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f(x + y) = F (f(x), f(y))8-3, '# %//," %""2-2#& 4#7$5/%9 %''5$2&: -3%- -3, :2;,& <2&%7= #.,7%-2#& F 2' %''#>2%-2;, <5- 2-' "#$%2& #4 ",?&2-2#& 2' &#- &,,''%72/= #&&,-,"! @& -3, .7,',&- .%.,71, '3%// 7,'-72- #57 #&'2",7%-2#& -# -3, %', 13,&
F (u, v) =

u + v + 2uv

1− uv
.A3,', #&'2",7%-2#&' $%= <, ;2,1," %' #5&-,7.%7-' #4 B#'#&+2C' DE℄ %&" G#$%H' %C'DI℄ 7,'5/-' #& /#%/ '#/5-2#&' #4 -3, 45&-2#&%/ ,65%-2#&

f(F (x, y)) = f(x) + f(y)12-3 -3, '%$, <,3%;2#57 #4 -3, :2;,& %''#2%-2;, #.,7%-2#& F. @& -32' .%.,7 1, %"$2-4%27/= :,&,7%/ '-75-57, 2& -3, "#$%2& #4 -3, 5& &#1& 45&-2#&!=> &6238?@2B86 ! (G, ⋆) "# $ %&'() '& $ #*+"%&'() $,- F #.$,-# !'& $, $&/".&$&0 /",$&0')*&$."', ", #'+* #*. H, .1*, $ #'2(."', '! .1* !(,."',$2 *4($."',
f(x ⋆ y) = F (f(x), f(y))"# $22*- $ 1'+'+'&)1"#+ '! #.&(.(&*# (G, ⋆) $,- (H,F ). 5* ',#"-*& 1*&*$ &$."',$2 !(,."', F : {(x, y) ∈  6 : xy 6= 1} −→  6 '! .1* !'&+
F (u, v) =

u+ v + 2uv

1− uv
.



 !  !"!#$%&! '()!*+,!"#$% $% & '&($)*&+ (,)-.+&0 '0&+-1&+203 42*($)* 305*03 )* & 3$%)**0(03%26%0( )4 (#0 '0&+ .+&*0 782, (#&( %&($%50% (#0 092&($)*
F (F (x, y), z) = F (x, F (y, z))4)' &++ (x, y, z) ∈ 783 %2# (#&( .')32(% xy, yz, F (x, y)z, xF (y, z) &'0 *)( 092&+() 1. 8&($)*&+ 42*($)*% ,$(# %2# )' %$:$+&' .').0'($0% &'0 (0':03 &%%)$&($10).0'&($)*%; "#0 +&%% )4 (#0 &%%)$&($10 ).0'&($)*% ,&% 30%'$603 6< =#>'$(&(? ℄A &*3 #$% ,)'B ,&% 4)++),03 6< (#0 &2(#)';C #):)D'&5 42*($)* ϕ : 78 \ {1} −→ 78 D$10* 6< (#0 4)':2+&

ϕ(x) =
x

1− x
, x 6= 1%&($%50% (#0 42*($)*&+ 092&($)*

f(x+ y) =
f(x) + f(y) + 2f(x)f(y)

1− f(x)f(y)4)' 010'< .&$' (x, y) ∈ 782 \D, ,#0'0
D = {(x, 1 − x) : x ∈ 78} ∪ {(x, 1) : x ∈ 78} ∪ {(1, x) : x ∈ 78}.E0 %#&++ 30(0':$*0 &++ 42*($)*% f : G −→ 78, ,#0'0 (G, ⋆) $% & D')2.A (#&(%&($%4< (#0 42*($)*&+ 092&($)*

f(x ⋆ y) =
f(x) + f(y) + 2f(x)f(y)

1− f(x)f(y)
. (1)C *02('&+ 0+0:0*( )4 & D')2. (G, ⋆) ,$++ 60 ,'$((0* &% 0.F< & %)+2($)* )4 (#0 42*($)*&+ 092&($)* GHI ,0 2*30'%(&*3 &*< 42*($)*

f : G −→ 78 (#&( %&($%50% (#0 092&+$(< GHI 4)' 010'< .&$' (x, y) ∈ G2 %2#(#&( f(x)f(y) 6= 1. "#2% ,0 30&+ ,$(# (#0 4)++),$*D )*3$($)*&+ 42*($)*&+092&($)*J
f(x)f(y) 6= 1 $:.+$0% f(x ⋆ y) =

f(x) + f(y) + 2f(x)f(y)

1− f(x)f(y)
(E)4)' &++ x, y ∈ G. K):0 '0%2+(% )* &33$($)* 4)':2+&% &* 60 4)2*3 4)' 0L&:.+0$* CM>+N% :)*)D'&.#< ?H℄ &*3 $* (#0 ,)'B )4 O):&P%B& &*3 Q0' ?R℄;"#0 4)++),$*D +0::& ,$++ 60 2%042+ $* (#0 %0920+ G%00 Q0' ?!℄I; !""# G)* & #&'&(0'$M&($)* )* %26D')2.%I;  !" (G,+) #! $ %&'()* +,!-

(H,+) ./ $ /(#%&'() '0 %&'() (G,+) .0 $-1 '-23 .0 G ⊃ H 6= ∅ $-1
H +H ′ ⊂ H ′,4,!&! H ′ := G \H.



 "#$#%&$'(#%')* )+ # "),)-$#."' %/.& +0*%')*  ! ! "#$% &'()*+"# $%&##( )*+, - (#.%*$+*&/ &0 .&12+*&/. &0 3456 !"#$"%&  !" (G, ⋆) #! $ %&'()* + ,(-"/'- f : G −→ 78 0/!123 $ -'-'-43"$-" 3'1("/'- "' "5! ,(-"/'-$1 !6($"/'-
f(x)f(y) 6= 1 /7)1/!3 f(x ⋆ y) =

f(x) + f(y) + 2f(x)f(y)

1− f(x)f(y)
(E),'& $11 x, y ∈ G /, $-2 '-10 /, !/"5!&

f(x) :=

{

1 ,'& x ∈ H,
−1 ,'& x ∈ G \H'&

f(x) :=







A(x)

1−A(x)
,'& x ∈ Γ

−1 ,'& x ∈ G \ Γ'&
f(x) :=







1 ,'& x ∈ Γ \ Z
0 ,'& x ∈ Z

−1 ,'& x ∈ G \ Γ,85!&! (H, ⋆), (Γ, ⋆) $&! 3(#%&'()3 ', "5! %&'() (G, ⋆), (Z, ⋆) /3 $ 3(#%&'() ',"5! %&'() (Γ, ⋆), $-2 A : Γ −→ 78 /3 $ 5'7'7'&)5/37 3(5 "5$" 1 6∈ A(Γ).'$##(& 9..2:# +,-+ f *. - /&/&/.+-/+ .&12+*&/ &0 #;2-+*&/ 3456 <*%.+ )#.,&) +,-+ f(0) ∈ {−1, 0, 1}. 7/(##(= .#++*/> x = y = 0 */ 345= )# &?+-*/
f2(0) = 1 or f(0) =

2f(0) + 2f2(0)

1− f2(0)
.@2+ c := f(0). AB #;2-1*+B

c = 2c
1 + c

1− c2)# ,-C# c = 0 or 2(1 + c) = 1− c2, ),#/# c ∈ {0,−1} ),*, D&*/+1B )*+,+,# #;2-1*+B c2 = 1 *:$1*#. f(0) ∈ {−1, 0, 1}, ),*, )-. +& ?# .,&)/670 f(0) = −1, +,#/ .#++*/> y = 0 */ 345 )# &?+-*/
f(x) = −1 or f(x) =

f(x)− 1− 2f(x)

1 + f(x)
= −10&% -11 x ∈ G, ),#/# f = −1, - &/+%-(*+*&/ ?#-2.# )# )#%# -..2:*/> f +&?# /&/&/.+-/+6



 !  !"!#$%&! '()!*+,!"#$ %&&'() *+%* f(0) = 1. ,) &+#$ *+%* f(G) ⊂ {−1, 1}. -./))/0 1'**2.3
y = 0 2. 4560 $) #7*%2.

f(x) = 1 or f(x) =
3f(x) + 1

1− f(x)8#9 %:: x ∈ G %./ 7; *+) )<'%:2*;
c =

3c+ 1

1− c$) +%=) c = −1, $+).)
f(x) = 1 or f(x) = −18#9 %:: x ∈ G. ?; &)**2.3

H := {x ∈ G : f(x) = 1},$) +%=)
H ′ = {x ∈ G : f(x) = −1}%./ $) &+#$ *+%* H ⋆ H ′ ⊂ H ′, $+2+ 2(1:2)& *+%* H 2& % &'739#'1 #8 *+)39#'1 G 4&)) @)((%6A B2C %972*9%92:; ):)().*& x ∈ H %./ y ∈ H ′. D2.)

f(x)f(y) = −1, $) 3)* 7; 456 f(x ⋆ y) = −10 2A)A x ⋆ y ∈ H ′, $+2+ $%& *# 7)&+#$.A D#0 2. *+2& %&) $) +%=)
f(x) :=

{

1 8#9 x ∈ H,
−1 8#9 x ∈ G \H.@)* .#$ f(0) = 0. E'*

Γ := {x ∈ G : f(x) 6= −1}.,) %9) 3#2.3 *# &+#$ *+%* *+) #(1:)().* Γ′ #8 *+) &)* Γ ).F#;& *+) 19#1)9*;
Γ ⋆ Γ′ ⊂ Γ′, $+2+ 2(1:2)& 4&)) @)((%6 *+%* Γ 2& % &'739#'1 #8 *+) 39#'1 G.B2C %972*9%92:; x ∈ Γ %./ % y ∈ Γ′. D2.) f(x)f(y) = −f(x) 6= 1, $) #7*%2.7; 456

f(x ⋆ y) =
f(x)− 1 + 2f(x)(−1)

1− f(x)(−1)
=
−1− f(x)

1 + f(x)
= −1,2A)A x ⋆ y ∈ Γ′, $+2+ $%& *# 7) &+#$.A D2.) −1 6∈ f(Γ) %./ f |Γ &%*2&G)& 4560% &*9%23+*8#9$%9/ =)92G%*2#. &+#$& *+%*

f(x)f(y) 6= 1 implies
f(x ⋆ y)

1 + f(x ⋆ y)
=

f(x)

1 + f(x)
+

f(y)

1 + f(y)



 "#$#%&$'(#%')* )+ # "),)-$#."' %/.& +0*%')*  !"#$ %&& x, y ∈ Γ, '()( +#),-&. ')-(
1−

f(x)

1 + f(x)
−

f(y)

1 + f(y)
= 1−

f(x) + 2f(x)f(y) + f(y)

(1 + f(x))(1 + f(y))

=
1− f(x)f(y)

(1 + f(x))(1 + f(y))
,)/0/

f(x)f(y) = 1⇐⇒
f(x)

1 + f(x)
+

f(y)

1 + f(y)
= 1,1-%-01 -(%- -(0 "2,-)#, A : Γ −→ 34 #" -(0 "#$5

A(x) :=
f(x)

1 + f(x)
, x ∈ Γ.)0&61 % 1#&2-)#, #" 072%-)#,

A(x) +A(y) 6= 1 implies A(x+ y) = A(x) +A(y) (2)"#$ %&& x, y ∈ Γ. 80 1(#' -(%- 1 6∈ A(Γ). 9# :$#;0 -()1< %11250 -(%-
A(x0) = 1 "#$ 1#50 x0 ∈ Γ. 9(0, '0 #,&260 -(%- f(x0) = 1 + f(x0),'()( )1 )55:#1)=&0/ >),0 f(0) = 0, 0;)60,-&. A(0) = 0. ?$#5 -(0 -(0#$05:$#;06 =. @0$ AB℄ D1),0 A(0) = 0E '0 #,&260 -(%- A .)0&61 % (#5#5#$:()15#" F$#2:1 Γ %,6 34 #$ -(0$0 0G)1- % 12=F$#2: Z #" % F$#2: Γ 12( -(%- A )1 #"-(0 "#$5

A(x) :=

{

0 "#$ x ∈ Z,
1

2
"#$ x ∈ Γ \ Z,'(0,0

f(x) :=







A(x)

1−A(x)
"#$ x ∈ Γ,

−1 "#$ x ∈ G \ Γ#$
f(x) :=











0 "#$ x ∈ Z,

1 "#$ x ∈ Γ \ Z,

−1 "#$ x ∈ G \ Γ.3- )1 0%1. -# (0H -(%- 0%( #" -(0 "2,-)#,1 %=#;0 .)0&61 % 1#&2-)#, -# -(0072%-)#, DIE/ 9(21 -(0 :$##" (%1 =00, #5:&0-06/9(0 "#&&#'),F $05%$H F);01 -(0 "#$5 #" % #,1-%,- 1#&2-)#,1 #" 072%-)#, DIE/



 !  !"!#$%&! '()!*+,! !"#$%&  !" (G, ⋆) #! $ %&'()* +,! '-./ '-1"$-" 1'.("2'-1 '3 "#$ $&!
f = −1% f = 0% $-4 f = 1&'( *+, -*./% 0//12+ -*0- f = c 31454/ "#$& '*+6

c2 6= 1 =⇒ c = 2c
1 + c

1− c2
,.&+&

c ∈ {−1, 1} or c = 0 or c = 2
1 + c

1− c2
,7*+6+

c ∈ {−1, 0, 1},7*.* 70/ -( 8+ /*(76& !"!#!$!&9:℄ <& =>?4&  !"(&!1 '- 5(-"2'-$. 67($"2'-1 $-4 +,!2& 8)).2$"2'-1& =0@A+2. BC+//% D+7 E(C,% :FGG&9H℄ =& I*?C.-0-& JC0-.(6/ C0-.(66+44+/ 0//(.0-.K+/ +- (CL/ M10AC0-.M1+/%9!:* ;$",* 4! .<6-1!2%-!=!-" >()?&2!(&% '()% :!HNO:!P!% :FFQ@:FFF&9 ℄ R& S(20T/,0& I01*U -UL+ +M10-.(6/ C+40-+A -( /(2+ /.6V140C 0//(.0@-.K+ (L+C0-.(6/& @.$1-2A ;$"!=$"2BA2%  :"N:$% : NO:PF% :FFG&9P℄ R& S(20T/,0% W& X+C& =AA.-.(6 3(C2140+ 7.-* /.6V140C.-.+/& 8--* ;$",*>2.!12$-$!% '*% YOH!% H!!P&9N℄ W& X+C& Z6 /(2+ 316-.(604 +M10-.(6/ 7.-* 0 C+/-C.-+A A(20.6% [[&5(-4* ;$",*% )*% HPFOHYH% :FYQ&9G℄ W& X+C& Z L+76U* C\7606.0* 316,U]6U* > (8.�-_ A>.+A>.6_& C&$!D$(A'E! F-2E!&1/"!"( G.H1A2!%'% DC : H% R0-(7.+% :FYG&9Y℄ `& `(/(6>.& `(04 /(41-.(6/ (3 316-.(604 +M10-.(6/% @.$1-2A ;$"!=I$"2BA2% HN"PN$% NYOGY% :FF!&


