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Abstract

The paper compares fuzzy numbers ranking methods used in recent papers.
We present modified attributes and a canonical representation of any fuzzy
number by a trapezoidal one. Moreover, fuzzy numbers with the same at-
tributes are ranked with the use of new attribute describing a difference be-
tween the considered fuzzy number and its canonical representation.

1. Introduction

Since fuzzy numbers do not form a natural linear order, different com-
parison approaches are used. We remind a few methods of ranking which
can be found in the literature. Particularly we examine the method pro-
posed in [8]. We present an example which shows why fuzzy numbers
cannot be compared absolutely, but only relatively, what causes an im-
possibility of creation the unique ranking for two fixed fuzzy numbers
in this method. We also compare it with another method with metric
approach described in [7]. Finally we examine conformity of preference
relation introduced in fuzzy numbers family with the usual order on real
line, what leads to a description of certain equivalence relation. We mod-
ify attributes defined in [2] and [3|, and also introduce new attribute in
order to rank fuzzy numbers which belong to the same equivalence class.
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2. Fuzzy numbers

First, we remaind necessary facts on fuzzy numbers.

Definition 1 (|5]) By fuzzy number we call a conver fuzzy set
A:R—[0,1] (iie. ¥V V Az+(1—Ny) > A(x)ANAy))

z,y€ER \e(0,1)
fulfilling the conditions:
A is upper semicontinuous, \| A =1, suppA is bounded.
The family of all fuzzy numbers will be denoted by FN.

After Goetschel and Voxman we characterize fuzzy numbers by the fol-
lowing

Theorem 1 (|6]) Let a,a: [0,1] — R fulfill following conditions:

a 1s increasing and bounded, (1)

a s decreasing and bounded, (2)
a(l) <a(l), (3)

a,a are left continuous in [0, 1], (4)
(5)

a,a are right continuous in 0.
Then A : R — [0, 1] defined as
A(z) =sup{a:a(a) <z <ala)},z e R

is a fuzzy number given in parametric form (a,a).
Moreover, if A = (a,a) is a fuzzy number, then a and a fulfill conditions

(1) - (5).

This characterization makes calculations of arithmetical operations more
clear. Moreover, it gives a simple method of representing fuzzy numbers
by their arms, specially useful for those which are not continuous (or
even crisp).

We can unambiguously signify trapezoidal fuzzy numbers T = (¢, ¢)
(this means those which have linear functions t,¢) by a quadruple
T ={a,b,c,d), wherea <b<c¢<d,T(a)=T(d)=0,T(b) =T(c) = 1.
Special class of trapezoidal fuzzy numbers are symmetrical trapezoidal
fuzzy numbers. Here it is enough to use three parameters and signify
symmetrical trapezoidal fuzzy number by

To=(m—c—d,m—c,m+c,m+c+d). (6)
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A triangular fuzzy number A is a special case of trapezoidal fuzzy number
A = (ay,as, a3, a4), where ay = az. We will signify a triangular fuzzy
number by a triple A = (dy, dy, d3) where @) = a1, ay = ay = as, d3 = ay.

Example 1 Let A€ FN, A= (2a+ %,2%),& € [0,1].

f

is}

Figure 1: A fuzzy number A and its parametric representation (a,a).
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Figure 2: Trapezoidal and symmetrical trapezoidal fuzzy numbers.

3. Ranking methods

In this section we remind two different methods of fuzzy numbers rank-
ing. The first one was presented in [8].

Let A, B € FN be such that suppA, suppB # {m}. We need preference
functions given as follows:
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[T A(t)at
B A(t)dt’

Cplr) = [ B(t)dt

Gal@) : Jowopp BVt

fsuppA

which evaluate the fuzzy numbers A, B at each point z € R.

Figure 3: G 4(z) is the ratio of shaded area over the total area.
We define the sets
Qu:={z eR:Ga(x) >Gp(x)}, Qg ={x e R: Gp(z) > Ga(z)},
Q := suppA U suppB.

Let us notice that €14 is a set composed of separated intervals, because
A is upper semicontinuous; similarly Qp. Therefore, let ||, [Qa], Q5]
be lengths of sums of the component intervals of 2, Q 4, (2, respectively.
Now we can calculate the preference ratio for A, B as follows:

R(A) := “QQAH’ (B) = ‘?QBH.

In other words, R(A) represents the percentage of Q that A is more
preferred then B. Using preference ratios we define the relation

A<, B< R(A) < R(B). (7)

This method, having other advantages, fails very important property of
comparison - transitivity.
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Example 2 Relation <1 is not transitive. Let A, B,C € FN be trian-
gular fuzzy numbers given in parametric form:

A = (19a+1,20), B = (11, —9a+20), C = (1,—-30a+31), for a € [0, 1].
We will show that A <1 B, B <, C, C' <; A.

Figure 4: Fuzzy numbers A = (1,20, 20), B = (11, 11, 20), C = (1, 1, 31).

For triangular numbers, it is easy to calculate that

20

1

/ A(t)dt = / A(t)dt = - -1-20 = 10,
suppA 0 2
20 1

/ Blt)dt — / Bt)dt = ~ 1.9 = 45,
suppB 11 2
31 1

/ O(t)dt :/ C(t)dt = - -1-30 = 15.
suppC' 1 2

By the same procedure, we calculate

/:o A(t)dt = /:OA(t)dt = /020A(t)dt — /:A(t)dt TR O

27 20
1( 2 1 400)
0" ’
/OOBt)dt—/%B(t)dt— ! (20—x)-( ! +20)— 1( 2 —402+4-400)
i -/ ~ 2 YTty T gl T ’

_ 1 2
o) = oo (e 620+961).
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Thus,

(1, € (~00,0),

Ga(x) = { g (—2? +400), e [0, 20]
L0, € (20, 00),
(1, € (—o0,11),

Gp(r) = 5(2® — 40z + 400), = € [11,20],
L0, € (20, 00),
(1, € (o0, 1),

Ge(r) = ¢ 505 (22 —62x—|—961) € [11,31],
L0, € (31,00).

It is obvious that A<y B. All over the interval (0,11) we have Gg(z) =
1 > Ga(x), thus |Q2g| > 11. Because of Q = [0,20] U [10,20] = [0, 20]
(so |2 =20), we have R(B) = % > L, this means that R(B) > R(A).
Now we consider fuzzy numbers B,C. Obviously, Gg(z) < Ge(x) for
z € (20,31) and Ge(z) < Gg(z) for x € (1,11).

Let us find points inside interval [11,20] in which Gg(x) = Geo(x).
Gp(r)=Geo(r) & & (?—4024400) = 5 (22 —622+961) for x € [11,20].
After calculations we obtain the point x1 = 15.285 and the second one,
which is outside the interval [11,20]. Therefore, Qp =[1,15.285] which
means that |Qp|=14.285. Because || =30, we obtain R(B) < §<R(C).
Thus, B <y C. Similarly, we observe that for A, C there is Ga(x) <
Ge(x) for x € (0,1) U (20,31).

Let us find points inside interval [20, 31] in which Ga(x) = Go(x).
Ga(z) = Geo(z) & 5(—2? +400) = o5 (22 — 62z +961) for x € [11,20].
After calculations we obtain the points x1=1.04 and xo=18.03. There-
fore, Q¢ = [0,1.04] U [18.03,31] and 24 = [1.04,18.03] which means
that |Qc| = 14.01 and |Q4| = 16.99. Because |Q = 31, we obtain
R(C) < £ < R(A). Thus, C <1 A.

Another method of fuzzy numbers comparison was presented in |7].

Definition 2 ([7]) A fuzzy number Hy : R — [0,1] is called the lower
horizon of the given familly V C FN if sup(suppHy) < inf(suppA), for
any A € .
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Definition 3 ([7]) Let A, B € FN, Hyy py denote a fized lower horizon
of {A, B} and d is a metric in FN. The relation <o is given by

A<y B& d(A Hiam) < d(B, Hyay). (8)
Quite natural is that

Remark 1 Relation <o depends on the choice of metric d. For ex-
ample, discreet metric d, gives A <9 B for each A, B € FN, because
d.(A,Hap)=1=d,.(B,Ha ).

Let us consider the metric §, , (cf.[7] Definition 2.2, Theorem 2.1)

dpq(A, B): \/1 q/]a ]pdoz—l—q/ la(a a)lpda,  (9)

forl1 <p < oo, A, B € FN. The interesting question is: does the relation
<5 depend on the choice of horizon, for metric ¢, , with fixed p,q. It is
proved that

Theorem 2 (|7]) The relation <5 based on metric 61, does not depend
on the choice of any horizon.

Unfortunately, the general answer to this question is negative.

Example 3 Let p=2, ¢ =1 in (9). We have

5, (A, ) = \/ 3 a(0) = be)pda + [ (o) = (o) Pda).

The relation <5 based on metric 0, 1 depends on the choice of horizon.
’2

Let A= (3+a,25—a),B=(20,2), H = (0,0), H, = (2a—2,0). Then

/31 132

d(A,Hl): E < E:d(B,H1><:>A‘<1B
149 148

d(A, Hg) = ﬁ > E = d(B,HQ) < B <y A.
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........................................

-2 -1 0 1

(
H, = (0,0), H, =

From this example we can see that the choice of the horizon can de-
cide on the final result. Particularly, if we consider at least three fuzzy
numbers, we need to fix horizon, what is a necessary condition for <,
being transitive relation. It forms the new problem: how to choose the
horizon. We will not investigate it here but will rather propose another
method of ranking, using a special kind of description of fuzzy numbers.

4. Characterizing indexes for fuzzy number

In papers [2] and [3] the authors introduce three attributes for fuzzy
numbers, which we remind here.

Definition 4 ([3]) Let A = (a,a) be a fuzzy number, A’ : R — [0,1]
be a function A'(x) :=1— A(z), and s : [0,1] — [0, 1] be an increasing
function which fulfills s(0) = 0,s(1) = 1. Value, ambiguity and fuzzines
of A are the functions Val, Amb, Fuz : FN — IR given as follows:

Val(A) := /0 s(a)la(a) + a(a)]da,

Amb(A) = /0 s(a)fa(a) — a(a)]da,
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Fus(4) = [ s(o)fa) - a)do — | / s(@)[d(a) — a(0)}da

+/:s(a)[6(a da+/ s(a —d'(a)]da

2

Jun

+ /0 " s(a)[a() — a(0))da + / s(@)[@(«) - @(a)]da

0

NI

+/0 s(a)[a(0) —a(a)ldal.

These three attributes give us an information about a location and a
shape of fuzzy number, which they describe. The authors suggest to
use these attributes for representation of fuzzy number by trapezoidal
fuzzy number having the same attributes. However, there are examples
showing that not every fuzzy number can be represented in this way. It
was only proved that if A is a concave function, then A is representable
by a trapezoidal fuzzy number.

We modify attributes Val, Amb, Fuz in this way, that using new at-
tributes Val*, Amb*, Fuz* we can represent every fuzzy number by the
trapezoidal one.

Definition 5 Val*, Amb*, Fuz* : FN — R are the functions given as:

Val*(A) = % /0 @(a) + a(a)]da, (10)

Amb*(A) = /0 [a(a) — a(a)]da, (11)

Fuz*(A) = : (12)

Remark 2 If A € FN has exactly one point x € R, where A(z) =
(i.e. a(1) = a(1)), then Fuz*(A) = 1.

Remark 3 If A € FN, A(z) = xjap) 15 a characteristic function,
then Fuz*(A) = 0.
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For symmetrical trapezoidal fuzzy number
Ts={(m—c—d,m—c,m+c,m-+c+d)
it is easy to calculate that

Val*(T,) = m, Amb*(T,) = 2c +d, Fuz*(T,) = 52

2¢c+d”

Solving for ¢ and d, we get

m = Val*(Ty), (13)

_ Amb*(T)(1 — Fuz*(T,))

; , (14

C

d = Fuz"(T;) - Amb*(Ty). (15)
Let us mnotice that (differently than in [3]) Amb*(A)U;F“Z*(A)) > 0
and Fuz*(A) - Amb*(A) > 0, for every A € FN. Thus, it is possi-
ble to represent any fuzzy number (not only with concave membership
function) by symmetrical trapezoidal fuzzy number.

Example 4 (cf. 3], Example 3) Let A = (2a — 2, —\/a+1). We have

1 [t 1
Val*(A):§/ [~Va+ 1420~ 2da =3,
0

A (4) = [ -VE 1~ (20~ Dda =15

Fuz*(A) =1,
on the basis of Remark 2. From (13)-(15), we get

Thus, from (6) the symmetrical trapezoidal representation of A (actually

a symmetrical triangular fuzzy number) is Ty = (=13, —%, —%, 1).

We can also easy represent triangular and trapezoidal fuzzy numbers by
symmetrical ones.
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Figure 6: Fuzzy number A and its symmetrical trapezoidal

representation 75.

Corollary 1 Let A = (a1, as, as, ay) be a trapezoidal fuzzy number. Then

1
Val*(A) = Z(al + as + az + aq),

Amb*(A) = %(—ch —ay + az + ay),
(as — ar) — (a3 — az)
(ag —ay) + (a3 —as)’

Fuz*(A) =
Corollary 2 Let A = (ay, ag, as) be a triangular fuzzy number. Then
®( A 1 ~ ~ ~
Val*(A) = Z(al + 2ay + d3),

~ 1 R ~
Amb*(A) = §(a3 —dy),

Fuz*(A) = 1.

5. Equivalence relation in FN

In this section, we introduce equivalence relation in the set of fuzzy
numbers using attributes Val*, Amb*, Fuz*.

Definition 6 Let A, B € FN. A, B are equivalent (A = B) iff
(Val*(A), Amb*(A), Fuz*(A)) = (Val*(B), Amb*(B), Fuz*(B)).
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Theorem 3 If A,B € FFN and A= B, then

/0 (a(a) — b(a))da =0, / @) —Ba))da=0.  (16)

Proof. Let A,B € FN. Then Val*(A) = Val*(B) and Amb*(A) =
Amb*(B). This means that

Thus, 1
| (@) + afa)) = (@) + baplda =0

and .
| 1ta(@) = ata)) = (b(e) = b@)lda =0,

Adding and subtracting these integrals, we get (16). 0

Theorem 4 Let A = (ay,a9,a3) be a triangular fuzzy number. Then a

triangular fuzzy number B is equivalent to A (in the sense of relation =)
ZﬁB - <6L1 + as — b, b, as + as — b> be [a1+a27 a2+a5]

Proof. (=) Let A = (a1, a9,a3) , B= (by,b,b3) and A = B. Since
((11 +20,2+0,3) = i(bl +26+b3)
(az —ay) = 5(bs — by),

then solving the above system with respect to b; and b3 with a parameter
b, we get

D[ s [

b1 :CL1+CL2—b
bg :a3+a2—b

Because by < by < bg, so b € [1302 27as]
(<) Let A= (a1, as, as), B=(a+as—b, b, as+az—b) for b € [1Fae2 a2ras]
From Corollary 2

1 1
Val*(B) = Z(al +as—b+2b+as+az—0b) = 1((11 +2as+a3) = Val*(A),
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1 1
Amb*(B) = §(a2 +as—b—(a; +ay—0b)) = §(a3 —ay) = Amb*(A).
From Remark 2 Fuz*(B) =1 = Fuz*(A). Thus A = B.

O

The next example describes the families of triangular and trapezoidal
fuzzy numbers with the same attributes Val*, Amb*, Fuz*.

Example 5 Let A = (1,3,4) be a triangular fuzzy number. As a result
of Theorem 4, we can specify all triangular fuzzy numbers equivalent to
A given by a triple (a1 + az — b,b,ay + ag — b) for b € [15%2 92Fas]
In particular, we have By for b = % and By for b = % For
b= 932 = 2 we get B, = (2,2,5) and for b = 3% = 3.5 we get

By = (0.5,3.5,3.5).

o T T L )

0 1 3 4 5

Figure 7: An example of three equivalent triangular fuzzy numbers.

Similarly as in the proof of Theorem 4, on the strength of Corollary 1
we get

Theorem 5 Let A = (ay, as, as, aq) be a trapezoidal fuzzy number. Then
a trapezoidal fuzzy number B is equivalent to A (in the sense of re-
lation =) iff B = (b,ay + as — b,a; + a3 — b,ay — a; + b) for b €

2a14+a3—as4 aitaz
[Ftga=as, mgez],

Example 6 Let A = (1,2,3,4) be a trapezoidal fuzzy number. As a
result of Theorem 5, we can specify all trapezoidal fuzzy numbers equiv-
alent to A given by a quadruple (b, a; +as —b, a; + a3z — b, ay —ay +0b) for
b e [2a1+§3_a4, autaz] - In particular we have By, for b = “3% and By
for b = 2= For h = 432 — 15 we get B, = (1.5,1.5,2.5,4.5)

and for b = 2= — (.5 we get By = (0.5,2.5,3.5,3.5).
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0 1 2 3 4 5

Figure 8: Example of three equivalent trapezoidal fuzzy numbers.

Here we present some properties of attributes Val*, Amb*, Fuz*.

Lemma 1 Let A,B € FN. If Amb*(A) = Amb*(B) and Fuz*(A) =
Fuz*(B), then a(1) — a(1) = b(1) — b(1).

Proof. Let A, B € FN. From Fuz*(A) = Fuz*(B), we have

Amb(4) = (a(1) — a(1)) _ Amb*(B) — (1) — b(1)
Amb*(A) Amb*(B) '
Since Amb*(A) = Amb*(B), then @(1) — a(1) = b(1) — b(1). O

Similarly, we get

Lemma 2 Let A, B € FN. If Amb*(A) = Amb*(B) and Fuz*(A) >
Fuz*(B), then a(1) —a(1) < b(1) — b(1).

Lemma 3 Let A, B € FN,t > 0. Then
Val*(A+ B) = Val*(A) + Val*(B), Val*(tA) =tVal*(A).

Proof. Let A, B € FN. Then also A+ B € FN. One can calculate that

Val*(AJrB):% /O (a5 () + (a+b)()]da

_ ; /0 [a(a) +b(e) +a(a) +b(a)|da

- /0 (o) +aa)ldact /0 B(a) +b(a))da
_ Val* (A)+Val'(B).
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Let £ > 0. Then also tA € FN. Similarly, one can calculate that

Val(t4) = /O [(ta)(a) + (ta)(a))da

- % /0 tla(a) + a(a)]da = tVal*(A).

Lemma 4 Let A, B € FN,t > 0. Then
Amb*(A+ B) = Amb*(A) + Amb*(B), Amb*(tA) =tAmb*(A).
Proof. Let A4, B € FN. Then

Amb*(AJrB):/O (@58 ()— (a+b)(a)]da

:/ [E(a)—a(a)]doz—i—/ [b(a) —b(a)]dor = Amb*(A) + Amb*(B).

Similarly,
1 1

Amb* (tA) = / ([ta)(a)+ (ta)()]da = / () +a(a)|da =t Amb* (A).

0 T 0
U

Lemma 5 Let A, B € FN. If Amb*(A) = Amb*(B) > 0, then
Fuz'(A+ B) < Fuz*(A) + Fuz*(B).
Proof.

Amb*(A+ B) — [(a+b)(1
Amb*(A+ B
 Amb(A) + Amb*(B) — [a(1) + B(1) — (a(1) + ()]
Amb*(A) + Amb*(B)
_ Amb*(A) —[a(1) — a(1)] N Amb*(B) —
Amb*(A) + Amb*(B) Amb*(A) + Amb*(B)
< Fuz"(A) + Fuz"(B).

Fuz"(A+ B) = ;_—(Hb)(m
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Now we define a new attribute for fuzzy number, which describe the
difference between an original fuzzy number and its symmetrical trape-
zoidal representation.

Definition 7 Let T, = (t,,t,) be a symmetrical trapezoidal represen-
tation of fuzzy number A = (a,a). The difference of A is a function
Dif* : FN — R given as follows Dif*(A) :=a(1) — t,(1).

Obviously, on the strength of Lemma 1,

Remark 4 If A = (a,a) € FN, T, = (t,,t5) is symmetrical trapezoidal
representation of A, then Dif*(A) = a(1) — t5(1).

Using attributes Val*, Amb*, Fuz*, Dif* we define new ranking for fuzzy
numbers.

Definition 8 Let A,B € FN. Then A <3 B iff A, B fulfill one of the
following conditions:

Val*(A) < Val*(B), (17)
Val*(A) = Val*(B), Amb*(A) < Amb*(B), (18)
Val*(A) = Val*(B), Amb*(A) = Amb*(B), Fuz"(A) > Fuz"(B), (19)

A= B,Dif*(A) < Dif*(B). (20)
Remark 5 Fuzzy numbers A, B with all identical attributes
Val*(A) = Val*(B), Amb*(A) = Amb*(B), Fuz*(A) = Fuz*(B),
Dif*(A) = Dif*(B) are indistinguishable in the sense of relation <s.

Theorem 6 The relation <3 forms a strict partial order in FN (i.e. <3
is asymmetric, irreflexive and transitive).

Proof. Let A, B € FN and A <3 B. Directly from Definition 8 we obtain
four cases:

Al.) if (17), then Val*(B) £ Val*(A), thus it is not (B <3 A).
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A2)) if (18), then Val*(B) = Val*(A), but Amb*(B) £ Amb*(A), thus
it is not (B <3 A).

A3.) if (19), then Val*(B) = Val*(A), Amb*(B) = Amb*(A), but
Fuz*(B) # Fuz*(A), thus it is not (B <3 A).

A4.) if (20), then B = A, but Dif*(B) £ Dif*(A), thus it is not
(B <3 A). This means that (A <3 B) =~ (B <3 A) (<3 is
asymmetric).

Immediately we get ~ (A <3 A) (<3 is irreflexive).

For showing ((A <3 B) and (B <3 C)) = (A <3 C) (transitivity), we
need to check 16 cases. We show here only three of them. It is easy to
check the remaining cases similarly.

Let (A <3 B) and (B <3 ().

T1.) if A, B fulfill (17) and B,C fulfill (17), then A,C fulfill (17),
thus A <5 C.

T2.) if A, B fulfill (17) and B,C fulfill (18), then A,C fulfill (17),
thus A <3 C.

T3.) if A, B fulfill (19) and B,C fulfill (19), then A,C fulfill (19),
thus A <35 C.

O
The order <3 fulfills two basic properties.

Theorem 7 Let A,B,C € FN. If A <3 B, then A+ C <3 B+ C.
Proof. Let A, B,C' € FN and A <35 B. We need to check four cases:

I. Val*(A) < Val*(B). Then, from Lemma 3,

Val*(A+C) = Val*(A)+Val*(C) < Val*(B)+Val*(C) = Val*(B+C).

Thus, A+ C <3 B+ C.
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IL. Val*(A) = Val*(B), Amb*(A) < Amb*(B). Then, from Lemma 3,
Val*(A+C) =Val*(B+ C)
and from Lemma 4
Amb*(A+C) = Amb™ (A + Amb* (C) < Amb* (B)+ Amb* (C) = Amb* (A+C).

Thus, A+ C <3 B+ C.

II1. Val*(A) = Val*(B), Amb*(A) = Amb*(B), Fuz*(A) > Fuz*(B).
From Lemma 3 and 4,
Val*(A+C)=Val*(B+C), Amb*(A+C) = Amb* (B + C).
Amb*(A) + Amb*(C) — [(a + ¢)(1) — (a + ¢)(1)]
Amb*(A) + Amb*(C)

Fuz'(A+C) =

_ Amb*(B)+ Amb* (€) —[a ) +b1) + () —al) —b(1) —c(1) —b{1) +b(1)]
Amb*(B) + Amb*(C)

(@(1) —a(1)) — (1) — b(1))
Amb*(B) + Amb*(C)

=Fuz"(B+C) —

On the basis of Lemma 2, (a;;lbfél)));fﬁgf(bc()l)) < 0, so we get

Fuz*(A+C) > Fuz*(B+C). Thus, A+ C <3 B+ C.

IV. A = B, Dif*(A) < Dif*(B). From Lemma 1, 3 and 4, we have
(A+C) = (B+C). Let Ty = (ts,ts) be a symmetrical trapezoidal
representation of A+ C' and B 4+ C. Then

Dif*(A+C) = (a+c)(1) —ts(1) = a(l) +¢(1) — t,(1)
<b(1)+¢(1) — (1) = (b+c)(1) — £,(1)
=Dif*"(B+ ()

Thus, A+ C <3 B+ C. O

Similarly, the following theorem can be proved:

Theorem 8 Let A, Be€ FN*, t>0. If A <3 B, then tA <3 tB.
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6. Concluding remarks

In this paper we discuss two methods of ranking fuzzy numbers pre-
sented in recent papers. The shortcomings of both methods cause us to
use modified attributes for representing any fuzzy number by a symmet-
rical trapezoidal one. Additionally, we create the new attribute which
describes the difference between a fuzzy number and its symmetrical
trapezoidal representation. By means of all these attributes we form a
new ranking method. Then we investigate basic properties, in particular,
the transitivity of that ranking.
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