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/+" (X,+) 0+ '1 20+.3'1 4#$5-! 61+ 
'1 ,7$8 "7'" ' 9'--314 f : X → R

,'"3,:;314 "7+ 31+<5'.3";

f(x + y) + f(x− y) ≤ 2f(x) + 2f(y) =>?

:$# '.. x, y ∈ X '.,$ ,'"3,@+, "7+ 31+<5'.3"3+,

f(2x + y) ≤ 4f(x) + f(y) + f(x + y)− f(x− y) =A?

'1*

f(2x + y) + f(2x− y) ≤ 8f(x) + 2f(y) =B?

:$# '.. x, y ∈ X!

2 <5+,"3$1 $: @1*314 ,5C
3+1" 
$1*3"3$1, 51*+# 873
7 "7+ 31+<5'.3"3+, (1)D
(2) '1* (3) '#+ +<53E'.+1" 83.. 0+ 
$1,3*+#+*! F1 "73, 1$"+D ,$9+ -#$-+#"3+,

$: "7+ ,$.5"3$1 $: (1) 83.. 0+ -#$E+*! G+ '.,$ 
$1,3*+# '1$"7+# *+@13"3$1 $: '

,50<5'*#'"3
 :51
"3$1 43E+1 31 [1]!
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 !" X,Y #! $ %!
"'( )*$
!)+ ," -) ./'0/ "1$" $ 2$**-/3 f : X → Y )$"-)4!)

f(2x + y) = 4f(x) + f(y) + f(x + y)− f(x− y), x, y ∈ X,

'(

f(2x + y) + f(2x− y) = 8f(x) + 2f(y), x, y ∈ X,

-5 $/6 '/78 -5 f )$"-)4!) $ 9:$6($"-
 5:/
"-'/$7 !9:$"-'/

f(x + y) + f(x− y) = 2f(x) + 2f(y)

5'( $77 x, y ∈ X+ ," -) /'" 7'/3!( "(:!; -5 "1! )-3/ <== -/ "1!)! !9:$7-"-!) 0-77

#! (!*7$
!6 #8 <≤=+

+! ,-#-%./ 0%&0-%$*-1

,/ "1-) /'"! (X,+) -) $/ >#!7-$/ 3(':*+ ?! )"$(" 0-"1 "1! 5'77'0-/3

 !"#$% &  ! f : X → R "#$%"&'" $(' %)'*+#,%$- (1) !./ #,, x, y ∈ X0 $(') f

#,". "#$%"&'" $(' %)'*+#,%$%'" (2) #)1 (3) !./ #,, x, y ∈ X2

3/..!2  !" x, y ∈ X+ @-/
! f )$"-)4!) "1! -/!9:$7-"8 (1), "1!/A

f(2x + y) = f(x + y + x) ≤ 2f(x + y) + 2f(x)− f(x + y − x) ≤

≤ 2f(x) + f(x + y) + 2f(x) + 2f(y)− f(x− y)− f(y) =

= 4f(x) + f(y) + f(x + y)− f(x− y).

," -) ./'0/ "1$" -5 f )$"-)4!) (1); "1!/ f(nx) ≤ n2f(x) 5'( $77 x ∈ X $/6 5'(

$77 n ∈ N ([3])+ B!/
!;

f(2x + y) + f(2x− y) ≤ 2f(2x) + 2f(y) ≤ 8f(x) + 2f(y). �

C/ "1! '"1!( 1$/6; "1!(! !D-)") $ 5:/
"-'/ f )$"-)58-/3 (2) ('( (3)) 01-
1
-) /'" $ )'7:"-'/ '5 (1)+

'(#")*! & 4'$ f : R → R 5' 1'&)'1 5-

f(x) =

{

b, x 6= 0,
d, x = 0,

6('/' b, d ≥ 0 #)1 3b < d ≤ 5b2  $ %" '#"- $. "'' $(#$ f "#$%"&'" (2)0 5+$ 1.'"

).$ "#$%"!- (1)2
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 !"#$%& '  !" f : R → R #! $!%&!$ #'

f(x) =

{

b, x 6= 0,
d, x = 0,

()!*! b, d ≥ 0 +&$ 3b < d ≤ 9b, -" ./ !+/' "0 /!! ")+" f /+"./%!/ (3)1 #2" $0!/
&0" /+"./3' (1),

 !" 
$! %&'( )&$) $ *+!
),'! f : X → R %$),%*-,!. )&" ,!"/+$0,)- (3)
1'2 (2)3 &$% %,4,0$2 52'5"2),"% $% $ *+!
),'! %$),%*-,!. )&" ,!"/+$0,)- 6"7!,!.
$ %+8/+$62$),
 *+!
),'! (1)9

(&##" ) -3 f : X → R /+"./%!/ (3)1 ")!& ")! 0$$ 4+*" 03 f ./ #02&$!$, -31

50*!06!*1 f(0) = 01 ")!& f ./ !6!&,

7*003,  ! $

'+!) '* (3):

f(y) + f(−y) ≤ 8f(0) + 2f(y), y ∈ X.

;&"2"*'2":

−4f(0) ≤
f(y)− f(−y)

2
, y ∈ X, 1<3

(&,
& 4"$!% )&$) )&" '66 5$2) '* f ,% $! '66 *+!
),'!= )&"! ,) ,% 8'+!6"6

8,0$)"2$00-9 >) *'00'(% *2'4 (4) )&$) ,* f(0) = 0: )&"! f ,% "?"!9

(&##" ' -3 f : X → R /+"./%!/ (2)1 ")!& ")! 0$$ 4+*" 03 f ./ #02&$!$, -31

50*!06!*1 f(0) = 01 ")!& f ./ !6!&,

7*003, @")),!. x = 0 ,! (2): (" .")

f(−y)− f(y) ≤ 4f(0), y ∈ X,

(&"!
" '+2 $%%"2),'! *'00'(% "$%-9 �

*&#"+, '  !" f : X → R #! + 32&
".0& /+"./3'.&9 (2), -3 f(0) = 01 ")!& f

/+"./%!/ ")! .&!:2+;."' (3),

7*003, @,!
" f(0) = 0: )&"! 8- A"44$ 2 f ,% "?"!9 @")),!. −y ,!%)"$6 '* y ,!

)&" ,!"/+$0,)- (2): (" .")

f(2x− y) ≤ 4f(x) + f(−y) + f(x− y)− f(x + y) =

= 4f(x) + f(y) + f(x− y)− f(x + y). 1B3

;&"2"*'2": 8- (5) $!6 (2): (" .") )&" ,!"/+$0,)- (3)9

;&" !"C) "C$450" %&'(% )&$) ,* f %$),%7"% )&" ,!"/+$0,)- (3): )&,% 6'"%
!') 4"$! )&$) f %$),%7"% )&" ,!"/+$0,)- (2)9
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 !"#$%& '  !" f : R → R #! $!%&!$ #'

f(x) =

{

b, x 6= 0,
d, x = 0,

()!*! b, d ≥ 0 +&$ 3b < 5b < d ≤ 9b, -" ./ !+/' "0 /!! ")+" f /+"./%!/ (3)1 #2"
$0!/ &0" /+"./3' (2),

 !" #"$% &"''( )!*+) %!(% ,#-". )*'" (--/%/*#(0 
*#-/%/*#) %!" /#2

"3,(0/%/") (2) (#- (3) (." "3,/4(0"#%5

(&##" ' -& ")! 
5+// 03 /2#+$$.".6! 32&
".0&/ /+"./3'.&7 
0&$.".0& f(0) = 01
")! .&!82+5.".!/ (2) +&$ (3) +*! !82.6+5!&",

9*003, 6)),'" %!(% f )(%/)7") (2)5 6

*.-/#8 %* 9"'(.: 2; f )(%/)7") (3)5
6)),'" #*+ %!(% f )(%/)7") (3)5 </#
" f(0) = 0; %!"# => &"''( 2 f /) "4"#5

?4".> "4"# (#- ),=(--/%/4" @,#
%/*# )(%/)7") %!" /#"3,(0/%> (1)5 6

*.-/#8 %*
9"'(.: 1; f )(%/)7") (2)5 �

(&##" ) -& ")! 
5+// 03 /2#+$$.".6! 32&
".0&/ /+"./3'.&7 
0&$.".0& f(0) = 0
")! .&!82+5.".!/ (1)1 (2) +&$ (3) +*! !82.6+5!&",

9*003, A> &"''( 3; %!" /#"3,(0/%/") (2) (#- (3) (." "3,/4(0"#%5 6)),'" %!(% f

)(%/)7") (1)5 6

*.-/#8 %* 9"'(.: 1; f )(%/)7") (3)5 6)),'" #*+ %!(% f )(%/)2

7") (3)5 A> &"''( 2; f /) "4"#5 ?4".> "4"# (#- ),=(--/%/4" @,#
%/*# )(%/)7")
%!" /#"3,(0/%> (1)5 �

B# *.-". %* *=%(/# %!" '(/# ."),0% *@ %!/) #*%"; +" )%(.% +/%! )*'" :#*+#


*#-/%/*#) /'C0>/#8 ),=(--/%/4/%> *@ ( @,#
%/*# f : [0,∞) → R5

(&##" *  !" f : [0,∞) → R, -3 ")! 32&
".0& g(x) := 1

x
f(x)1 x ∈ (0,∞)1 ./

$!
*!+/.&7 +&$ f(0) ≥ 01 ")!& f ./ /2#+$$.".6!,

(&##" +  !" f : [0,∞) → R, -3 f ./ 
0&
+6! +&$ f(0) ≥ 01 ")!& f ./

/2#+$$.".6!,

D)/#8 &"''() 5; 6 (#- 4 +" 
(# *=%(/# %!" @*00*+/#8 %+* %!"*."')5

,-&./&# 0  !" f : [0,∞) → R, -3 ")! 32&
".0& g(x) := 1

x
f(x)1 x ∈ (0,∞)1

./ $!
*!+/.&7 +&$ f(0) = 01 ")!& .&!82+5.".!/ (1)1 (2) +&$ (3) +*! !82.6+5!&",

,-&./&# 1  !" f : [0,∞) → R, -3 f ./ 
0&
+6! +&$ f(0) = 01 ")!& .&!82+5.:
".!/ (1)1 (2) +&$ (3) +*! !82.6+5!&",
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 !" #$%& '"%(#& )* &!+% %"
&+)- %!).% &!$& "/"'0 %(1"'$22+&+/" *(-
&+)-

%$&+%*0+-3 &!" +-"4($#+&0 (1) 5(%& 6" "4($# &) 7"') *)' "/"'0 x ∈ X8 9" %!$##

(%" &!" *)##).+-3 :"55$8

 !""# $  !" f : X → R #! $ %&'
")*' +$")+%,)'- (3). /% f )+ $ +&0!1$22)")3!

%&'
")*'4 "5!' f ≡ 0.

61**%. ;0 %(1"'$22+&+/+&0< ." 3"& f(0) ≤ 0. =- &!" )&!"' !$-2< +* f %$&+%>"%

(3)< &!"- f(0) ≥ 0. ?

)'2+-3 &) :"55$ (2)< f +% "/"-8  !"'"*)'"< %+-
" f +%

%(1"'$22+&+/"< ." 3"&

f(x) + f(x) = f(x) + f(−x) ≤ f(x− x) = f(0) = 0.

 !(%<

f(x) ≤ 0, x ∈ X. @AB

=- &!" )&!"' !$-2< %+-
" f +% %(1"'$22+&+/" $-2 %$&+%>"% (3)

4f(x) + 2f(y) ≤ 2f(2x) + 2f(y) ≤ f(2x + y) + f(2x− y) ≤ 8f(x) + 2f(y)

*)' $## x, y ∈ X8 C& +51#+"% &!$&

0 ≤ f(x), x ∈ X. @DB

;0 (6) $-2 (7)< f(x) = 0 *)' $## x ∈ X8 �

 !""# %  !" f : X → R #! $ %&'
")*' +$")+%,)'- (1). /% f )+ $ +&0!1$22)")3!

%&'
")*'4 "5!' f ≡ 0.

61**%. ?

)'2+-3 &) E"5$'F 1< f %$&+%>"% &!" +-"4($#+&0 (3)8 ;0 :"55$ 7<
f(x) = 0 *)' $## x ∈ X8 �

 ! "#$ %&'()*)&+ ,- &#$ ).$/0'*)&)$% (2) '.1 (3) ). &#$
%$.%$ ,- 2+$3% '.1 4*'5

:"& (X,+) 6" $- ?6"#+$- 3')(18 G+H $- ǫ ≥ 0 $-2 
)-%+2"' $ *(-
&+)-

f : X → R *(#>##+-3 &!" +-"4($#+&0

f(2x + y) ≤ 4f(x) + f(y) + f(x + y)− f(x− y) + ǫ, x, y ∈ X.

I(&&+-3 g(x) := f(x) + ǫ

4
*)' x ∈ X< ." )6%"'/" &!$& g %$&+%>"% (2) $-2<

5)'")/"'<

| f(x)− g(x) |≤
ǫ

4
, x ∈ X.
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 !"# $%&'# (!&( (!% )*+,-%$ +. (!% #(&,"-"(/ "' (!% #%'#% +. 0/%*# &'1 2-&$

+. (!% "'%34&-"(/ (2) !&# & )+#"("5% &'#6%*7

8"$"-&*-/9 )4(("': g(x) := f(x)+ ǫ

8
9 +'% 
&' #!+6 (!&( (!% )*+,-%$ +. (!%

#(&,"-"(/ "' (!% #%'#% +. 0/%*# &'1 2-&$ +. (!% "'%34&-"(/ (3) !&# & )+#"("5%
&'#6%*7

 ! "#$%&'( )'*#+%+$# $, -./0.1)(1%+
 ,.#
%+$#

<

+*1"': (+ &'+(!%* 1%='"("+' "' [1]9 & .4'
("+' f : [0,∞) → R "# #&"1 (+ ,%

#4,34&1*&("
 ". .+* &-- x ≥ 0 (!%*% %>"#(# & 
+'#(&'( cx ∈ R #4
! (!&(

f(y)− f(x) ≤ cx(y − x) + f(| y − x |) ?@A

.+* &-- y ≥ 07

 !"#$% &  ! f : [0,∞) → R "# #$%&$'()'*"
 ", *-. #.,#. /! (8)0 *-., f !$121#

(1) !/) '11 x, y ∈ [0,∞) #$
- *-'* x ≥ y3

4)//!3 B%( x ∈ [0,∞)7  !%' (!%*% %>"#(# & 
+'#(&'( cx ∈ R #4
! (!&( (!%

"'%34&-"(/ (8) !+-1# .+* %5%*/ y ∈ [0,∞)7 C+6 (&D% &*,"(*&*/ y ∈ [0,∞) #4
!
(!&( x ≥ y7 8%(("': x + y "'#(%&1 +. y "' (8)9 6% :%(

f(x + y) ≤ cxy + f(y) + f(x). ?EA

F/ (!% .&
( (!&( x ≥ y9 6% 
&' #%( x− y "'#(%&1 +. y "' (8) &'1 (!%' 6% :%(

f(x− y) ≤ −cxy + f(y) + f(x). ?GHA

<11"': (9) &'1 (10) #"1% ,/ #"1% 6% +,(&"'

f(x + y) + f(x− y) ≤ 2f(x) + 2f(y)

.+* &-- x, y ∈ [0,∞) #4
! (!&( x ≥ y7 �

 !"#$% ' 5-.). .6"#*# ' !$,
*"/, !$1211",7 (1) !/) '11 x ≥ y ≥ 00 %$* "* "#

,/* #$%&$'()'*"
 ", *-. #.,#. /! (8)3

4)//!3 B%(

f(x) =

{

1, x 6= 0,
3, x = 0.

I( "# %&#/ (+ #%% (!&( f #&("#=%# (1)7 J' (!% +(!%* !&'19 #%(("': 3 "'#(%&1 +. y

&'1 1 "'#(%&1 +. x "' (8)9 6% :%(

f(3)− f(1)− f(2) ≤ 2c1.
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2
≤ c1. $%%&

'())*+, 0 *+#)(-. /0 y -+. 1 *+#)(-. /0 x *+ (8)1 2( /3)-*+ )!-)

f(0)− f(1)− f(1) ≤ −c1.

 !"#

c1 ≤ −1. $%4&

 !(5(0/5(1 36 (11) -+. (12)1 f 
-+ +/) #-)*#06 )!( 
/+.*)*/+ (8)8 �

9*: -+ ǫ ≥ 0 -+. 
/+#*.(5 - 0"+
)*/+ f : [0,∞) → R #"
! )!-) 0/5 -;; x ≥ 0
)!(5( (:*#)# - 
/+#)-+) cx ∈ R #"
! )!-)

f(y)− f(x) ≤ cx(y − x) + f(| y − x |) + ǫ

0/5 -;; y ≥ 08 <"))*+, g(x) := f(x) + ǫ 0/5 x ∈ [0,∞)1 2( /3#(5=( )!-) g

#-)*#>(# (8) -+.1 ?/5(/=(51

| f(x)− g(x) |≤ ǫ, x ∈ [0,∞).
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