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 !"#$%$&# ' (67℄9  ! "#$$! %#&'() *( 
,-- , 
.%/(0 "#$$! 1(2

A : R → [0, 1] 345(5 ∀
x,y∈R

∀
λ∈(0,1)

A(λx + (1− λ)y) ≥ A(x) ∧ A(y)6

"#-7--4%8 29( 
.%:424.%1;

A 41 #<<() 1(&4
.%24%#.#1=
∨

A = 1= 1#<<A 41 '.#%:(:5

>9( ",&4-! ." ,-- "#$$! %#&'()1 *4-- '( :(%.2(: '! FN5

:0&)$ ;1)&%
<)= +,- >1?*+, () 
<+$+
&)$#3) 0233/ ,2*4)$% 4/ &<) 01=@

=1(#,A

)*!&+!, ' (6B℄9 ?(2 a, a : [0, 1] −→ R "#-7-- ".--.*4%8 
.%:424.%1;

a 41 4%
)(,14%8 ,%: '.#%:(:, CD9

a 41 :(
)(,14%8 ,%: '.#%:(:, CE9

a(1) ≤ a(1), CF9

a, a ,)( -("2 
.%24%#.#1 4% [0, 1], C!9

a, a ,)( )4892 
.%24%#.#1 4% 0. C79

>9(% A : R −→ [0, 1] :(7%(: ,1

A(x) = sup{α : a(α) ≤ x ≤ a(α)}, x ∈ R

41 , "#$$! %#&'() 84/(% 4% <,),&(2)4
 ".)& (a, a)5
@.)(./()= 4" A = (a, a) 41 , "#$$! %#&'()= 29(% a ,%: a "#-7-- 
.%:424.%1
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C&<#% *)+,% &<1%) (<#
< <+K) =#,)+$ 02,
&#1,% t, t9 4/ + M2+-$2I=)

T = 〈a, b, c, d〉' (<)$) a ≤ b ≤ c ≤ d' T (a) = T (d) = 0' T (b) = T (c) = 15
NI)
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+= &$+I)31#-+=
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')./0$ /- & #$%2*0 Â = 〈â1, â2, â3〉 780$0 â1 = a16 â2 = a2 = a36 â3 = a49

 !"#$%& '  !" A ∈ FN# A = (2α + 1
2
, 21

2
), α ∈ [0, 1]$

0

1
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A

0

1
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3

1

a

a

;%()$0 <= " +),,- ')./0$ A &'5 %#1 2&$&.0#$%
 $02$010'#&#%4' (a, a)9

0

1

T

a b c d
0

1

Ts
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&* #$&20,4%5&* +),,- ')./0$19

 ! "#$%&$' ()*+,-.

@' #8%1 10
#%4' 70 $0.%'5 #74 5%A0$0'# .0#8451 4+ +),,- ')./0$1 $&'BC

%'(9 ?80 D$1# 4'0 7&1 2$010'#05 %' EF℄9

H0# A, B ∈ FN /0 1)
8 #8&# 1)22A, 1)22B 6= {m}9 :0 '005 2$0+0$0'
0

+)'
#%4'1 (%I0' &1 +4**471=



 !  !"!# $%&!'!

GA(x) :=

∫∞

x
A(t)dt

∫

 !""A
A(t)dt

, GB(x) =

∫∞

x
B(t)dt

∫

 !""B
B(t)dt

"#$
# &'()*(+& +#& ,*--. /*01&23 A, B (+ &(
# 45$/+ x ∈ R6

0 1 2 3 4

0

1

2

x
0

1

A

7$8*2& 9: GA(x) $3 +#& 2(+$5 5, 3#(;&; (2&( 5'&2 +#& +5+() (2&(6

<& ;&=/& +#& 3&+3

ΩA := {x ∈ R : GA(x) > GB(x)}> ΩB = {x ∈ R : GB(x) > GA(x)}>

Ω := 3*44A ∪ 3*44B6

?&+ *3 /5+$
& +#(+ ΩA $3 ( 3&+ 
50453&; 5, 3&4(2(+&; $/+&2'()3> 1&
(*3&

A $3 *44&2 3&0$
5/+$/*5*3@ 3$0$)(2). ΩB6 A#&2&,52&> )&+ |Ω|, |ΩA|, |ΩB|
1& )&/8+#3 5, 3*03 5, +#& 
5045/&/+ $/+&2'()3 5, Ω, ΩA, ΩB> 2&34&
+$'&).6

B5" "& 
(/ 
()
*)(+& +#& 42&,&2&/
& 2(+$5 ,52 A, B (3 ,5))5"3:

R(A) :=
|ΩA|
|Ω| , R(B) :=

|ΩB|
|Ω| .

C/ 5+#&2 "52;3> R(A) 2&42&3&/+3 +#& 4&2
&/+(8& 5, Ω +#(+ A $3 052&

42&,&22&; +#&/ B6 D3$/8 42&,&2&/
& 2(+$53 "& ;&=/& +#& 2&)(+$5/

A ≺1 B ⇔ R(A) < R(B). EFG

A#$3 0&+#5;> #('$/8 5+#&2 (;'(/+(8&3> ,($)3 '&2. $0452+(/+ 4254&2+. 5,


504(2$35/ H +2(/3$+$'$+.6
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 !"#$%& '  !"#$%&' ≺1 %( '&$ $)#'(%$%*!+ ,!$ A, B, C ∈ FN -! $)%#'.

/0"#) 10223 '04-!)( /%*!' %' 5#)#4!$)%
 1&)47

A = (19α+1, 20)8 B = (11,−9α+20)8 C = (1,−30α+31), 1&) α ∈ [0, 1].
9! :%"" (;&: $;#$ A ≺1 B8 B ≺1 C8 C ≺1 A+

0 1 2 3 4 5 6 7

0

1

2

ABC

0

1

3120111

"#$%&' () "%**+ ,%-.'&/ A = 〈1, 20, 20〉0 B = 〈11, 11, 20〉0 C = 〈1, 1, 31〉1

<&) $)%#'/0"#) '04-!)(8 %$ %( !#(3 $& 
#"
0"#$! $;#$

∫

 !""A

A(t)dt =

∫ 20

0

A(t)dt =
1

2
· 1 · 20 = 10,

∫

 !""B

B(t)dt =

∫ 20

11

B(t)dt =
1

2
· 1 · 9 = 4.5,

∫

 !""C

C(t)dt =

∫ 31

1

C(t)dt =
1

2
· 1 · 30 = 15.

=3 $;! (#4! 5)&
!>0)!8 :! 
#"
0"#$!

∫ ∞

x

A(t)dt =

∫ 20

x

A(t)dt =

∫ 20

0

A(t)dt−
∫ x

0

A(t)dt = 10− 1

2
x · 1

20
x =

1

40
(−x2 + 400),

∫ ∞

x

B(t)dt =

∫ 20

x

B(t)dt =
1

2
·(20−x)·(−1

9
x+

20

9
) =

1

18
(x2−40x+400),

∫ ∞

x

C(t)dt =

∫ 31

x

C(t)dt =
1

2
·(31−x)·(− 1

30
x+

31

30
) =

1

60
(x2−62x+961).
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 !"#$

GA(x) =











1, x ∈ (−∞, 0),
1

400
(−x2 + 400), x ∈ [0, 20],

0, x ∈ (20,∞),

GB(x) =











1, x ∈ (−∞, 11),
1
81

(x2 − 40x + 400), x ∈ [11, 20],

0, x ∈ (20,∞),

GC(x) =











1, x ∈ (−∞, 1),
1

900
(x2 − 62x + 961), x ∈ [11, 31],

0, x ∈ (31,∞).

%& '# ()*'("# &!+& A≺1 B, -.. (*/0 &!/ '1&/0*+. (0, 11) 2/ !+*/ GB(x) =
1 > GA(x)$ &!"# |ΩB| ≥ 11, 3/
+"#/ (5 Ω = [0, 20] ∪ [10, 20] = [0, 20]

6#( |Ω| = 207$ 2/ !+*/ R(B) = |ΩB|
|Ω|

> 1
2
$ &!'# 8/+1# &!+& R(B) > R(A),

9(2 2/ 
(1#':/0 5";;< 1"8)/0# B, C, =)*'("#.<$ GB(x) < GC(x) 5(0
x ∈ (20, 31) +1: GC(x) < GB(x) 5(0 x ∈ (1, 11),
>/& "# ?1: @('1&# '1#':/ '1&/0*+. [11, 20] '1 2!'
! GB(x) = GC(x),
GB(x)=GC(x)⇔ 1

81
(x2−40x+400) = 1

900
(x2−62x+961) 5(0 x ∈ [11, 20],

-5&/0 
+.
".+&'(1# 2/ ()&+'1 &!/ @('1& x1 = 15.285 +1: &!/ #/
(1: (1/$
2!'
! '# ("&#':/ &!/ '1&/0*+. [11, 20],  !/0/5(0/$ ΩB = [1, 15.285] 2!'
!
8/+1# &!+& |ΩB|=14.285, 3/
+"#/ |Ω|=30$ 2/ ()&+'1 R(B)< 1

2
<R(C),

 !"#$ B ≺1 C, A'8'.+0.<$ 2/ ()#/0*/ &!+& 5(0 A, C &!/0/ '# GA(x) <

GC(x) 5(0 x ∈ (0, 1) ∪ (20, 31),
>/& "# ?1: @('1&# '1#':/ '1&/0*+. [20, 31] '1 2!'
! GA(x) = GC(x),
GA(x) = GC(x) ⇔ 1

400
(−x2 +400) = 1

900
(x2−62x+961) 5(0 x ∈ [11, 20],

-5&/0 
+.
".+&'(1# 2/ ()&+'1 &!/ @('1&# x1 =1.04 +1: x2 =18.03,  !/0/B
5(0/$ ΩC = [0, 1.04] ∪ [18.03, 31] +1: ΩA = [1.04, 18.03] 2!'
! 8/+1#
&!+& |ΩC | = 14.01 +1: |ΩA| = 16.99, 3/
+"#/ |Ω| = 31$ 2/ ()&+'1
R(C) < 1

2
< R(A),  !"#$ C ≺1 A,

"#$%&'( )'%&$* $+ +,--. #,)/'(0 
$)23(40$# 530 2('0'#%'* 4# 67℄9

 !"#$%$&# ' ( !℄#  !"##$ %"&'() HΨ : IR → [0, 1] *+ 
-..(/ 01( .23()
12)*#2% 2! 01( 4*5(% !-&*..$ Ψ ⊂ FN *! sup(+"66HΨ) ≤ inf(+"66A)7 !2)
-%$ A ∈ Ψ8
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 !"#$%$&# ' (!"℄$  !" A, B ∈ FN# H{A,B} $!%&"! ' ()!$ *&+!, -&,./&%

&0 {A, B} '%$ d .1 ' 2!",.
 .% FN4 5-! ,!*'".&% ≺2 .1 6.7!% 89

A ≺2 B ⇔ d(A, H{A,B}) ≤ d(B, H{A,B}). %&$

'()*+ ,-*(.-/ )0 *1-*

)!*+,- . :!*'".&% ≺2 $!;!%$1 &% "-! 
-&.
! &0 2!",.
 d4 <&, !)=

'2;*!# $.1
,!!" 2!",.
 dr 6.7!1 A ≺2 B 0&, !'
- A, B ∈ FN# 8!
'>1!
dr(A, HA,B)=1=dr(B,HA,B)4

2+* (0 
4,0)5+. *1+ 6+*.)
 δp,q %
78!"℄ 9+:,)*)4, ;8;< =1+4.+6 ;8>$

δp,q(A, B) :=
p

√

(1−q)

∫ 1

0

|a(α)−b(α)|pdα+q

∫ 1

0

|a(α)−b(α)|pdα, % $

74. 1 ≤ p <∞< A, B ∈ FN8 =1+ ),*+.+0*),? @(+0*)4, )0A 54+0 *1+ .+/-*)4,

≺2 5+B+,5 4, *1+ 
14)
+ 47 14.)C4,< 74. 6+*.)
 δp,q D)*1 :E+5 p, q8 F* )0

B.4G+5 *1-*

/0!&,!* 1 (!"℄$ 5-! ,!*'".&% ≺2 8'1!$ &% 2!",.
 δ1,q $&!1 %&" $!;!%$

&% "-! 
-&.
! &0 '%9 -&,./&%4

H,74.*(,-*+/I< *1+ ?+,+.-/ -,0D+. *4 *1)0 @(+0*)4, )0 ,+?-*)G+8

23+*45! '  !" p = 2# q = 1
2
.% % $4 ?! -'7!

δ2, 1
2

(A, B) =
2

√

1

2
(

∫ 1

0

(a(α)− b(α))2dα +

∫ 1

0

(a(α)− b(α))2dα).

5-! ,!*'".&% ≺2 8'1!$ &% 2!",.
 δ2, 1
2

$!;!%$1 &% "-! 
-&.
! &0 -&,./&%4

 !" A = (1
2
+α, 21

2
−α), B = (2α, 2), H1 = (0, 0), H2 = (2α−2, 0)4 5-!%

d(A, H1) =

√

31

12
<

√

32

12
= d(B, H1) ⇔ A ≺1 B,

d(A, H2) =

√

49

12
>

√

48

12
= d(B, H2) ⇔ B ≺1 A.
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-2 -1 0 1 2 3 4

0

1

2

-2 -1 0 1 2 3

A B

H1H2

"#$%&' () "%**+ ,%-.'&/ A = (1
2
+ α, 21

2
−α)0 B = (2α, 2) 1,2 34&#*4,/

H1 = (0, 0)0 H2 = (2α− 2, 0)5

"&4- 63#/ '71-89' :' 
1, /'' 6316 63' 
34#
' 4< 63' 34&#*4, 
1, 2'=


#2' 4, 63' >,19 &'/%965 ?1&6#
%91&9+0 #< :' 
4,/#2'& 16 9'1/6 63&'' <%**+

,%-.'&/0 :' ,''2 64 >7 34&#*4,0 :316 #/ 1 ,'
'//1&+ 
4,2#6#4, <4& ≺2

.'#,$ 6&1,/#6#@' &'916#4,5 A6 <4&-/ 63' ,': 8&4.9'-) 34: 64 
344/' 63'

34&#*4,5 B' :#99 ,46 #,@'/6#$16' #6 3'&' .%6 :#99 &163'& 8&484/' 1,463'&

-'6342 4< &1,C#,$0 %/#,$ 1 /8'
#19 C#,2 4< 2'/
&#86#4, 4< <%**+ ,%-.'&/5

 ! "#$%$
'(%)*)+, )+-(.(/ 01% 02**3 +245(%

A, 818'&/ DE℄ 1,2 DG℄ 63' 1%634&/ #,6&42%
' 63&'' 166&#.%6'/ <4& <%**+

,%-.'&/0 :3#
3 :' &'-#,2 3'&'5

 !"#$%$&# ' (DG℄H  !" A = (a, a) #! $ %&''( )&*#!+, A′ : IR → [0, 1]
#! $ %&)
"./) A′(x) := 1 − A(x), $)0 s : [0, 1] → [0, 1] #! $) .)
+!$1.)2

%&)
"./) 34.
4 %&56551 s(0) = 0, s(1) = 17 8$5&!, $*#.2&."( $)0 %&''.)!1
/% A $+! "4! %&)
"./)1 V al, Amb, Fuz : FN→ IR 2.9!) $1 %/55/31:

V al(A) :=

∫ 1

0

s(α)[a(α) + a(α)]dα,

Amb(A) :=

∫ 1

0

s(α)[a(α)− a(α)]dα,



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'  ! 

Fuz(A) :=

∫ 1

0

s(α)[a(0)− a(0)]dα−
[

∫ 1

1

2

s(α)[a′(α)− a(0)]dα

+

∫ 1

1

2

s(α)[a(α)− a(α)]dα +

∫ 1

1

2

s(α)[a(0)− a′(α)]dα

+

∫ 1

2

0

s(α)[a(α)− a(0)]dα +

∫ 1

2

0

s(α)[a′(α)− a′(α)]dα

+

∫ 1

2

0

s(α)[a(0)− a(α)]dα
]

.

"#$%$ &#'$$ (&&')*+&$% ,)-$ +% (. )./0'1(&)0. (*0+& ( 20
(&)0. (.4 (

%#(5$ 0/ /+667 .+1*$'8 9#)
# &#$7 4$%
')*$: "#$ (+&#0'% %+,,$%& &0

+%$ &#$%$ (&&')*+&$% /0' '$5'$%$.&(&)0. 0/ /+667 .+1*$' *7 &'(5$60)4(2

/+667 .+1*$' #(-)., &#$ %(1$ (&&')*+&$%: ;09$-$'8 &#$'$ ('$ $<(152$%

%#09)., &#(& .0& $-$'7 /+667 .+1*$' 
(. *$ '$5'$%$.&$4 ). &#)% 9(7: =&

9(% 0.27 5'0-$4 &#(& )/ A )% ( 
0.
(-$ /+.
&)0.8 &#$. A )% '$5'$%$.&(*2$

*7 ( &'(5$60)4(2 /+667 .+1*$':

>$ 104)/7 (&&')*+&$% V al, Amb, Fuz ). &#)% 9(78 &#(& +%)., .$9 (&?

&')*+&$% V al∗, Amb∗, Fuz∗ 9$ 
(. '$5'$%$.& $-$'7 /+667 .+1*$' *7 &#$

&'(5$60)4(2 0.$:

 !"#$%$&# ' V al∗, Amb∗, Fuz∗ : FN→ R  !" #$" %&'
#)*'+ ,)-"'  +.

V al∗(A) :=
1

2

∫ 1

0

[a(α) + a(α)]dα, @ !A

Amb∗(A) :=

∫ 1

0

[a(α)− a(α)]dα, @  A

Fuz∗(A) :=
Amb∗(A)− (a(1)− a(1))

Amb∗(A)
. @ BA

(!)*+, - /% A ∈ FN $ + "0 
#12 *'" 3*)'# x ∈ IR4 5$"!" A(x) = 1
6)7"7 a(1) = a(1)84 #$"' Fuz∗(A) = 17

(!)*+, . /% A ∈ FN, A(x) = χ[a,b] )+  
$ ! 
#"!)+#)
 %&'
#)*'4

#$"' Fuz∗(A) = 07
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#$% &'(()*%+
-. *%-/)0$+1-. 2300' 43(5)%

Ts = 〈m− c− d, m− c, m + c, m + c + d〉
+* +& )-&' *$ 
-.
3.-*) *6-*

V al∗(Ts) = m7 Amb∗(Ts) = 2c + d7 Fuz∗(Ts) = d
2c+d

8

9$.:+4; 2$% c -41 d7 <) ;)*

m = V al∗(Ts), = >?

c =
Amb∗(Ts)(1− Fuz∗(Ts))

2
, = @?

d = Fuz∗(Ts) · Amb∗(Ts). = A?

B)* 3& 4$*+
) *6-* =1+C)%)4*.' *6-4 +4 D>℄?
Amb∗(A)(1−Fuz∗(A))

2
≥ 0

-41 Fuz∗(A) · Amb∗(A) ≥ 07 2$% ):)%' A ∈ FN8 F63&7 +* +& /$&&+G

5.) *$ %)/%)&)4* -4' 2300' 43(5)% =4$* $4.' <+*6 
$4
-:) ()(5)%&6+/

234
*+$4? 5' &'(()*%+
-. *%-/)0$+1-. 2300' 43(5)%8

 !"#$%& ' (
28 D>℄7 HI-(/.) >?  !" A = (2α− 2,−√α + 1)# $! %&'!

V al∗(A) =
1

2

∫ 1

0

[−
√

α + 1 + 2α− 2]dα = −1

3
,

Amb∗(A) =

∫ 1

0

[−
√

α + 1− (2α− 2)]dα = 1
1

3
,

Fuz∗(A) = 1,

() "%! *&+,+ (- .!/&01 2# 30(/ = >?4= A?5 6! 7!"

m = −1

3
, c = 0, d = 1

1

3
.

8%9+5 -0(/ =J? "%! +://!"0,
&< "0&=!>(,?&< 0!=0!+!)"&",() (- A @&
"9&<<:

& +://!"0,
&< "0,&)79<&0 -9>>: )9/*!0A ,+ Ts = 〈−11
3
,−1

3
,−1

3
, 1〉#

K) 
-4 -.&$ )-&' %)/%)&)4* *%+-4;3.-% -41 *%-/)0$+1-. 2300' 43(5)%& 5'

&'(()*%+
-. $4)&8



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'  !"

-3 -2 -1 0 1 2

0

1

2

ATs

-2 -1 0 1

#$%&'( )* #&++, -&./(' A 0-1 $23 3,..(2'$
05 2'06(+7$105

'(6'(3(-202$7- Ts8

 !"!##$"% &  !" A = 〈a1, a2, a3, a4〉  ! " #$"%!&'()"* +,&&- .,/ !$0 12!.

V al∗(A) =
1

4
(a1 + a2 + a3 + a4),

Amb∗(A) =
1

2
(−a1 − a2 + a3 + a4),

Fuz∗(A) =
(a4 − a1)− (a3 − a2)

(a4 − a1) + (a3 − a2)
.

 !"!##$"% & 3!# Â = 〈â1, â2, â3〉  ! " #$(".4,*"$ +,&&- .,/ !$0 12!.

V al∗(Â) =
1

4
(â1 + 2â2 + â3),

Amb∗(Â) =
1

2
(â3 − â1),

Fuz∗(Â) = 1.

 ! "#$%&'()*
) ,)('-%.* %* FN

 ! "#$% %&
"$(!) *& $!"+(,-
& &.-$/01&!
& +&10"$(! $! "#& %&" (2 2-334

!-56&+% -%$!7 0""+$6-"&% V al∗, Amb∗, Fuz∗8

'()*+,+!* - 3!# A, B ∈ FN0 A, B "$! !5,(6"*!.# 7A ∼= B8 (9

(V al∗(A), Amb∗(A), Fuz∗(A)) = (V al∗(B), Amb∗(B), Fuz∗(B))0



 !"  !"!# $%&!'!

 !"#$"% &  ! A, B ∈ FN "#$ A ∼= B% &'(#

∫ 1

0

(a(α)− b(α))dα = 0,

∫ 1

0

(a(α)− b(α))dα = 0. # $%

)*++!, &'( A, B ∈ FN) *+', V al∗(A) = V al∗(B) -,. Amb∗(A) =
Amb∗(B)) *+/0 1'-,0 (+-(

1

2

∫ 1

0

[a(α) + a(α)]dα =
1

2

∫ 1

0

[b(α) + b(α)]dα,

∫ 1

0

[a(α)− a(α)]dα =

∫ 1

0

[b(α)− b(α)]dα.

*+203
∫ 1

0

[(a(α) + a(α))− (b(α) + b(α))]dα = 0

-,.
∫ 1

0

[(a(α)− a(α))− (b(α)− b(α))]dα = 0.

4../,5 -,. 026(7-
(/,5 (+'0' /,('57-903 :' 5'( # $%) �

 !"#$"% ' -(& A = 〈a1, a2, a3〉 .( " &*/"#012"* !1334 #15.(*, 6'(# "

&*/"#012"* !1334 #15.(* B /7 (81/9"2(#& &+ A :/# &'( 7(#7( +! *(2"&/+# ∼=;

/< B = 〈a1 + a2 − b, b, a2 + a3 − b〉% b ∈ [a1+a2

2
, a2+a3

2
].

)*++!, (⇒) &'( A = 〈a1, a2, a3〉 3 B = 〈b1, b, b3〉 -,. A ∼= B) ;/,
'
{

1
4
(a1 + 2a2 + a3) = 1

4
(b1 + 2b + b3),

1
2
(a3 − a1) = 1

2
(b3 − b1),

(+', 0<9=/,5 (+' -6<=' 0>0('1 :/(+ 7'0?'
( (< b1 -,. b3 :/(+ - ?-7-1'('7

b3 :' 5'(
{

b1 = a1 + a2 − b

b3 = a3 + a2 − b

@'
-20' b1 ≤ b2 ≤ b33 0< b ∈ [a1+a2

2
, a2+a3

2
])

(⇐) &'( A=〈a1, a2, a3〉3 B=〈a1+a2−b, b, a2+a3−b〉 A<7 b ∈ [a1+a2

2
, a2+a3

2
])

B7<1 C<7<99-7> D

V al∗(B) =
1

4
(a1 +a2−b+2b+a2 +a3−b) =

1

4
(a1 +2a2 +a3) = V al∗(A),



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'  !"

Amb∗(B) =
1

2
(a2 + a3 − b− (a1 + a2 − b)) =

1

2
(a3 − a1) = Amb∗(A).

#$%& '(&)$* + Fuz∗(B) = 1 = Fuz∗(A), -./0 A ∼= B,

�

-.( 1(23 (2)&45( 6(0
$89(0 3.( :)&858(0 %: 3$8)1;/5)$ )16 3$)4(<%86)5

:/<<= 1/&9($0 >83. 3.( 0)&( )33$89/3(0 V al∗? Amb∗? Fuz∗,

 !"#$%& '  !" A = 〈1, 3, 4〉 #! $ "%&$'()*$% +),,- ').#!%/ 01 $ %!1)*"
2+ 34!2%!. 56 7! 
$' 19!
&+- $** "%&$'()*$% +),,- ').#!%1 !:)&;$*!'" "2

A (&;!' #- $ "%&9*! 〈a1 + a2 − b, b, a2 + a3 − b〉 +2% b ∈ [a1+a2

2
, a2+a3

2
]/

<' 9$%"&
)*$%6 7! 4$;! BL +2% b = a1+a2

2
$'= BU +2% b = a2+a3

2
/ >2%

b = a1+a2

2
= 2 7! (!" BL = 〈2, 2, 5〉 $'= +2% b = a2+a3

2
= 3.5 7! (!"

BU = 〈0.5, 3.5, 3.5〉/

0 1 2 3 4 5

0

1

2

0

1

ABL BU

0 1 2 3 4 5

#8;/$( @A B1 (2)&45( %: 3.$(( (C/8D)5(13 3$8)1;/5)$ :/<<= 1/&9($0,

E8&85)$5= )0 81 3.( 4$%%: %: -.(%$(& F? %1 3.( 03$(1;3. %: G%$%55)$=  

>( ;(3

()&*+&# '  !" A = 〈a1, a2, a3, a4〉 #! $ "%$9!,2&=$* +),,- ').#!%/ 34!'
$ "%$9!,2&=$* +),,- ').#!% B &1 !:)&;$*!'" "2 A ?&' "4! 1!'1! 2+ %!@

*$"&2' ∼=A &B B = 〈b, a1 + a2 − b, a1 + a3 − b, a4 − a1 + b〉 +2% b ∈
[2a1+a3−a4

2
, a1+a2

2
]/

 !"#$%& ,  !" A = 〈1, 2, 3, 4〉 #! $ "%$9!,2&=$* +),,- ').#!%/ 01 $

%!1)*" 2+ 34!2%!. C6 7! 
$' 19!
&+- $** "%$9!,2&=$* +),,- ').#!%1 !:)&;@

$*!'" "2 A (&;!' #- $ :)$=%)9*! 〈b, a1 +a2− b, a1 +a3− b, a4−a1 + b〉 +2%
b ∈ [2a1+a3−a4

2
, a1+a2

2
]/ <' 9$%"&
)*$% 7! 4$;! BL +2% b = a1+a2

2
$'= BU

+2% b = 2a1+a3−a4

2
/ >2% b = a1+a2

2
= 1.5 7! (!" BL = 〈1.5, 1.5, 2.5, 4.5〉

$'= +2% b = 2a1+a3−a4

2
= 0.5 7! (!" BU = 〈0.5, 2.5, 3.5, 3.5〉/



 !"  !"!# $%&!'!

0 1 2 3 4 5

0

1

2

0

1

ABL BU

0 1 2 3 4 5

#$%&'( )* +,-./0( 12 34'(( (5&$6-0(73 3'-/(81$9-0 2&88: 7&.;('<=

>('( ?( /'(<(73 <1.( /'1/('3$(< 12 -33'$;&3(< V al∗, Amb∗, Fuz∗=

 !""# $  !" A, B ∈ FN# $% Amb∗(A) = Amb∗(B) &'( Fuz∗(A) =
Fuz∗(B)) "*!' a(1)− a(1) = b(1)− b(1)#

+,--%# @(3 A, B ∈ FN= #'1. Fuz∗(A) = Fuz∗(B)A ?( 4-6(

Amb∗(A)− (a(1)− a(1))

Amb∗(A)
=

Amb∗(B)− (b(1)− b(1))

Amb∗(B)
.

B$7
( Amb∗(A) = Amb∗(B)A 34(7 a(1)− a(1) = b(1)− b(1)= �

B$.$0-'0:A ?( %(3

 !""# %  !" A, B ∈ FN# $% Amb∗(A) = Amb∗(B) &'( Fuz∗(A) >

Fuz∗(B)) "*!' a(1)− a(1) < b(1)− b(1)#

 !""# &  !" A, B ∈ FN, t > 0# .*!'

V al∗(A + B) = V al∗(A) + V al∗(B), V al∗(tA) = tV al∗(A).

+,--%# @(3 A, B ∈ FN= D4(7 -0<1 A + B ∈ FN= E7( 
-7 
-0
&0-3( 34-3

V al∗(A+B)=
1

2

∫ 1

0

[(a+b)(α)+(a+b)(α)]dα

=
1

2

∫ 1

0

[a(α)+b(α)+a(α)+b(α)]dα

=
1

2

∫ 1

0

[a(α)+a(α)]dα+
1

2

∫ 1

0

[b(α)+b(α)]dα

= V al∗(A)+V al∗(B).



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'  !"

#$% t > 0& '($) *+,- tA ∈ FN& ./0/+*1+23 -)$ 
*) 
*+
5+*%$ %(*%

V al∗(tA) =
1

2

∫ 1

0

[(ta)(α) + (ta)(α)]dα

=
1

2

∫ 1

0

t[a(α) + a(α)]dα = tV al∗(A).

�

 !""# $  !" A, B ∈ FN, t > 0# $%!&

Amb∗(A + B) = Amb∗(A) + Amb∗(B), Amb∗(tA) = tAmb∗(A).

⁀ !""#$ %&' A, B ∈ FN$ ()&*

Amb∗(A+B)=

∫ 1

0

[(a+b)(α)−(a+b)(α)]dα

=

∫ 1

0

[a(α)+b(α)−(a(α)+b(α))]dα

=

∫ 1

0

[a(α)−a(α)]dα+

∫ 1

0

[b(α)−b(α)]dα=Amb∗(A)+Amb∗(B).

+,-,./!.01

Amb∗(tA)=

∫ 1

0

[(ta)(α)+(ta)(α)]dα=

∫ 1

0

t[a(α)+a(α)]dα= tAmb∗(A).

�

 !""# %  !" A, B ∈ FN# '( Amb∗(A) = Amb∗(B) > 0) "%!&

Fuz∗(A + B) ≤ Fuz∗(A) + Fuz∗(B).

*+,,(#

Fuz∗(A + B) =
Amb∗(A + B)− [(a + b)(1)− (a + b)(1)]

Amb∗(A + B)

=
Amb∗(A) + Amb∗(B)− [a(1) + b(1)− (a(1) + b(1))]

Amb∗(A) + Amb∗(B)

=
Amb∗(A)− [a(1)− a(1)]

Amb∗(A) + Amb∗(B)
+

Amb∗(B)− [b(1)− b(1)]

Amb∗(A) + Amb∗(B)

≤ Fuz∗(A) + Fuz∗(B).

�



 !"  !"!# $%&!'!

#$% %& '&()& * )&% *++,-./+& 0$, 0/112 )/3.&,4 %5-
5 '&7
,-.& +5&

'-8&,&)
& .&+%&&) *) $,-9-)*: 0/112 )/3.&, *)' -+7 7233&+,-
*: +,*;&<

1$-'*: ,&;,&7&)+*+-$)=

 !"#$%$&# '  !" Ts = (ts, ts) #! $ %&''!"()
$+ "($,!-.)/$+ (!,(!%!01

"$").0 .2 23--& 03'#!( A = (a, a)4 56! /)7!(!0
! .2 A )% $ 230
").0

Dif ∗ : FN → R 8)9!0 $% 2.++.:% Dif ∗(A) := a(1)− ts(1)4

>.?-$/7:24 $) +5& 7+,&)9+5 $0 @&33*  4

(!)*+, - ;2 A = (a, a) ∈ FN< Ts = (ts, ts) )% %&''!"()
$+ "($,!-.)/$+
(!,(!%!0"$").0 .2 A< "6!0 Dif ∗(A) = a(1)− ts(1)4

A7-)9 *++,-./+&7 V al∗, Amb∗, Fuz∗, Dif ∗ %& '&()& )&% ,*)B-)9 0$, 0/112

)/3.&,7=

 !"#$%$&# .  !" A, B ∈ FN4 56!0 A ≺3 B )7 A, B 23+=++ .0! .2 "6!

2.++.:)08 
.0/)").0%>

V al∗(A) < V al∗(B), C DE

V al∗(A) = V al∗(B), Amb∗(A) < Amb∗(B), C "E

V al∗(A) = V al∗(B), Amb∗(A) = Amb∗(B), Fuz∗(A) > Fuz∗(B), C FE

A ∼= B, Dif ∗(A) < Dif ∗(B). CG!E

(!)*+, / ?3--& 03'#!(% A, B :)"6 $++ )/!0")
$+ $""()#3"!%

V al∗(A) = V al∗(B)< Amb∗(A) = Amb∗(B)< Fuz∗(A) = Fuz∗(B)<
Dif ∗(A) = Dif ∗(B) $(! )0/)%")083)%6$#+! )0 "6! %!0%! .2 (!+$").0 ≺34

01!&+!) 2 56! (!+$").0 ≺3 2.('% $ %"()
" ,$(")$+ .(/!( )0 FN @)4!4 ≺3

)% $%&''!"()
< )((!A!B)9! $0/ "($0%)")9!C4

D(..24 @&+ A, B ∈ FN *)' A ≺3 B= H-,&
+:2 0,$3 H&()-+-$) " %& $.+*-)

0$/, 
*7&7I

J =E -0 C DE4 +5&) V al∗(B) 
 V al∗(A)4 +5/7 -+ -7 )$+ (B ≺3 A)=



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'  !"

#$%& '( ) *&+ ,-./ V al∗(B) = V al∗(A)+ 01, Amb∗(B) 
 Amb∗(A)+ ,-12
', '2 /3, (B ≺3 A)%

#4%& '( ) "&+ ,-./ V al∗(B) = V al∗(A)+ Amb∗(B) = Amb∗(A)+ 01,

Fuz∗(B) � Fuz∗(A)+ ,-12 ', '2 /3, (B ≺3 A)%

#5%& '( )$!&+ ,-./ B ∼= A+ 01, Dif ∗(B) ≮ Dif ∗(A)+ ,-12 ', '2 /3,

(B ≺3 A)% 6-'2 7.8/2 ,-8, (A ≺3 B) ⇒∼ (B ≺3 A) )≺3 '2

82977.,:'
&%

<77.='8,.>9 ?. @., ∼ (A ≺3 A) )≺3 '2 '::.A.B'C.&%

D3: 2-3?'/@ ((A ≺3 B) 8/= (B ≺3 C)) ⇒ (A ≺3 C) ),:8/2','C',9&+ ?.

/..= ,3 
-.
E  F 
82.2% G. 2-3? -.:. 3/>9 ,-:.. 3( ,-.7% <, '2 .829 ,3


-.
E ,-. :.78'/'/@ 
82.2 2'7'>8:>9%

H., (A ≺3 B) 8/= (B ≺3 C)%

6 %& '( A, B (1>I>> ) J& 8/= B, C (1>I>> ) J&+ ,-./ A, C (1>I>> ) J&+

,-12 A ≺3 C%

6$%& '( A, B (1>I>> ) J& 8/= B, C (1>I>> ) *&+ ,-./ A, C (1>I>> ) J&+

,-12 A ≺3 C%

64%& '( A, B (1>I>> ) "& 8/= B, C (1>I>> ) "&+ ,-./ A, C (1>I>> ) "&+

,-12 A ≺3 C%

�

6-. 3:=.: ≺3 (1>I>>2 ,?3 082'
 K:3K.:,'.2%

 !"#$"% &  !" A, B, C ∈ FN# $% A ≺3 B& "'!( A + C ≺3 B + C#

L:33(% H., A, B, C ∈ FN 8/= A ≺3 B% G. /..= ,3 
-.
E (31: 
82.2M

'( V al∗(A) < V al∗(B)% 6-./+ (:37 H.778 4+

V al∗(A+C) = V al∗(A)+V al∗(C) < V al∗(B)+V al∗(C) = V al∗(B+C).

6-12+ A + C ≺3 B + C%



  !  !"!# $%&!'!

  ! V al∗(A) = V al∗(B)" Amb∗(A) < Amb∗(B)# $%&'" ()*+ ,&++- ."

V al∗(A + C) = V al∗(B + C)

-'/ ()*+ ,&++- 0

Amb∗(A+C)=Amb∗(A)+Amb∗(C)<Amb∗(B)+Amb∗(C)=Amb∗(A+C).

$%12" A + C ≺3 B + C#

   ! V al∗(A) = V al∗(B)" Amb∗(A) = Amb∗(B)" Fuz∗(A) > Fuz∗(B)#
3)*+ ,&++- . -'/ 0"

V al∗(A + C) = V al∗(B + C), Amb∗(A + C) = Amb∗(B + C).

Fuz∗(A + C) =
Amb∗(A) + Amb∗(C)− [(a + c)(1)− (a + c)(1)]

Amb∗(A) + Amb∗(C)

=
Amb∗(B)+Amb∗(C)−[a(1)+b(1)+c(1)−a(1)−b(1)−c(1)−b(1)+b(1)]

Amb∗(B) + Amb∗(C)

= Fuz∗(B + C)− (a(1)− a(1))− (b(1)− b(1))

Amb∗(B) + Amb∗(C)
.

4' 5%& 6-272 *( ,&++- 8"
(a(1)−a(1))−(b(1)−b(1))

Amb∗(B)+Amb∗(C)
< 0" 2* 9& :&5

Fuz∗(A + C) > Fuz∗(B + C)# $%12" A + C ≺3 B + C#

 "! A ∼= B" Dif ∗(A) < Dif ∗(B)# 3)*+ ,&++-  " . -'/ 0" 9& %-;&

(A + C) ∼= (B + C)# ,&5 Ts = (ts, ts) 6& - 2<++&5)7
-> 5)-?&@*7/->

)&?)&2&'5-57*' *( A + C -'/ B + C# $%&'

Dif ∗(A + C) = (a + c)(1)− ts(1) = a(1) + c(1)− ts(1)

< b(1) + c(1)− ts(1) = (b + c)(1)− ts(1)

= Dif ∗(B + C).

$%12" A + C ≺3 B + C# �

A7+7>-)><" 5%& (*>>*97': 5%&*)&+ 
-' 6& ?)*;&/B

#$%&'%( )  !" A, B ∈ FN+# t > 0 $ %& A ≺3 B# "'!( tA ≺3 tB$



 !"#$%&'!( !) )*++, (*"-.%' %$(/&(0 ".12!3'    

 ! "#$
&'()$* +,-.+/0

!" #$%& '(')* +) ,%&
.&& #+/ 0)#$/,& /1 *("2%"3 1.445 ".06)*& '*)7

&)"#), %" *)
)"# '(')*&8 9$) &$/*#
/0%"3& /1 6/#$ 0)#$/,& 
(.&) .& #/

.&) 0/,%:), (##*%6.#)& 1/* *)'*)&)"#%"3 ("5 1.445 ".06)* 65 ( &500)#7

*%
(; #*(')4/%,(; /")8 <,,%#%/"(;;5= +) 
*)(#) #$) ")+ (##*%6.#) +$%
$

,)&
*%6)& #$) ,%>)*)"
) 6)#+))" ( 1.445 ".06)* (", %#& &500)#*%
(;

#*(')4/%,(; *)'*)&)"#(#%/"8 ?5 0)("& /1 (;; #$)&) (##*%6.#)& +) 1/*0 (

")+ *("2%"3 0)#$/,8 9$)" +) %"@)&#%3(#) 6(&%
 '*/')*#%)&= %" '(*#%
.;(*=

#$) #*("&%#%@%#5 /1 #$(# *("2%"38

 !"!#!$
!&

A ℄ C8 D$("(&8 E" %"#)*@(; (''*/F%0(#%/" /1 1.445 ".06)*8  !""# $%&'

$#'&(  !!= GHGIGHJ= KLL 8

AK℄ M8 N);3(,/= M8<8 O%;(= P8 O/F0("8 E" ( 
("/"%
(; *)'*)&)"#(7

#%/" /1 1.445 ".06)*&8  !""# $%&' $#'&( "#=  KHI GH=  QQR8

AG℄ M8 N);3(,/= M8<8 O%;(= P8 O/F0("8 < 1.44%")&& 0)(&.*) 1/* 1.445

".06)*&S <'';%
(#%/"&8  !""# $%&' $#'&( "$= KLHIK J=  QQR8

AT℄ N8 N.6/%&= U8 V*(,)8 < ."%:), @%)+ /1 *("2%"3 #)
$"%W.)& 1/*

1.445 ".06)*&8 )*+
( -... -/&( 0+/1(  !""# $#'&(= C)/.;= X/*)(=

 GKRI GGG=  QQQ8

AH℄ Y8 Z/)#&
$);= P8 O/F0("8 9/'/;/3%
(; '*/')*#%)& /1 1.445 ".07

6)*&8  !""# $%&' $#'&( "= R[IQQ=  QRG8

AJ℄ Y8 Z/)#&
$);= P8 O/F0("8 \;)0)"#(*5 1.445 
(;
.;.&8  !""# $%&'

$#'&(  %= G IGT=  QRJ8

A[℄ V8 Z*4)3/*4)+&2%8 M)#*%
& (", /*,)*& %" &'(
) /1 1.445 ".06)*&8
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