204 8 1584 91 150
2 396 728 1200 51

26 540 952 80 33
135 238 20 264 208
1904 5 66 52 1080
40 528 13 270 476
132 104 2160 119 10

180 136 144 77 130
34 36 616 1040 450
9 154 260 360 272

1232 65 90 68 72
520 720 17 18 308

1st 3&:$0 2nd 3&:$0 3rd 3&:$0

680 48 11 234 420
12 88 1872 105 170
22 468 840 1360 3
117 210 340 24 176
1680 85 6 44 936

112 55 78 60 1224
440 624 15 306 28
156 120 2448 7 110
30 612 56 880 39
153 14 220 312 240

4th 3&:$0 5th 3&:$0

F!'- G- 623"!/3!&"!7$ %&'! 24$ Q5



 !  !"#$% &"'%()'"

 ! n 6≡ 0 (mod 3)" #$%& '& %(%)* )+, -&. -/0+ '& %(%)* .'-1+&-/ Qn +&3

0#)4#%. 5* 6789: #$%)% '0 %;-#/* +&% &4<5%) ,$'$ '0 .'('0'5/% 5* #$% z#$

=+,%) 54# '0 &+# .'('0'5/% 5* #$% (z + 1)#$ =+,%) +! #$% &4<5%) 2 63 +)

5" )%0=%#'(%/*:8 >% +5#-'& - <4/#'=/'-#'(% <-1' 45% Qn ,'#$ - 0<-//%)

<-1' +&0#-&# σ(Qn) '! '& !+)<4/- 6789: ,% )%=/-% =+,%)0 +! 3 5* #$% &4<3

5%)0 (2β + 1) !+) β = 1, 2, . . . , n − 1 -&. #$% =+,%)0 +! 5 5* #$% &4<5%)0

(2n + 2γ − 1) !+) γ = 1, 2, . . . , n − 18 ?'14)% @ 0$+,0 A(% /-*%)0 +! Q58 6B*

- .'C%)%&# 0450#'#4#'+& ,% -& +5#-'& - Q5 ,'#$ - 0<-//%) <-1' +&0#-&#:8

2.  ! n ≡ 0 (mod 4)" #$%&

mn(i, j, k) =

{
(i− 1) n2 + (j − 1) n + k '! F(i, j, k) = 1,

(i− 1) n2 + (j − 1) n + k '! F(i, j, k) = 0;
(2.1)

qn(i, j, k) =

{
2(i−1).3(j−1).5(k−1) '! F(i, j, k) = 1,

2(i−1).3(j−1).5(k−1) '! F(i, j, k) = 0,
(2.2)

,$%)% F(i, j, k) = (i + ĩ + j + j̃ + k + k̃) (mod 2)8

 ! n ≡ 0 (mod 4)" ,% +&0#)4# - 45% Qn ,'#$ - 0<-//%) <-1' +&0#-&#

σ(Qn) 40'&1 - <%#$+. ,$'$ ,% .%<+&0#)-#% '& #$% !+//+,'&1 %;-<=/%8  &

?'14)% D #$%)% -)% .%='#%. #$% !+4) /-*%)0 +! M4 6+&0#)4#%. 5* 6987:: ,$+0%

&4<5%)0 -)% #$% 5'&-)* )%=)%0%&#-#'+& +! #$% &4<5%)0 m4(i, j, k) − 18

000000 111110 111101 000011

111011 000101 000110 111000

110111 001001 001010 110100

001100 110010 110001 001111

101111 010001 010010 101100

010100 101010 101001 010111

011000 100110 100101 011011

100011 011101 011110 100000

1st /-*%) 2nd /-*%)

011111 100001 100010 011100

100100 011010 011001 100111

101000 010110 010101 101011

010011 101101 101110 010000

110000 001110 001101 110011

001011 110101 110110 001000

000111 111001 111010 000100

111100 000010 000001 111111

3rd /-*%) 4th /-*%)

?'18 D

B* /+0%/* %;-<'&'&1 ?'14)% D *+4 -& A&. +4# #$-# '& %(%)* D3#4=/% +!

&4<5%)0 '& -&* )+, +) .'-1+&-/ '# $+/.0 #$-# +& #$% z#$ =+0'#'+&"
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z = 1, 2, . . . , 6 !"#$# %$# #&%!() !*+ +,#- %,. !*+ /#$+#-0 1# 2-# !"3- 4%!

3, !"# +,-!$2!3+,0 54 b1b2b3 . . . b6 3- !"# $#6$#-#,!%!3+, +4 !"# ,278#$

m4(i, j, k) (+*#$#. 8) 9 3, 83,%$) +.# !"#,

q4(i, j, k) = 2b13b24b35b47b59b6 .

1# "%:# "+-#, !"# -#! {2, 3, 4, 5, 7, 9} 3, -2" % *%) !"%! 3! .+#- ,+! +,!%3,

!*+ ,+,#76!) -28-#!- +4 ,278#$- *"+-# 6$+.2! 3- !"# -%7#0 ;"# 7%<3

+,-!%,! +4 !"# 28# Q4 =-## >3<2$# ?@ 3- σ(Q4) = (2.3.4.5.7.9)2 = 57 153 6000

1 840 1080 63

1512 45 35 24

1890 36 28 30

20 42 54 1260

2520 27 21 40

15 56 72 945

12 70 90 756

126 540 420 2

1st (%)#$ 2nd (%)#$

3780 18 14 60

10 84 108 630

8 105 135 504

189 360 280 3

6 140 180 378

252 270 210 4

315 216 168 5

120 7 9 7560

3rd (%)#$ 4th (%)#$

>3<0 ?0 A2(!36(3%!3:# 7%<3 28# Q4

B#%2-# 83,%$) $#6$#-#,!%!3+, +4 #(#7#,!- =(+*#$#. 8) +,#@ +4 !"# 7%<3

28# Mn 42(C((- !"# +,.3!3+, %8+2! !"# -%7# ,278#$ +4 +,#- %,. /#$+#- 3,

!"# +$$#-6+,.3,< 6+-3!3+,- *# %, <#,#$%(3/# !"# <3:#, +,-!$2!3+, 4+$ %((

n ≡ 0 (mod 4)0

3. 54 n ≡ 2 (mod 4) =3, !"3- %-# n
2 3- +.. %,. (#! t = n

2 @ !"#,

mn(i, j, k) = d(u, v)t3 + mt(i
∗, j∗, k∗), (3.1)

qn(i, j, k) = 7d(u,v).qt(i
∗, j∗, k∗), (3.2)

*"#$#

qt(i
∗, j∗, k∗) 3- +,-!$2!#. 2-3,< =90D@ 

u = (i∗ − j∗ + k∗) (mod t) + 1 

v = 4̃i + 2j̃ + k̃ + 1 

d(u, v) 4+$ 1 ≤ u ≤ t, 1 ≤ v ≤ 8 3- .#C,#. 8) !"# !%8(# 3, >3<0 E 

(a = 1, 2, . . . , n−6
4 )0
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d(u, 1) d(u, 2) d(u, 3) d(u, 4) d(u, 5) d(u, 6) d(u, 7) d(u, 8)

d(1, v) 7 3 6 2 5 1 4 0
d(2, v) 3 7 2 6 1 5 0 4
d(3, v) 0 1 3 2 5 4 6 7

d(2a + 2, v) 0 1 2 3 4 5 6 7
d(2a + 3, v) 7 6 5 4 3 2 1 0
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 !"#$%& '( '(!)" *)*+,",#( -,$.#+*( !/ !( %*(0 /, .*1% * ,.3#/%$

3$,"$*. 45!5 ,)(/$#/( *) *66!/!7% *)6 * .#+/!3+!*/!7% .*"! (8#*$% -,$

%7%$0 n 6= 29

 !"#$%& )(  !)6 * (.*++%$ .*"! ,)(/*)/ -,$ * .#+/!3+!*/!7% .*"!

#:%( ,- ,$6%$ n9

 !"#$%& ;0 /5% %)6 ,- /5% <=>/5 %)/#$0 ?(%% @<℄B .*/5%.*/!!*)( :%"*)

/, ,)(!6%$ *+(, C>6!.%)(!,)*+ .*"! #:%(9 ;#/ ,)+0 !) DEE< /5% -,++,4!)"

$%(#+/ 4*( 3#:+!(5%6F

*+%"!%&( '( #))*+*,! "#-* d/)*"!(0*1(#2 34! 15 1$)!$ n !6*0+0 *5 #()

1(27 *5 d > 1 #() n 6= 2 1$ d = 1&

G!.!+*$+0 4% *) ,)(!6%$ /5% %H!(/%)% ,- .#+/!3+!*/!7% .*"! d>6!.%)>

(!,)*+ #:%( -,$ *)0 )*/#$*+ d9 I5% ,)(/$#/!,)( "!7%) !) @&℄ *++,4 #( /,

%H3%$!.%)/ 4!/5 .*"! #:%( *+(, !) 5!"5%$ 6!.%)(!,)*+ (3*%(9

 !"!#!$!&

@<℄ J9G9 K)6$%4(9 8#-* 9:3#$!0 #() ;34!0& L,7%$M N%4 O,$1 <=&E9

@D℄ J9P9 ;%)(,)M Q9 R*,:09 8#-* ;34!0< =!>  !$!#+*1(0& L,7%$M N%4

O,$1 <=S<9

@T℄ L9 ;,$1,7!/UM  9V9 P4*)"9 W#+/!3+!*/!7% .*"! (8#*$%(9 ?*0$!+!

8#+@!"#+*0M ,-M <X<<M <=ST9

@C℄ W9 I$%)1+%$9 K ,)(/$#/!,) ,- .*"! #:%(9 8#+@!"#+*#2 A#B!++!M .,M

T&XC<M DEEE9

@Y℄ W9 I$%)1+%$9 W*"! #:%(9 8#+@!"#+*#2 A#B!++!M .)M Y&X&<M <==S9

@&℄ W9 I$%)1+%$9 W*"! p>6!.%)(!,)*+ #:%(9 '+# '$*+@"!+*#M /0M T&<X

T&CM DEE<9


