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 ! "#!$%& '(%$ V *+$& ,$"- *. &$%" !/01$&'2 34$ '%"%& (&*-/3 ◦ #'

-$,!$- %' % ./!3#*! ◦ : V × V → R 54#4 .*& %&1#3&%&6 ~a,~b ∈ V %!-

%&1#3&%&6 k, l ∈ R ./","' 34$ .*""*5#!7 *!-#3#*!'8

9:; (k~a + l~b) ◦ ~c = k(~a ◦
~b) + l(~b ◦ ~c),

9<; ~a ◦
~b = ~b ◦ ~a,
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"#$ ~a 6= ~0 ⇒ ~a ◦~a > 0.

%&' ()*+ ",&' -'(.,&$ )/ 0',)* ~a 23 4'5('4 637

"8$ |~a| =
√

~a ◦ ~a9

:&'*'63 ,&' 423,6(' ;',:''( ,&' 0',)*3 ~a 6(4 ~b 23 4'3*2;'4 ;<

"=$ ρ(~a,~b) = |~a−~b|

%&' >(2, 0',)* /)* ,&' 0',)* ~a 23 '(,'*?*','4 63

"!$ ~a0 =
1

|~a| · ~a.

%&'( |~a0| =
∣

∣

∣

∣

1

|~a| · ~a
∣

∣

∣

∣

=

∣

∣

∣

∣

1

|~a|

∣

∣

∣

∣

· |~a| = 1

|~a| · |~a| = 1.

%&' /)--):2(. /)*+>-6' 6*' />-5--'47

"@$ |~a|2 = ~a ◦~a, ~a = |~a| · ~a0.

%*642,2)(6--<9 ,&' 36-6* ?*)4>, )/ ,:) 0',)* 23 4'5('4 63

"A$ ~a ◦
~b = |~a| · |~b| · cos〈~a,~b〉

B)* ,'6&2(. 6, 3&))-9 ,&' 36-6* ?*)4>, 2( *',6(.>-6* ))*42(6,'3 )(

6 ?-6(' 6( ;' 4'5('4 63 /)--):37

C/ ~a = (ax, ay), ~b = (bx, by), ,&'( ~a ◦
~b = axbx + ayby.

%&' 36-6* ?*)4>, 4'5('4 2( 3>& 6 +6(('* />-5--3 ,&' )(42,2)(3 " $D

"#$E

C( 6 -2('6* 3?6' V :2,& ,&' 36-6* ?*)4>, F ◦ G9 ,&' /)--):2(. *>-'3

633'*,7

D ,&' ?6*6--'-).*6+ *>-'7

|~a +~b|+ |~a−~b| = 2(|~a|2 + |~b|2);
D ,&' H<,&6.)*'6( ,&')*'+7

2/ ~a ◦
~b = 0, ,&'( |~a +~b|2 = |~a|2 + |~b|2.

%&' 6;)0'I+'(,2)('4 *>-'3 /)--): 2++'426,'-< /*)+ " $9 "J$ 6(4 "8$E



 !"#$%&$(!" !) $%(*!"!+,$%- &#("* $., #/0/% 1%!2&$   !

_ a

a*

a

b c

a

"#$%  "#$% &

'() *+ #,)-./*( )1( 2.33.4#,$ ,.)5)#., 6#, -()5,$*35- ..-/#,5)(+

., 5 735,(8 6"#$% 89

−~a #+ )1( :().- .77.+#)( ). )1( :().- ~a;

~a ∗ #+ )1( :().- 7(-7(,/#*35- ). )1( :().- ~a +*1 )15) |~a ∗| = |~a|.

'() ~c = ~a−~b 6"#$% &8% ;1(,< 5./#,$ ). )1( 7-.7(-)#(+ 6 8< 6&8 5,/

6!8< 4( 15:(9

(~a−~b)2 = (~a−~b) ◦ (~a−~b) = ~a 2 − 2(~a ◦
~b) +~b 2 =

= |~a|2 − 2(~a ◦
~b) + |~b|2 = ~c 2 = |~c|2,

)1(-(2.-(<

6=8 ~a ◦
~b = 1

2
(|~a|2 + |~b|2 − |~c|2).

".- ,.,>:5,#+1#,$ :().-+ ~a 5,/ ~b< 4( $() 2-.? 6!8

6 @8 ~a0
◦
~b0 =

1

2|~a| · |~b|
·
(

|~a|2 + |~b|2 − |~c|2
)

.

A.-(.:(-< 4( 15:(

6  8 ~a0
◦
~b0 = ~a ∗

0
◦
~b ∗

0
, (~a ∗

0
)∗ = −~a0.

B, )1( C5+#+ .2 6 @8< 4( .C)5#, 2.- )1( *,#) :().-9

6 &8 ~e ◦ ~e = 1, #2 ~c = ~0,

6 D8 ~e ◦ ~e ∗ = 0, #2 |~c| =
√

2|~e|.
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 ! "#$%&'&(% )%* +),& ./(.#/'&#, (0 '/&1(%(2#'/&
03%'&(%,

"#$ %&'($) ~a0
◦
~b0 +% ($ ,%-$).)$-$/ +0 -#$ 10,%$ 2&%-,1% 12 -#$ +%34$

γ ($-5$$% -#$ 6$-1)0 ~a0 +%/ ~b0 78,39 :;< ,9$9

7 =; cos γ = cos〈~a0,~b0〉 = ~a0
◦
~b0.

0

0

b

b

a

a

8,39 :

>- +% ($ 0$$% 2)1' 7 ?; -#+-

7 @; cos(−γ) = cos〈~b0,~a0〉 = cos〈~a0,~b0〉 = cos γ9

A$%$< -#$ 10,%$ 2&%-,1% ,0 +% $6$% 2&%-,1%9 >- ,0 $6,/$%- -#+-

7 B; ~a ◦
~b = |~a| · |~b| · (~a0 ◦~b0) = |~a| · |~b| · cos γ.

"#$ 0,%$ 2&%-,1% 12 -#$ +%34$ γ ($-5$$% -#$ 6$-1)0 ~a0 +%/ ~b0 ,0

/$C%$/ +0 2144150D

7 E; sin γ = sin〈~a0,~b0〉 = ~a ∗

0
◦
~b0.

8)1' 7  ; 5$ 3$-D

~a ∗

0
◦
~b0 = (~a ∗

0
) ∗

◦
~b ∗

0
= (−~a0) ◦

~b ∗

0
= −(~b ∗

0
◦~a0),

#$%$ 70$$ 8,39 =;< sin〈~b ∗

0
,~a0〉 = − sin〈~a ∗

0
,~b0〉 1)

7 !; sin(−γ) = − sin γ.
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2+31 4 2+31 5

2'% )#$ -,+) 6$)'%* ~e1, ~e2( 7$ #/6$8

9 !: ;& ϕ = 〈~e1, ~e2〉, )#$,
{

cos ϕ = cos〈~e1, ~e2〉 = ~e1
◦ ~e2,

sin ϕ = sin〈~e1, ~e2〉 = ~e ∗

1
◦ ~e2.

<'7( 7$ =%'6$ )#/)

9>?: sin2 ϕ + cos2 ϕ = 1.

@%''&8

A$) ~b0 = p~a0 + q~a ∗

0
92+31 5:1 "#$, ~a0

◦
~b0 = ~a0

◦ (p~a0 + q~a ∗

0
) = p, /*

~a0
◦~a0 = 1, ~a0

◦~a ∗

0
= 0;

~a ∗

0
◦
~b ∗

0
◦ (p~a0 + q~a ∗

0
) = q, 30BC ~a ∗

0
◦ ~a0 = 0, ~a ∗

0
◦ ~a ∗

0
= 1.

D'%0+,3 )' 0$E,+)+',* 9 4: /,0 9 F: 7$ 'G)/+,

sin2 ϕ + cos2 ϕ = (~a ∗

0
◦
~b0)

2 + (~a0
◦
~b0)

2 = q2 + p2 = |~b0| = 1.
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 ! "#$%&'&()*#$ ,-'*$&'. $' #$%/*01'%2)3 *#$1'%2)

#$ % &'()*+%$(,-. *&'%$(,- /%0-. 1$ 2-*1&0 ~a ' ~b 45'(6 7689 :- )%2-

b
c

a

5'(6 7

~c = ~a +~b, |~c|2 = |~a|2 + |~b|2,
~a ◦ ~c = 1

2
(|~a|2 + |~c|2| − |~b|2) = 1

2
(|~a|2 + |~a|2) = |~a|2

1&

~a ◦ ~c = (|~a| · ~a0) ◦ (|~c| · ~c0) = |~a| · |~c| · (~a0
◦ ~c0) = |~a|2,

*)-&-;1&-

4! 8 ~a0
◦ ~c0 =

|~a|
|~c| .

<'=',%&,>9

~b ◦ ~c = 1

2
(|~b|2 + |~c|2 − |~a|2) = 1

2
(|~b|2 + |~b|2) = |~b|2

1&

~b ◦ ~c = (|~b| ·~b0) ◦ (|~c| ·~c0) = |~a| · |~c| · (~b0
◦ ~c0) = |~b| · |~c| · (~a ∗

0
◦ ~c0) =

|~b|2.
?-$-9

4!!8 ~a ∗

0
◦ ~c0 =

|~e|
|~c| .

@%A'$( '$*1 %1B$* ;1&=B,%- 4! 89 4!!8 %$. .-C;$'*'1$0 4 D89 4 E89 :-

(-*
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"!#$ cos α =
|~a|
|~c| , sin α =

|~b|
|~c| .

%&' ()*+'*( )*, .()*+'*( /0*(1.*2 )3' ,'4*', )2 /.55.627

tanα =
sin α

cos α
, .()*α =

cos α

sin α
.

%&'* .* (&' 8)212 ./ "!#$ 1* ) 31+&(9)*+5', (31)*+5' 6' .8()1*

"!:$ tan α =
|~b|
|~a| , .()*α =

|~a|
|~b|

.

;'4*1(1.*2 " :$ )*, " <$ )55.6 02 (. .8()1* ')215= (&' 3',0(1.* /.39

>05)' )*, /.3>05)' ,'23181*+ (31+.*.>'(31 /0*(1.*2 ./ (&' 20> )*,

,1?'3'*' ./ )*+5'2 )*, (. +3.0*, (&' 21*' )*, .21*' (&'.3'>2@

 ! "#$%'()* +),-%./#

A.*21,'3 (&' 0*1( B'(.32 2&.6* 1* C1+@ <7

e- *
e-

e-

e-

e
e

e

*

**

1

1

1

2

2

2

2

1

e

C1+@ <

C3.> ,'4*1(1.*2 " :$ )*, " <$ 6' &)B'7

sin
(π

2
− ϕ

)

= sin〈~e2, ~e
∗

1
〉 = ~e ∗

2
◦ ~e ∗

1
= ~e1

◦ ~e2 = cos ϕ,



 !!  !"#$%!" &!'(()  !*+',* -'$*.

sin
(π

2
+ ϕ

)

= sin〈~e1, ~e
∗

2
〉 = ~e ∗

1
◦ ~e ∗

2
= ~e1

◦ ~e2 = cos ϕ,

sin (π − ϕ) = sin〈~e2 − ~e1〉 = ~e ∗

2
◦ (−~e1) = −(~e ∗

2
◦ ~e1) =

= −((~e ∗

2
) ∗

◦ ~e ∗

1
) = −((−~e2) ◦ ~e ∗

1
) = ~e ∗

1
◦ ~e2 = sin ϕ,

sin (π + ϕ) = sin〈~e1,−~e2〉 = ~e ∗

1
◦ (−~e2) = −(~e ∗

1
◦ ~e2) = − sin ϕ,

sin

(

3

2
π − ϕ

)

= sin〈~e2,−~e ∗

1
〉 = ~e ∗

2
◦ (−~e ∗

1
) = −(~e1

◦ ~e2) = − cos ϕ,

sin

(

3

2
π + ϕ

)

= sin〈~e1,−~e ∗

2
〉 = ~e ∗

1
◦ (−~e ∗

2
) = −(~e1

◦ ~e2) = − cos ϕ,

sin (2π − ϕ) = sin〈~e2, ~e1〉 = ~e ∗

2
◦ ~e1 = ~e ∗

1
◦ ~e2 = sin ϕ,

cos
(π

2
− ϕ

)

= cos〈~e2, ~e
∗

1
〉 = ~e2

◦ ~e ∗

1
= ~e ∗

1
◦ ~e2 = sin ϕ

cos
(π

2
+ ϕ

)

= cos〈~e1, ~e
∗

2
〉 = ~e1

◦ ~e ∗

2
= ~e ∗

1
◦ (~e ∗

2
) ∗ =

= ~e ∗

1
◦ (−~e2) = −(~e ∗

1
◦ ~e2) = − sin ϕ,

cos (π − ϕ) = cos〈~e2,−~e1〉 = ~e2 ◦ (−~e1) = −(~e1 ◦ ~e2) = − cos ϕ,

cos (π + ϕ) = cos〈~e1,−~e2〉 = ~e1
◦ (−~e2) = −(~e1

◦ ~e2) = − cos ϕ,

cos

(

3

2
π − ϕ

)

= cos〈~e2,−~e ∗

1
〉 = ~e2

◦ (−~e ∗

1
) = −(~e ∗

1
◦ ~e2) = − sin ϕ,

cos

(

3

2
π + ϕ

)

= cos〈~e1,−~e ∗

2
〉 = ~e1

◦ (−~e ∗

2
) = −(~e1

◦ ~e ∗

2
) =

= −(~e ∗

1
◦ (~e ∗

2
) ∗) = −(~e ∗

1
◦ (−~e2)) = ~e ∗

1
◦ ~e2 = sin ϕ,

cos (2π − ϕ) = cos〈~e2, ~e1〉 = ~e2
◦ ~e1 = ~e1

◦ ~e2 = cos ϕ.
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 ! "#$ %&'()*)+$%&' -.*%')*/ )- /.+ 0*1 1'2$&$*$
)- 0*(3$/

#$% ~e1 = p~e3 + q~e ∗

3
&'()* +,*

1

1

2
pe3

qe
3

e

e

e

e
e*

*

*

3

3

2

2

'()* +

-.$/

~e3
◦ ~e1 = p = cos α2, ~e ∗

3
◦ ~e1 = q = sin α2.

0$/$2

&!3, ~e1 = ~e3 · cos α2 + ~e ∗

3
· sin α2.

456%(768(/) %.$ 9:;<$ $=596(%8 >969?@(>$ :8 ~e22 @$ ;:%9(/

&!A, ~e1
◦ ~e2 = (~e2

◦ ~e2) cos α2 + (~e2
◦ ~e ∗

3
) sin α2.

B> ~e1
◦ ~e2 = cos(α1 + α2), (~e2

◦ ~e3) = cos α1, %.$/

~e2
◦ ~e ∗

3
= ~e ∗

2
◦ (~e ∗

3
)∗ = ~e ∗

2
◦ (−~e3) = −(~e ∗

2
◦ ~e3) = − sin α1

9/C2 .$/$2 D=* &!A, %9E$> %.$ F;?G

&!H, cos(α1 + α2) = cos α1 · cos α2 − sin α1 · sin α2.

';? %.$ $I7?$>>(;/ sin(α1 + α2)2 @$ ;:%9(/ ;/ %.$ :9>(> ;F &!3,

sin(α1 + α2) = sin〈~e2, ~e1〉 = ~e ∗

2
◦ ~e1 = ~e ∗

2
◦ (~e3 · cos α2 + ~e ∗

3
· sin α2) =

= (~e ∗

2
◦ ~e3) · cos α2 + (~e ∗

2
◦ ~e ∗

3
) · sin α2.

B> ~e ∗

2
◦ ~e3 = sin α1, ~e ∗

2
◦ ~e ∗

3
= ~e2

◦ ~e3 = cos α12 %.$/
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#!$% sin(α1 + α2) = sin α1 · cos α2 + cos α1 · sin α2.

&'()* +,'- #!.% /)0 #!$% /)0 1/2()* ()13 /35)1 167 787) 9:397:1;

3< 3'()7 <5)1(3) /)0 300 9:397:1; 3< '()7 <5)1(3)= >7 3?1/()

sin(α2 − α1) = sin[α2 + (−α1)] = sin α2 · cos(−α1) + cos α2 · sin(−α1)

3:

#!@% sin(α2 − α1) = sin α2 · sin α1 − cos α2 · sin α1

cos(α2−α1) = cos[α2+(−α1)] = cos α2·cos(−α1)−sin α2·sin(−α1)

3:

#AB% cos(α2 − α1) = cos α2 · cos α2 · cos α1 + sin α2 · sin α1.

 ! "#$ &'()$ *#$&+$, -). *#$ '()$ *#$&+$,

C3)'(07: 167 <3DD3>()* 1:(/)*D7 #E(*- @%

a

b c

E(*- @

F()7 ~c = ~b− ~a, 167)

|~c|2 = ~c2 = (~b− ~a)2 = ~b2 − 2(~a ◦
~b) + ~c2 = |~b|2 − 2(~a ◦

~b) + |~c|2.
G7)7= 3) 167 ?/'(' 3< +,- #$%= >7 3?1/() 167 3'()7 1673:7H

#A % |~c|2 = |~a|2 + |~b|2 − 2|~a| · |~b| · cos γ.

I67 '()7 1673:7H /) ?7 3?1/()70 /' <3DD3>'-

J' ~a = ~b−~c #E(*- @%= 167) >7 /) H5D1(9D; ?316 '(07' 3< 16(' 7,5/D(1;

'/D/:D; ?; 167 8713: −~b ∗

0
K

~a ◦ (−~b ∗

0
) = (~b− ~c) ◦ (−~b ∗

0
) = −(~b ◦

~b ∗

0
) + ~c ◦

~b ∗

0
.

I67:7<3:7=

−~a ◦
~b ∗

0
= ~c ◦

~b ∗

0
, /' ~b ◦

~b ∗

0
= 0.

L)1:305()* 167 5)(1 8713:'= >7 *71
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#$!% −|~a| · (~a0
◦
~b ∗

0
) = |~c| · (~c0

◦
~b ∗

0
).

&'(*

~a0
◦
~b0 = ~a ∗

0
◦ (~b ∗

0
)∗ = ~a ∗

0
◦ (−~b0) = −~a ∗

0
◦
~b0 = − sin〈~a0,~b0〉 =

− sin γ,

+,*(

~c0
◦
~b ∗

0
= ~b ∗

0
◦ ~c0 = sin〈~b0,~c0〉 = sin α.

-*(*. /( +,* 012'2 /3 #$!%. 4* ,15*6

−|~a| · (− sin γ) = |~c| · sin α.

78/9 +,'2 *:;1+'/(. +,* 2'(* +,*/8*9 3/<</426

#$$%
|~a|

sin α
=

|~c|
sin γ

.

 !"#$%&

 !" #$%'()%* sin +%, cos +% +-*) ." (%'/),$", $*(%0 '!" 1!2+/3
'!")/"45

6789 |~a ◦
~b| ≤ |~a| · |~b|.

 !""#$

:)/ +% +/.('/+/; %$4."/ λ ∈ R 2" !+<"5

0 ≤ (λ~a−~b)2 = λ~a2 − 2λ(~a ◦
~b) +~b2

)/

|~a|2 · λ2 − 2(~a ◦
~b)λ + |~b|2 ≥ 0.

="+$*" '!(* >$+,/+'( ?)-;%)4(+- 6(% λ9 (* +-2+;* %)%@%"0+'(<"A

'!"%

∆ = 4(~a ◦
~b)− 4|~a|2 · |~b|2 ≤ 0,

!"%"A

(~a ◦
~b)2 ≤ |~a|2 · |~b|2 )/

√

(~a ◦
~b)2 ≤ |~a| · |~b|.

:(%+--;A 2" 0"' |~a ◦
~b| ≤ |~a| ·~b|.

BC?/"**(%0 '!" %)%@<+%(*!(%0 <"')/* ~a +%,~b (% '"/4* )# $%(' <"')/*A

2" ).'+(%

|(|~a| · ~a0) ◦ (|~b| ·~b0)| ≤ |~a| · |~b|,



 !"  !"#$%!" &!'(()  !*+',* -'$*.

#$%&%

|~a0
◦
~b0| ≤ 1, −1 ≤ ~a0

◦
~b0 ≤ 1.

($% &)*+%, ~a0
◦
~b0 -. -&/%,0,%/%1 2. /$% 3.-&% 34 /$% 2&56% +%/#%%& /$%

7%/3,. ~a0 2&1 ~b08

cos〈~a0,~b0〉 = ~a0
◦
~b0.

($% 9$#2,: /$%3,%* 43, /$% 7%/3,. ~a ∗,~b $2. /$% 43663#-&5 43,*8

|~a ∗
◦
~b| ≤ |~a ∗| · |~b|,
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