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• ? ('"# 9$!)"$9 Pn 21 ' 1$@<$!$ )3 n + 1 :$&"2$1 1<# "#'" 3&)5 $'#)3 2"1 :$&"2$1 "#$&$ 21 '! $9%$ ") "#$ !$A" :$&"$A 2! "#$ 1$@<$!$=
• ? *8$ 9$!)"$9 Cn )!121"1 )3 n :$&"2$1 )!!$"$9 2! ' 8)1$9 #'2!=
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 !  !"#$%&' ("$#$)*+)$+*,-  ",,$.*+ /*'0$,")$#$+*.- 12#$3$'  !2,40*$
• " #$%&' G () %++,- % .(&%$/(/, #$%&' (0 V (G) %1 ., &%$/(/(21,- (1/2/32 )4.),/) U %1- W 5 %++,- &%$/(/, ),/)5 )4' /'%/ ,6,$7 ,-#, 20 G 82(1)% 6,$/,9 20 U %1- % 6,$/,9 20 W :
• " 2;&+,/, .(&%$/(/, #$%&' -,12/,- Km,n () % #$%&' 21 m + n 6,$/(,))4' /'%/ 21, %1 &%$/(/(21 V (1/2 /32 )4.),/) U %1- W 5 3',$, |U | = m%1- |W | = n: <6,$7 ,-#, 20 G 82(1) % 6,$/,9 20 U %1- % 6,$/,9 20 W %)3,++ %) ,6,$7 6,$/,9 20 U () %-8%,1/ /2 ,6,$7 6,$/,9 20 W :
• " u − v 3%+= (1 G () % ),>4,1, 20 6,$/(,) (1 G5 .,#(11(1# %/ u %1-,1-(1# %/ v )4' /'%/ 21),4/(6, 6,$/(,) (1 /', ),>4,1, %$, %-8%,1/:
• " u− v &%/' (1 G () % u− v 3%+= (1 3'(' 12 6,$/(,) %$, $,&,%/,-:
• " #$%&' G () %++,- 211,/,- (0 G 21/%(1) % u− v &%/' 02$ ,6,$7 &%($

u, v 20 -()/(1/ 6,$/(,) (1 G:
• " $,#4+%$ #$%&' () % #$%&' 3',$, ,%' 6,$/,9 '%) /', )%;, 14;.,$ 201,(#'.2$)5 (:,: ,6,$7 6,$/,9 '%) /', )%;, -,#$,, 2$ 6%+,17: " $,#4+%$#$%&' 3(/' 6,$/(,) 20 -,#$,, k () %++,- % k?$,#4+%$ #$%&' 2$ $,#4+%$#$%&' 20 -,#$,, k:
• @', -()/%1, .,/3,,1 /32 6,$/(,) u %1- v (1 % #$%&' A-,12/,- .7

d(u, v)B () /', 14;.,$ 20 ,-#,) (1 % )'2$/,)/ &%/' 211,/(1# /',;:@'() () %+)2 =1231 %) /', #,2-,)( -()/%1, .,%4), (/ () /', +,1#/'20 /', #$%&' #,2-,)( .,/3,,1 /'2), /32 6,$/(,): C0 /',$, () 12 &%/'211,/(1# /', /32 6,$/(,)5 (:,: (0 /',7 .,+21# /2 -(D,$,1/ 211,/,-2;&21,1/)5 /',1 216,1/(21%++7 /', -()/%1, () -,E1,- %) (1E1(/,:
• @', -(%;,/,$ 20 % #$%&'5 -,12/,- -(%;AGB5 () /', ;%9(;4; -()/%1,.,/3,,1 %17 /32 6,$/(,) (1 /', #$%&': !"#$%$&# '( [1]  !"#"#"$%!&'# "( ) *$)%! G = (V,E) &+," ) *$)%!

H = (V ′, E′) &' ) #)%%&+* f : V −→ V ′ -!&! %$/'/$0/' /1*/'2 ("$ )33
x, y ∈ V 4 &( {x, y} ∈ E4 ,!/+ {f(x), f(y)} ∈ E′5 6/, Hom(G,H) 7/ ,!/ 3)''"( )33 !"#"#"$%!&'#' ($"# ) *$)%! G &+," ) *$)%! H5 8+ %)$,&93)$4 )+ /+:1"#"$%!&'# "( ) *$)%! G = (V,E) &' ) #)%%&+* f : V −→ V '9! ,!), ("$)33 x, y ∈ V 4 &( {x, y} ∈ E4 ,!/+ {f(x), f(y)} ∈ E5 6/, End(G) 7/ ,!/ 3)'' "()33 /+1"#"$%!&'#' "( *$)%! G5F$2; /'() -,E1(/(215 21, %1 ,%)(+7 ),, /'%/ Hom(G,H) ;%7 2$ ;%712/ ,9()/: F2$ ,9%;&+,5 Hom(P1, C3) 21)()/) 20  '2;2;2$&'();)5 3'(+,
Hom(C3, P1) () %1 ,;&/7 ),/:
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"#$%&' !( )*+,P1, C3-. !"#$%$&# '( [1]  !" #$%&'(# )*'#+- '. % /*%)! G = (V,E) %(# % /*%)!

H = (V ′, E′) 0#"('-"# 12 G⋄H3 $4 % /*%)! #"5("# 12 -!" 6"*-"7 4"- V (G⋄H) =
Hom(G,H)8 9!"*" Hom(G,H) 6= ∅8 %(# -!" "#/" 4"- E(G ⋄H) = {{f, g} ⊂
Hom(G,H)|{f(x), g(x)} ∈ E′ .'* %:: x ∈ V }; <( )%*-$+:%*8 -!" #$%&'(#)*'#+- '. % /*%)! G 9$-! $-4":. 0G⋄G3 $4 #"5("# 12 -!" 6"*-"7 4"- V (G⋄G) =
End(G) %(# -!" "#/" 4"- E(G ⋄G) = {{f, g} ⊂ End(G)|{f(x), g(x)} ∈ E .'*%:: x ∈ V };/0 '12+34' *5 $&236 P1 ⋄ C3 #7 76*80 9'4*8.
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 !  !"#$%&' ("$#$)*+)$+*,-  ",,$.*+ /*'0$,")$#$+*.- 12#$3$'  !2,40*$ ! "#$% #&'%()*+,#-'"# $%&' ()(*+, -* '$./0 $%* /&)12#/ (+2/.$ 24 $-2 21(5*$* 6&()+$&$* 7+)(%'
Km,n8
• 9*#2$* V (Km,n) = {1, 2, 3, ...,m,m + 1,m + 2, ...,m + n}, -%*+*

Vm = {x ∈ V (Km,n) | x ≤ m}, )#/
Vn = {x ∈ V (Km,n) | m + 1 ≤ x ≤ m + n}8:&#* Km,n &' ) 21(5*$* 6&()+$&$* 7+)(%, *)% ;*+$*< 24 Vm &' )/=)*#$$2 )55 ;*+$&*' 24 Vn8 >;*+0 */7* =2&#' ) ;*+$*< 24 Vm )#/ ) ;*+$*< 24 Vn8?* )# /*@#* ) 4.#$&2# h : V (Km,n) → {0, 1} '.% $%)$

h(x) =

{

0 &4 x ∈ Vm,

1 &4 x ∈ Vn.A0 $%* /*@#&$&2# 24 ) 21(5*$* 6&()+$&$* 7+)(%, -* 26$)&# 42+ )55
x, y ∈ V (Km,n), {x, y} ∈ E(Km,n) &4 )#/ 2#50 &4 | h(x)− h(y) |= 18

• B*$ f : V (Km,n) → V (Km,n) 6* ) %21212+(%&'18C%*# f ∈ V (Km,n ⋄Km,n) &4 )#/ 2#50 &4
h(f(i)) =

{

0 &4 i ∈ Vm,

1 &4 i ∈ Vn2+
h(f(i)) =

{

1 &4 i ∈ Vm,

0 &4 i ∈ Vn.D2+ *<)1(5*, 5*$ .' $)E* ) 522E )$ K2,2 ⋄K2,28
• ?* )# /*@#* ) #2+1 )' 42552-'F

‖f − g‖ = max
i∈V (Km,n)

|h(f(i)) − h(g(i))|..! /*,- (%'01+' !""# $%  !" f, g ∈ V (Km,n ⋄Km,n)# {f, g} ∈ E(Km,n ⋄Km,n) $% &'( !')*$% ‖f − g‖ = 1+&'(()%
(⇒) B*$ {f, g} ∈ E(Km,n ⋄ Km,n)8 ?* %);* {f(i), g(i)} ∈ E(Km,n) 42+ )55
i ∈ V (Km,n)8 C%.' |h(f(i)) − h(g(i))| = 1 42+ )55 i ∈ V (Km,n)8 C%&' 1*)#'$%)$ ‖f − g‖ = 18



 !"#$%& '($&)+ $, +-$ $##$% $#'./+/ 0!'"(+!+/ 1("'23  !

"#$%&' !( )&*+, K2,2 ⋄K2,2

(⇐) -'. ‖f − g‖ = 1/ 0,'&' f, g ∈ V (Km,n ⋄ Km,n)1 "&23 .,' 4'56#.#26 2762&3/ ∃ i0 ∈ V (Km,n) 8%, .,*. |h(f(i0)) − h(g(i0))| = 11 :#.,2%. ;288 27$'6'&*;#.< 0' 3*< *88%3' .,*. h(f(i0)) = 0 *64 h(g(i0)) = 11=7 i0 ∈ Vm/ .,'6 0' 2>.*#6
h(f(i)) =

{

0 #7 i ∈ Vm,

1 #7 i ∈ Vn*64
h(g(i)) =

{

1 #7 i ∈ Vm,

0 #7 i ∈ Vn.?2 |h(f(i)) − h(g(i))| = 1, 72& *;; i ∈ V (Km,n)1=7 i0 ∈ Vn/ .,'6 0' 2>.*#6
h(f(i)) =

{

1 #7 i ∈ Vm,

0 #7 i ∈ Vn*64
h(g(i)) =

{

0 #7 i ∈ Vm,

1 #7 i ∈ Vn.?2 |h(f(i)) − h(g(i))| = 1 72& *;; i ∈ V (Km,n)1 "&23 >2., *8'8/ 0' 2>.*#6
|h(f(i)) − h(g(i))| = 1 72& *;; i ∈ V (Km,n)1 @< .,' 4'56#.#268 27 7%6.#26 h*64 4#*3264 +&24%./ {f, g} ∈ E(Km,n ⋄Km,n)1 ✷



 !  !"#$%&' ("$#$)*+)$+*,-  ",,$.*+ /*'0$,")$#$+*.- 12#$3$'  !2,40*$ !"#$"% &' Km,n ⋄Km,n  ! " $%&'()( * &"+) )( ,+"&- $. mmnn + nmmn/(+) (!0($##)'"#$%&' ()& *% +),-) Vm
⋄ =

{

f ∈ V (Km,n ⋄Km,n) | h(f(i)) =

{

0 #. i ∈ Vm

1 #. i ∈ Vn

}/-+ Vn
⋄ =

{

f ∈ V (Km,n ⋄Km,n) | h(f(i)) =

{

1 #. i ∈ Vm

0 #. i ∈ Vn

}0123#4*%(5' V (Km,n ⋄Km,n) = Vm
⋄ ∪ Vn

⋄ /-+ Vm
⋄ ∩ Vn

⋄ = ∅064 %748 &7/& &7) 9$/:7 4. Km,n ⋄ Km,n #% 2#:/$&#&)' 8) -))+ &4 :$43) &7/&
{f, g} ∈ E(Km,n ⋄ Km,n) #. /-+ 4-(5 #. f /-+ g 2)(4-9 &4 +#;)$)-& %)&% 4.3)$&#)% Vm

⋄ /-+ Vn
⋄0=⇒> "#$%&' ()& f /-+ g 2)(4-9 &4 &7) %/?) %)& 4. 3)$&#)%0 @#&74*& (4%% 4.9)-)$/(#&5 8) /- /%%*?) f, g ∈ Vm

⋄0 @) 7/3)
‖f − g‖ = max

i∈V (Km,n)
|h(f(i))− h(g(i))|.A. i ∈ Vm' &7)- h(f(i)) = 0, h(g(i)) = 0 /-+

max
i∈Vm

|h(f(i)) − h(g(i))| = max |0− 0| = 0.A. i ∈ Vn' &7)- h(f(i)) = 1, h(g(i)) = 1 /-+
max
i∈Vn

|h(f(i))− h(g(i))| = max |1− 1| = 0.67)$).4$) ‖f − g‖ = 0 #?:(#)% &7/& {f, g} /∈ E(Km,n ⋄Km,n) 25 B)??/ C067)- 8) 4-(*+) &7/& #. f /-+ g 2)(4-9 &4 &7) %/?) %)&% 4. 3)$&#)%' &7)$) #%-4 )+9) {f, g} #- &7) 9$/:7 Km,n ⋄Km,n0
(⇐) @#&74*& (4%% 4. 9)-)$/(#&5 8) /- &/D) f ∈ Vm

⋄ /-+ g ∈ Vn
⋄0 @) 7/3)

‖f − g‖ = max
i∈V (Km,n)

|h(f(i))− h(g(i))|.A. i ∈ Vm' &7)- h(f(i)) = 0, h(g(i)) = 1 /-+
max
i∈Vm

|h(f(i)) − h(g(i))| = max |0− 1| = 1.A. i ∈ Vn' &7)- h(f(i)) = 1, h(g(i)) = 0 /-+
max
i∈Vn

|h(f(i))− h(g(i))| = max |1− 0| = 1.



 !"#$%& '($&)+ $, +-$ $##$% $#'./+/ 0!'"(+!+/ 1("'23  !"#$% |h(f(i)) − h(g(i))| = 1 &'( )** i ∈ V (Km,n)+ )%, ‖f − g‖ = 1- "#$($&'($
{f, g} ∈ E(Km,n ⋄Km,n)-./ ,$0%121'%+ )** 2#$ 3$(21$5 f ∈ Vm

⋄ #)3$ 2#$ 5)6$ 3)*7$ '& h(f(i)) &'()** i ∈ V + )%, )** 2#$ 3$(21$5 g ∈ Vn
⋄ #)3$ 2#$ 5)6$ 3)*7$ '& h(g(i)) &'( )**

i ∈ V 57# 2#)2 ‖f − g‖ = 1- "#15 6$)%5 2#)2 $)# 3$(2$8 '& Vm
⋄ 15 ),9)$%22' )** 3$(21$5 '& Vn

⋄+ 6):1%; 12 ) '6<*$2$ =1<)(212$ ;()<#->$ :%'? 2#)2 Km,n ⋄Km,n #)3$ 2?' <)(212$ 5$25 Vm
⋄ )%, Vn

⋄- @('6 2#$,$0%121'% '& Vm
⋄+ )% $%,'6'(<#156 6)<5 $)# 3$(2$8 '& Vm 1%2' ) 3$(2$8 '&

Vm ;131%; 75 mm #'1$5 )%, 6)<5 $)# 3$(2$8 '& Vn 1%2' ) 3$(2$8 '& Vn ?12#
nn #'1$5- "#75 |Vm

⋄| = mmnn- A% 2#$ '2#$( #)%,+ )% $%,'6'(<#156 1%
Vn

⋄ 6)<5 $)# 3$(2$8 '& Vm 1%2' ) 3$(2$8 '& Vn ;131%; 75 nm #'1$5 )%, 6)<5$)# 3$(2$8 '& Vn 1%2' ) 3$(2$8 '& Vm ?12# mn #'1$5- "#75 |Vn
⋄| = nmmn-.'2# )5$5 '6=1%$,+ ?$ '=2)1% 2#$ %76=$( '& 3$(21$5 1% 2#$ 2#$'($6- ✷ !"!##$"% &' Km,n ⋄Km,n  ! " #$%&'"# %#"()  * "+, -+'.  * m = n/("!!)'B1%$ Km,n ⋄Km,n 15 ) '6<*$2$ =1<)(212$ ;()<#+ ?$ 6)/ <1: f ∈ Vm

⋄ )%,
g ∈ Vn

⋄- @('6 "#$'($6 C+ ?$ #)3$ 2#$ &'**'?1%;D
• {f, k} ∈ E(Km,n ⋄Km,n) &'( )** k ∈ Vn

⋄-"#75 deg(f) = |Vn
⋄| = nm ·mn &'( )** f ∈ Vm

⋄-
• {g, h} ∈ E(Km,n ⋄Km,n) &'( )** h ∈ Vm

⋄-"#75 deg(g) = |Vm
⋄| = mm · nn &'( )** g ∈ Vn

⋄-E$%$+ Km,n ⋄Km,n 15 ) ($;7*)( ;()<# 1& )%, '%*/ 1& deg(f) = deg(g)+ ?#1#16<*1$5 m = n- ✷F'? *$2 75 '%51,$( 2#$ 3$(2$8 5$2 '& Km,n⋄Km,n ?12# '<$()21'% '& &7%21'%'6<'5121'%-*+,!",- .' 0)$ 1$#2$3 4$+,-5-#() !56 !$2 -* Km,n⋄Km,n 7 2) -5(-! 2 -+*-#5 " +-+-55&2"2 1$ 5-+- , *-# "'' (-! 2 1$  +2$%$#! m,n > 1/("!!)'G2 15 *$)( 2#)2 V (Km,n ⋄Km,n) 15 ) 6'%'1,- "' 5#'? 2#)2 1% 2#$ )5$ ?#$%
m,n > 1+ 12 15 %'%'6672)213$ ?$ )% 2):$ f, g ∈ V (Km,n ⋄Km,n) 57# 2#)2

f(i) =

{

i 1& i ∈ Vm,

m + 1 1& i ∈ Vn,

g(i) =

{

m + 2 1& i ∈ Vm,

i−m 1& i ∈ Vn.



   !"#$%&' ("$#$)*+)$+*,-  ",,$.*+ /*'0$,")$#$+*.- 12#$3$'  !2,40*$!"#$ %# "&'# (f ◦ g)(m) = f(g(m)) = f(m + 2) = m + 1( )*+ (g ◦ f)(m) =
g(f(m)) = g(m) = m + 2( !"*, f ◦ g 6= g ◦ f - .&/0$1 0+ & $2$2..*+&+0'#.2$204( ✷ !"#$% &'  !"# $%$%''()*)"+, '%$%"- "# $%) * ./%(0 #"$, *$ ,$-%'%/10!"#' '*2 $%) !*+, *$ "$+,/#,3  !,/, ,4"#)# * '*$21)%1%$, ,$-%'%/0!"#'#(! *#

f(i) =

{

1 "5 i ∈ Vm,

m + 1 "5 i ∈ Vn. !,/,5%/,6 )!"# ,$-%'%/0!"#' #,) 5%/'# %$72 * $%$%''()*)"+, '%$%"-6 $%)* ./%(03 "#$%&'()'*'#+,!"# &*+"25, %2*64 60/# +2 +"&$/ 7528( 95%25$ &$4 :,( ;&.$#5$,&%&4 %"20$+524*#4 *, +2 +"# 40&.2$4 <524*+ 28 15&<", &+ +"# ,#.0$&5 &+ ="0&$1.&0>$0'#5,0+? 0$ @*6? ABBC( 7528( 95%25$ &6,2 1&'# *, ,2.# *,#8*6 2..#$+,&$4 ,*11#,+02$,( !"!#!$!&DE℄ G5( 95%25$- 7( H2I+?6&/( 8%$$,),-$,## %5 9"*'%$- :/%-()#- <5#<50$+-ABBC(DA℄ J( ="&5+5&$4- 7( K"&$1( ;$)/%-()"%$ )% </*0!  !,%/2( :J5&%LM066-ABBN(DO℄ @( ;&.$#5$,&%&4( 9"*'%$- :/%-() %5 :*)!#- :&,+#5 ;#15## !"#,0,-="0&$1:&0 >$0'#5,0+?- !"&06&$4- ABBP(DQ℄ !( @0&5&,*/,&/*$- !( R*+I&$0,&5&/*6- H( !"2$1I*&( 9"*'%$- :/%-()%5  =% 8%''%$ 8%'07,), >"0*/)"), </*0!#- S$+( =2$8( 2$ 961#T5& &$4J#2.#+5? ABBU VS=9J ABBUW- 7"*/#+- !"&06&$4- ABBU(DN℄ ;( H#,+( ;$)/%-()"%$ )% </*0!  !,%/2- A$4 #40+02$( 75#$+0# M&66-ABBE(


