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'()*$)+ , 58%9 :$--$;;$- <=℄? "!! $%") <@℄6  !" (G, +) #! $% &#!'($%
)*+,-. /0!% $ 1,%
"(+% f : G→ C 3$"(34!3 "0! !5,$"(+%

f(x + y) + f(x− y) = 2f(x)f(y) 1+* $'' x, y ∈ G 5A6

(1 $%6 +%'7 (1 "0!*! !8(3"3 $ 0+9+9+*-0(39 m : G → C: (.!. m 3$"(34!3

"0! !8-+%!%"($' 1,%
"(+%$' !5,$"(+%

m(x + y) = m(x)m(y) 1+* $'' x, y ∈ G 5@6

3,
0 "0$"

f(x) =
1

2
(m(x) + m(−x)) 1+* $'' x ∈ G.
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3,%.7# +66,+3,9 $' H+3$(.% 9$3,
#$('%E "# #.3',9 (.# #*+# ,-.+#$(' /01

2(3 
(567,8 2.'
#$('% 9,:',9 (' +' ;<,7$+' =3(.6 $% %.6,3%#+<7, $' #*,

%,'%, (2 F,3I #((E J+5,7?I #*, 2(77()$'= #*,(3,5% *(79 #3.,K

 !"#$"% & /LE M+9(3+I LE F,3 BN℄1  !" (G, +) #! $% &#!'($% )*+,- $%.
'!" f : G→ C $%. ϕ : G → R /$"(/01 "2! (%!3,$'("1

|f(x + y) + f(x− y)− 2f(x)f(y)| ≤ ϕ(x) 0+* $'' x, y ∈ G.

42!% !("2!* f (/ #+,%.!. +* f /$"(/5!/ .6&'!7#!*"6/ !3,$"(+% /018

 !"#$"% ' /LE M+9(3+I LE F,3 BN℄1  !" (G, +) #! $% &#!'($% )*+,- $%.
'!" f : G→ C $%. ϕ : G → R /$"(/01 "2! (%!3,$'("1

|f(x + y) + f(x− y)− 2f(x)f(y)| ≤ ϕ(y) 0+* $'' x, y ∈ G.

42!% !("2!* f (/ #+,%.!. +* f /$"(/5!/ .6&'!7#!*"6/ !3,$"(+% /018

"' 5('(=3+6* (2 OE ;
GP7 B0℄ ), 
+' :'9 + 2(35 (2 %(7.#$('% (2 9('/+%6/

5*/" )!%!*$'(:$"(+% +0 .6&'!7#!*"6/ 0,%
"(+%$' !3,$"(+%

f(x + y) + f(x− y) = 2f(x)g(y) 2(3 +77 x, y ∈ G, /N1

+'9 9('/+%6/ /!
+%. )!%!*$'(:$"(+% +0 .6&'!7#!*"6/ 0,%
"(+%$' !3,$"(+%

f(x + y) + g(x− y) = h(x)k(y) 2(3 +77 x, y ∈ G, /C1

)*,3, (G, +) $% + .'$-.,7? !@9$H$%$<7, ;<,7$+' =3(.6 +'9

f, g, h, k : G → CE

Q, 9,+7 )$#* #*, %6,
$+7 
+%, (2 ,-.+#$(' /C1E

(")*+,+#* -  !" (G, +) #! $% &#!'($% )*+,-8 9! /$1 "2$" 0,%
"(+%/

f, g : G → C /$"(/01 "2! /!
+%. )!%!*$'(:$"(+% +0 .6&'!7#!*"6/ 0,%
"(+%$'

!3,$"(+% (< f $%. g /$"(/01 "2! 0+''+=(%) 0,%
"(+%$' !3,$"(+%

f(x + y) + f(x− y) = 2g(x)f(y) 0+* $'' x, y ∈ G. /R1

S(7.#$('% +'9 #*, %#+<$7$#? 63(<7,5 2(3 ,-.+#$(' /N1 )+% 
('%$9,3 $' BT℄E

"' #*$% 6+6,3 ), :'9 + 2(35 (2 %(7.#$('% (2 ,-.+#$(' /R1 +'9 %#.9? $#%

%#+<$7$#?E
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0123$ 45&)6&7 '8)9% $)29%-)#$ )* &:9';

%-)# <=> ?@A +B @CD℄A F& *)6792'%& '#( (-6&
%2G +6)H& %5& *)22)F-#I *'
%


)#
&6#-#I $)29%-)#$ )* &:9'%-)# <D>B

 !"#$"% &  !" (G, +) #! $% &#!'($% )*+,-. /0!% 1,%
"(+%3

f, g : G → C 3$"(314 !5,$"(+% <D> (1 $%6 +%'4 (1

<-> f = 0 $%6 g (3 $*#("*$*47

+*

<--> f 6= 0 $%6 f(x) = αg(x) 1+* $'' x ∈ G7 80!*! α ∈ C\{0} $%6 g

3$"(39!3 "0! 6:&'!;#!*" 1,%
"(+%$' !5,$"(+%7 (.!.

g(x + y) + g(x− y) = 2g(x)g(y)

1+* $'' x, y ∈ G.

<*++1. /$$97& %5'% f 6= 0B J&%%-#I y = 0 -# <D>A F& 5'H&

f(x) = g(x)f(0)

*)6 '22 x ∈ GB K6)7 '8)H&A F& 
)#
29(& %5'% f(0) 6= 0B L9%%-#I α :=
f(0)A F& I&%

f(x) = αg(x) *)6 '22 x ∈ G.

J)A *6)7 <D> F& )8%'-#

αg(x + y) + αg(x− y) = 2g(x)αg(y)

*)6 '22 x, y ∈ GA '#( %5& %5&)6&7 *)22)F$B �

M&% (G, +) 8& '# /8&2-'# I6)9+B 4'N& '# '68-%6'6G *9#
%-)# ϕ : G → R

<#)% #&
&$$'6-2G 
)#$%'#% #)6 8)9#(&(> '#( 2&% f, g : G → C B O)FA F&


)#$-(&6 %5& *)22)F-#I -#&:9'2-%G

|f(x + y) + f(x− y)− 2g(x)f(y)| ≤ ϕ(x) *or all x, y ∈ G. <P>
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 !"#$%$&# '  ! "#$ %&#% !'(#%)*+ "#$ )" "%#,-! ). #+/ *+-$ ). .*0 !12

!0$ 3#)0 (f, g) "#%)".$)+4 )+!'(#-)%$ "%$ %&!0! !5)"% f̃ , g̃ : G → C #+/

α, β : G → R "(
& %&#% %&! 3#)0 (f̃ , g̃) )" # "*-(%)*+ *. !'(#%)*+ "#$

#+/ 7! 4!% %&! .*--*7)+4 !"%)8#%)*+"

|f − f̃ | ≤ α #+/ |g − g̃| ≤ β.

 !"#$%$&# (  ! "#$ %&#% !'(#%)*+ "#$ )" "(3!0"%#,-! ). #+/ *+-$ ). .*0

#-- 3#)0" (f, g) 7&)
& #0! "*-(%)*+" *. )+!'(#-)%$ "%$ %&! .*--*7)+4 #-%!02

+#%)1! &*-/"9 !)%&!0 #% -!#"% *+! .0*8 %&! .(+
%)*+" f, g )" ,*(+/!/ *0

%&! 3#)0 (f, g) "#%)":!" !'(#%)*+ "#$;

&'()*+,- ./, 0'11'2*(3

)*+,-.! / <!% f, g : R → R &#1! # .*08

f(x) =
ex + e−x

2
+ 1, g(x) =

ex + e−x

2
.*0 #-- x ∈ R.

=&!+

|f(x+y)+f(x−y)−2g(x)f(y)| = |2−ex−e−x| =: ϕ(x) .*0 #-- x, y ∈ R.

4/*) ,56781, )/'2) ./6. ./, ),
'(+ 3,(,-61*:6.*'( '0 +;<1,7=,-.;) ,>?6@

.*'( *) ).6=1, =?. ('. )?8,-).6=1, "6) ./, +;<1,7=,-. ,>?6.*'($A B'2 2,


/,
CD *) ./*) 61)' .-?, 0'- 6-=*.-6-E 
'781,5 0?(
.*'( f 6(+ g +,F(,+

'( 6( <=,1*6( 3-'?8G

01!&2!, 3 <!% (G, +) ,! #+ >,!-)#+ 40*(3 #+/ -!% f, g : G → C?

ϕ : G → R "#%)".$ %&! )+!'(#-)%$ "%$;  ! &#1! %&! .*--*7)+4 3*""),)-)%)!"9

"*$ ). f = 0? %&!+ g )" #0,)%0#0$?

"**$ ). g = 0? %&!+ |f(x)| ≤ ϕ(x)
2
.*0 #-- x ∈ G?

"***$ ). f 6= 0 6= g #+/ f )" ,*(+/!/? %&!+ |g(x)| ≤ ϕ(x)+2M

2M
.*0 #-- x ∈ G?

7&!0! M := sup{|f(x)| : x ∈ G},
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"#$%  ! g 6= 0 "#$ f  % &#'(&#$)$* +,)#

g(x + y) + g(x− y) = 2g(x)g(y) !(- ".. x, y ∈ G

"#$

|f(x)− g(x)f(0)| ≤
ϕ(x)

2
!(- ".. x ∈ G.

/-((!0 &' "##%( )* g = 0+ ,-./ ,-. #/.0123#,4 "5% -26 2 *789

|f(x + y) + f(x− y)| ≤ ϕ(x), x, y ∈ G.

:1, y = 0+ *78 ;<.' x ∈ G+ =. >.,

|f(x)| ≤
ϕ(x)

2
.

&' "###%( &6619. ,-2, f 6= 0+ g 6= 0 2/' f #6 ?71/'.'( @-./

M := sup{|f(x)| : x ∈ G} < ∞.

A4 "5%+ =. '.'1
. ,-2,

|2g(x)f(y)| ≤ ϕ(x) + 2M *78 233 x, y ∈ G.

A.
216. f 6= 0+ =. >., "###%(

&' "#$%( &6619. ,-2, g 6= 0 2/' f #6 1/?71/'.'( @-16+ ,-.8. .<#6,6

2 6.01./
. (tn)n∈N 7* .3.9./,6 7* G 61
- ,-2,

0 6= |f(tn)| −→ ∞ as n →∞. "C%

:1,,#/> y = tn #/ "5%+ =. -2$. *78 233 x ∈ G 2/' n ∈ ND

|f(x + tn) + f(x− tn)− 2g(x)f(tn)| ≤ ϕ(x).

@-.8.*78.+ ∣∣∣∣
f(x + tn) + f(x− tn)

2f(tn)
− g(x)

∣∣∣∣ ≤
ϕ(x)

2|f(tn)|

*78 233 x ∈ G 2/' n ∈ N( :266#/> ,7 ,-. 3#9#, 26 n −→ ∞ 2/' ,2E#/>

"C% #/,7 2

71/,+ =. #/*.8 ,-2,

g(x) = lim
n→∞

f(x + tn) + f(x− tn)

2f(tn)
*78 233 x ∈ G. " %



 !  !"#$ %&'$($

"#$ y = y + tn %& '!() $*#&

|f(x + y + tn) + f(x− y − tn)− 2g(x)f(y + tn)| ≤ ϕ(x) '+(

,-. /00 x, y ∈ G /&1 n ∈ N2 3#40/
%&6 y 78 y − tn %& '!() 9# 6#$

|f(x + y − tn) + f(x− y + tn)− 2g(x)f(y − tn)| ≤ ϕ(x) ':;(

,-. /00 x, y ∈ G /&1 n ∈ N2 <-9) =>%&6 '+( /&1 ':;( ,-. /00 x, y ∈ G /&1

n ∈ N) 9# -7$/%&

∣∣∣∣
f(x + y + tn) + f(x + y − tn)

2f(tn)
+

f(x− y + tn) + f(x− y − tn)

2(tn)
−

−2g(x)
f(y + tn) + f(y − tn)

f(tn)

∣∣∣∣ ≤
2ϕ(x)

2|f(tn)|
.

'::(

?/>>%&6 *#.# $- $*# 0%@%$ /> n −→∞) 78 ' () 9# 6#$

g(x + y) + g(x− y)− 2g(x)g(y) = 0 ,-. /00 x, y ∈ G.

A-.#-B#.) g 6= 0 /&1) $*=>) g(0) = 12 ?=$$%&6 y = 0 %& '!() 9# */B#

|f(x)− g(x)f(0)| ≤
ϕ(x)

2
,-. /00 x ∈ G,

9*%
* 
-@40#$#> $*# 4.--,2 �

C-. =&7-=&1#1 ,=&
$%-&> f, g : G→ C 9# 
/& 1#D&#

f̃(x) := g(x)f(0), g̃(x) := g(x) ,-. /00 x ∈ G.

C.-@ E*#-.#@ F) 9# 6#$

|f(x)− f̃(x)| ≤
ϕ(x)

2
, |g(x)− g̃(x)| = 0 ,-. /00 x ∈ G.

A-.#-B#.) f̃ /&1 g̃ >/$%>,8 #G=/$%-& 'F(2 E*%> @#/&> $*# >$/7%0%$8 -, $*#

>#
-&1 6#&#./0%H/$%-& -, 1IJ0#@7#.$I> ,=&
$%-&/0 #G=/$%-&2



 !" #"
%&' ("&")*+,-*.,%& %/ '01+"23").0# /4&
.,%&*+ "54*.,%&  !

"#$ g = f %$#& '()#$)& * +) #,-./0 -() %#11#+/02

 !"!##$"% & '()*!"*+ ,-  !" (G, +) #! $% &#!'($% )*+,- $%. '!" f : G → C

$%. ϕ : G → R /$"(/01 "2! (%!3,$'("1

|f(x + y) + f(x− y)− 2f(x)f(y)| ≤ ϕ(x) 0+* $'' x, y ∈ G.

42!% !("2!* f (/ #+,%.!. +* f /$"(/5!/ .6&'!7#!*"6/ !3,$"(+% 3458

6)
.89) /0):8.1/-; 3<5 /9 0#- 9;&&)-$/
.1 +/-( $)9=)
- -# x .0> y? 0#+

+) 
#09/>)$ -() %#11#+/02 /0):8.1/-;

|f(x + y) + f(x− y)− 2g(x)f(y)| ≤ ϕ(y) 34@5

%#$ .11 x, y ∈ G? +()$) (G, +) /9 .0 A,)1/.0 2$#8=? ϕ : G → R 30#-

0)
)99.$/1; 
#09-.0- 0#$ ,#80>)>5 .0> f, g : G → CB

()*!"*+ .  !" (G, +) #! $% &#!'($% )*+,- $%. '!" f, g : G → C9

ϕ : G → R /$"(/01 "2! (%!3,$'("1 34@58 42!*! $*! "2! 0+''+:(%) -+/;

/(#('("(!/<

3/5 (0 f = 09 "2!% g (/ $*#("*$*19

3//5 (0 f 6= 0 $%. g (/ #+,%.!.9 "2!% f (/ #+,%.!.9 "++9

3///5 (0 f 6= 0 $%. g (/ ,%#+,%.!.9 "2!% "2!*! !=(/"/ $ 0,%
"(+% h : G→ C

/,
2 "2$"

f(x + y) + f(x− y) = 2h(x)f(y) 0+* $'' x, y ∈ G

$%.

|g(x)− h(x)| ≤ C 0+* $'' x ∈ G,

:2!*! C := inf
{

ϕ(x)
2|f(x)|

: x ∈ G, f(x) 6= 0
}

.

?*++08 A998&) -(.- f 6= 0B
A> 3//5B C% g /9 ,#80>)>? -()0 -()$) )D/9-9 . 
#09-.0- M ≥ 0 98
(

-(.-

|g(x)| ≤M %#$ .11 x ∈ G.



   !"#$ %&'$($

!"#$ %&''()* y = 0 () +,-.$ #/ */'

|f(x)| ≤
ϕ(0) + 2M |f(0)|

2
0"1 233 x ∈ G.

45 +(((.6 70 g (8 &)9"&)5/5$ ':/) ':/1/ /;(8'8 2 8/<&/)
/ (tn)n∈N "0

/3/>/)'8 01"> G 8&
: ':2'

0 6= |g(tn)| −→ ∞ as n →∞. +,?.

@/''()* x = tn () +,-. #/ :2A/

∣∣∣∣
f(tn + y) + f(tn − y)

2g(tn)
− f(y)

∣∣∣∣ ≤
ϕ(y)

2|g(tn)|
0"1 233 y ∈ G, n ∈ N.

B288()* :/1/ '" ':/ 3(>(' 28 n −→ ∞ 2)5 &8()* +,?.$ #/ 8// ':2' 0"1

/A/1C y ∈ G

f(y) = lim
n→∞

f(tn + y) + f(tn − y)

2g(tn)
. +,D.

E) 8/''()* x = tn + x () +,-.$ #/ */'

|f(tn + x + y) + f(tn + x− y)− 2g(tn + x)f(y)| ≤ ϕ(y) +,F.

0"1 233 x, y ∈ G 2)5 n ∈ N6 @(>(3213C$ %&''()* x = tn − x () +,-.$ #/

"9'2()

|f(tn − x + y) + f(tn − x− y)− 2g(tn − x)f(y)| ≤ ϕ(y) +,G.

0"1 233 x, y ∈ G 2)5 n ∈ N6 !"#$ &8()* +,F. 2)5 +,G. 0"1 233 x, y ∈ G

2)5 n ∈ N #/ 
")
3&5/ ':2'

∣∣∣∣
f(tn + x + y) + f(tn − (x + y))

2g(tn)
+

f(tn + x− y) + f(tn − (x− y))

2g(tn)
−

−2
g(tn + x) + g(tn − x)

2g(tn)
f(y)

∣∣∣∣ ≤
2ϕ(y)

2|g(tn)|
.
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"#$$%&' () (*+ ,%-%( #$ n −→∞ .%(* (*+ /$+ )0 12345 .+ %&0+6 (*#( (*+6+

+7%$($ (*+ ,%-%(

h(x) := lim
n→∞

g(tn + x) + g(tn − x)

2g(tn)
0)6 #,, x ∈ G. 1284

9)6+):+65 (*+ 0/&
(%)& h : G → C )<(#%&+= %& (*#( .#> *#$ () $#(%$0>

(*+ +?#(%)&

f(x + y) + f(x− y) = 2h(x)f(y) 0)6 #,, x, y ∈ G. 12 4

"/((%&' 12 4 %&() 12@45 .+ '+(

2|f(y)||h(x)− g(x)| ≤ ϕ(y), x, y ∈ G. 12!4

A6)- #<):+ #&= <> (*+ #$$/-B(%)& (*#( f 6= 05 .+ 
#& =+C&+ # 6+#,


)&$(#&( C #$

C := inf

{
ϕ(y)

2|f(y)|
: x ∈ G, f(y) 6= 0

}
.

D&+?/#,%(> 12!4 >%+,=$

|h(x)− g(x)| ≤ C 0)6 #,, x ∈ G.

�

E+ %&(6)=/
+ =+C&%(%)&$ #&#,)')/$ () F+C&%(%)& @ #&= F+C&%(%)& GH

 !"#$%$&# '  ! "#$ %&#% !'(#%)*+ 1I4 )" "%#,-! ). #+/ *+-$ ). .*0 !1!0$

2#)0 (f, g) 3&)
& )" # "*-(%)*+ *. )+!'(#-)%$ 12@45 %&!0! !6)"% f̃ , g̃ : G→ C

#+/ α, β : G → R "(
& %&#% %&! 2#)0 (f̃ , g̃) )" # "*-(%)*+ *. !'(#%)*+ 1I4

#+/

|f − f̃ | ≤ α #nd |g − g̃| ≤ β.

 !"#$%$&# (  ! "#$ %&#% !'(#%)*+ 1I4 )" "(2!0"%#,-! ). #+/ *+-$ ). .*0

#-- 2#)0" (f, g) 3&)
& #0! "*-(%)*+" *. )+!'(#-)%$ 12@45 %&! .*--*3)+7 #-%!08

+#%)1! &*-/"9 !)%&!0 #% -!#"% *+! .0*: .(+
%)*+" f, g )" ,*(+/!/ *0 # 2#)0

(f, g) "#%)";!" !'(#%)*+ 1I4<



 !  !"#$ %&'$($

"#$% &'($#(% ) *+ ,$--$./ +'0+ *, f 012 g 0#( 314$312(25 +'(1 .( 
01

2(71(

f̃(x) := f(x), g̃(x) := h(x) ,$# 0-- x ∈ G

012

|f̃(x)− f(x)| = 0, |g̃(x)− g(x)| ≤ C

,$# 0-- x ∈ G 012 /$%( 
$1/+01+ C8 "31
+*$1/ f̃ , g̃ /0+*/,9 (:30+*$1 ;<=8

&'*/ %(01/ +'( /+04*-*+9 $, +'( /(
$12 >(1(#0-*?0+*$1 $, 2@A-(%4(#+@/

,31
+*$10- (:30+*$18

 !"#$%& '  !" #$$ x ∈ R %& '()

f(x) =
ex + e−x

2
, g(x) =

ex + e−x

2
+ 1.

*+&, -(,
)/!,0 f #,1 g 0#)/0-2

|f(x+y)+f(x−y)−2g(x)f(y)| = |−ey−e−y| =: ϕ(y) -!" #$$ x, y ∈ R.

B$+*
( +'0+ ,#$% &'($#(% ) .( 
01 >(+ &'($#(% C8

()*)%%"*+ ' 3&) (G, +) 4& #, 54&$/#, 6"!(' #,1 $&) f : G → C7 ϕ :
G → R 0#)/0-2 )+& /,&8(#$/)2

|f(x + y) + f(x− y)− 2f(x)f(y)| ≤ ϕ(y), x, y ∈ G.

*+&, &/)+&" f /0 4!(,1&1 !" f 0#)/09&0 1:5$&;4&"):0 &8(#)/!, ;D=<

="!!-< A//3%( +'0+ f */ 314$312(28 E(71( g = f *1 +'( 
0/( ;***= $,

&'($#(% )8 F(1
(5 +'(#( (G*/+/ h : G→ C /3
' +'0+

f(x + y) + f(x− y) = 2h(x)f(y) ,$# 0-- x, y ∈ G

012

|h(x)− f(x)| ≤ C ,$# 0-- x ∈ G,
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