
 !" #$%&'() *"+,-.(+/0 +" 1)�(/'4'5!6+-"/+7 8((%-(9 :!/4-;!/+( <=9 1)�(/'4'5! >?@?
ΨI  !"#$%&' &()(*(+'",- .-/-01,a2 345678/9- :6/;<0=b

a !"#$#%#& '( )*#+&,*#$".*/&,$* 0',&1*!$&!"$" $! 23%4"5%67 .1$"8&9"5$&:' ;;<= >;?;@@ 23%4"5= 0'6*!/&?,*$6A  !"#"$%&�(%)"*+ (*,!
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ΨI65 +3.() (%,%!%/)7 / + $"( 5 8) .( "+"!%/%23!) (% (1 !"33."! I65 +3.() (%,%!%/)%+ (1 $ "! !.+ * 01 .5 " "$.3 3 4$%: (1 +%( 8) 0")!%$ ;<℄ "+5 0 $ , (" "+5>"/+ $6?%@"A%&3A" ;B℄* ! "#$%&'(! $*! +&,,&-"#. #&$/$"&#0
N $*! 1!$ &+ 2&1"$"3! "#$!.!%14
R $*! 1!$ &+ %!/, #(56!%14
R+ $*! 1!$ &+ 2&1"$"3! %!/, #(56!%14
S σ7/,.!6%/ &+ 1(61!$1 &+ R */3"#. $*! 8/"%! 2%&2!%$94
I σ7"'!/, &+ 1(61!$1 &+ R &+ $*! :%1$ /$!.&%94
C $*! +/5",9 &+ /,, #&#'!%!/1"#. &#$"#(&(1 +(#$"&#1 ψ : R+ → (0, 1] 1(*$*/$ lim

x→0+
ψ(x) = 0; ! 1/9 $*/$ $-& 1!$1 A /#' B /%! !<("3/,!#$ =A ∼ B> "+ A△B ∈ I4 -*!%!

A△B "1 $*! 1955!$%" '"?!%!#! &+ A /#' B; @''"$"&#/,,94 "+ A ⊂ R4 α ∈ R/#' x0 ∈ R4 $*!# −A = {x ∈ R : −x ∈ A}4 α · A = {α · x ∈ R : x ∈ A}4
A′ = R \ A /#' A − x0 = {x ∈ R : x + x0 ∈ A}; A&% !/* x ∈ R

+4 ,!$
[x] = max{n ∈ N ∪ {0} : n ≤ x }.



 !  !" #"$"%&!' ()*+,-$." /+$01%2 !"#$%$&# '( [1]  ! "#$ %&#% ' (" # )*(+% *, I-.!+"(%$ *, # "!% A ∈ S (, ,*/!#& (+/!#"(+1 "!23!+! *, )*"(%(4! (+%!1!/" {nm}m∈N %&!/! !5("%" # "36"!-23!+! {nmp}p∈N "3& %&#%
{x : χnmp ·A∩[−1,1](x) 6−→ 1} ∈ I.7 )*(+% x0 (" # )*(+% *, I-.!+"(%$ *, # "!% A ∈ S (, ' (" # )*(+% *, I-.!+"(%$*, %&! "!% A− x08 7 )*(+% x0 (" # )*(+% *, I-.(")!/"(*+ *, # "!% A ∈ I (, x0 ("# )*(+% *, I-.!+"(%$ *, %&! "!% R \A8"#$

Φ(A) = {x ∈ ℜ : x %& I'(#)&%$* +,%)$ ,- A}-,. A ∈ S/ 0)( TI = {A ∈ S : A ⊂ Φ(A)}1 2# .#044 $5# -,44,6%)7 $5#,.#8&1)*!&+!, '( [1] ' (" # )*(+% *, I-.!+"(%$ *, # "!% A ∈ S (, #+. *+9$ (, ,*/ !#&"!23!+! {tn}n∈N
⊂ R+ "3& %&#% limn→∞ tn = +∞ %&!/! !5("%" # "36"!23!+!

{tnk
}k∈N

"3& %&#%
{x ∈ [−1, 1] : χtnk

·A∩[−1,1](x) 6−→ 1} ∈ I.)*!&+!, -( [1] :*/ #+$ A ∈ S #+. B ∈ S;%9 (, A ⊂ B; %&!+ Φ(A) ⊂ Φ(B);%%9 Φ(∅) = ∅, Φ(R) = R;%%%9 (, A ∼ B; %&!+ Φ(A) = Φ(B);%:9 Φ(A ∩B) = Φ(A) ∩ Φ(B);:9 A ∼ Φ(A)8)*!&+!, .( [1] TI (" # %*)*9*1$ *+ %&! /!#9 9(+! "%/*+1!/ %&#+ %&! <39(.!#+%*)*9*1$8 !"#$%$&# -( =!% ψ ∈ C8;.  ! "#$ %&#% ' (" # )*(+% *, /(1&%-&#+. ψI-.(")!/"(*+ *, # "!% A ,/*> S(, ,*/ !#& "!23!+! {(hn,mn)}n∈N ?(%& %&! ,*99*?(+1 )/*)!/%(!"
• {(hn,mn)}n∈N ⊂ R+ × (N ∪ {0});
• %&! "!23!+! {hn}n∈N

(" .!/!#"(+1;
• lim
n→∞

hn = 0;
• ,*/ !#& n ∈ N; mn ∈ {0, . . . ,

[

1
ψ(hn)

]

− 1}



ΨI !"#$%&' &()(*(+'  ! !"#" "$%& & ' &()&"*("+" {(hnk
,mnk

)}k∈N
&(!  !' 

{x ∈ [0, 1]; χAk
(x) 6−→ 0} ∈ I,-!"#"

Ak =

(

1

hnk
ψ(hnk

)
· A−mnk

)

∩ [0, 1]."". ." &'/  !' 0 %& ' 12%+ 23 4"3 5!'+6 ψI56%&1"#&%2+ 23 ' &" A ∈ S %3 0%& ' #%7! 5!'+6 12%+ 23 ψI56%&1"#&%2+ 23  !" &" −A8""". ." &'/  !' 0 %& ' 12%+ 23 ψI56%&1"#&%2+ 23 ' &" A ∈ S %3 0 %& ' 12%+ 23 #%7! 5!'+6 '+6 4"3 5!'+6 ψI56%&1"#&%2+ 23  !" &" A8"#. ." &'/  !' x0 ∈ R %& ' 12%+ 23 ψI56%&1"#&%2+ 23 ' &" A ∈ S %3 0 %&' 12%+ 23 ψI56%&1"#&%2+ 23  !" &" A− x08#. ." &'/  !' x0 ∈ R %& ' 12%+ 23 ψI56"+&% / 23 ' &" A ∈ S %3 x0 %&' 12%+ 23 ψI56%&1"#&%2+ 23  !" &" R \ A8 !""# $% 9" ψ ∈ C '+6 {(an, bn)}n∈N )" ' &"*("+" 23 21"+ %+ "#:'4& &(! !' lim
n→∞

bn = 0 '+6; 32# "'! n ∈ N;$% 0 < an+1 < bn+1 < an;$$% bn+1 ≤ bnψ(bn);$$$% bn − an ≤ bnψ(bn)89" G =

∞
⋃

n=1

(an, bn)8 <!"+; 32# "'! &"*("+" 23 12&% %:" #"'4 +(=)"#& {hn}n∈N&(!  !' lim
n→∞

hn = 0  !"#" "$%& & ' &()&"*("+" {hnk
}k∈N

&' %&3/%+7  !" 2+56% %2+
{

x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) 6−→ 0

}

∈ I.&'(()% &'( {hn}n∈N
)' *+ *,)$(,*,- .'/0'+' 23 42.$($5' ,'*6 +07)',. .08(8*( lim

n→∞
hn = 09 :' *+ *..07' (8*(; 32, '*8 n ∈ N; (8',' '<$.(. pn ∈ N.08 (8*(

bpn+1 < hn ≤ bpn .



 !  !" #"$"%&!' ()*+,-$." /+$01%2"# $%&'' )*$+,#- ./) &$#$0&1 2%#-# #3+$.$ 4)$+.+5# +*.#6#- n0 $7% .%&.8 9)- #&% n ≥ n08
bpn+1 ≤ hn ≤ apn .:$$7;# .%&. n0 = 10 "# )*$+,#- & $#<7#*# { 1

hn
· bpn+1

}

n∈N

0 2%#* .%#-##3+$. α ∈ [0, 1] &*, &* +*-#&$+*6 $#<7#*# )9 4)$+.+5# +*.#6#-$ {nk}k∈N $7%.%&.
lim
k→∞

1

hnk

· bpnk
+1 = α.=#*#

0 ≤ lim
k→∞

1

hnk

·
(

bpnk
+1 − apnk

+1

)

≤ lim
k→∞

1

hnk

· bpnk
+1 · ψ(bpnk

+1) = 0&*,
lim
k→∞

1

hnk

· apnk
+1 = α.>? .%# &@)5# &*,

0 ≤ lim
k→∞

1

hnk

· bpnk
+2 ≤ lim

k→∞

1

hnk

· bpnk
+1 · ψ(bpnk

+1) = 0,/# +*9#- .%&.
{

x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) 6−→ 0

}

⊂ {0, α, 1}.@1 A)/ /# &$$7;# .%&.8 9)- #&% n ∈ N8 .%#-# #3+$.$ kn ∈ N, kn ≥ n $7%.%&.
apnk

< hkn
< bpnk

.2%#*
1 ≤ lim

k→∞

1

hkn

· bpnk
≤ lim

k→∞

1

apnk

· bpnk
≤ lim

k→∞

1

bpnk
(1− ψ(bpnk

))
· bpnk

= 1&*,
lim
k→∞

1

hkn

·
(

bpnk
− apnk

)

≤ lim
k→∞

1

hkn

bpnk
ψ(bpnk

) = 0.=#*#
lim
k→∞

1

hkn

· apnk
= 1.
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lim
k→∞

1

hkn

· bpnk
+1 ≤ lim

k→∞

1

hkn

· bpnk
ψ(bpnk

) = 0,%+,-,.&-,
{

x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) 6−→ 0

}

⊂ {0, 1}. ✷ !"#$"% &'  !" ψ ∈ C# $% 0 &' ( )*&+" *% ,&-."/.(+0 ψI10&')!,'&*+ *% ( '!"
A ∈ S2 ".!+ &" &' ( )*&+" *% ( ,&-."/.(+0 I/0&')!,'&*+ *% ".! '!" A#($##)' /,% {tn}n∈N 0, ( #,-,(2$'3 2,45,', &. 6&2$%$7, -,() '580,-2 25+%+(% lim

n→∞
tn = 09 :, 8(* (2258, %+(%; .&- ,(+ n ∈ N; %+,-, ,<$2%2 ( 6&2$%$7,

hn 25+ %+(%
tn = hnψ(hn).=+,' lim

n→∞
hn = 09 /,%; .&- ,(+ n ∈ N; mn = 09=+, 2,45,', {(hn,mn)}n∈N 2(%$2>,2 %+, &'#$%$&'2 &. ?,>'$%$&' @; %+,-,A.&-, %+,-, ,<$2%2 ( 2,45,', {(hnk

,mnk
)}k∈N 25+ %+(%

lim sup
k→∞

(

1

hnk
ψ(hnk

)
·A−mnk

)

∩ [0, 1] ∈ I.B*
lim sup
k→∞

(

1

hnk
ψ(hnk

)
·A−mnk

)

∩ [0, 1] = lim sup
k→∞

(

1

tnk

·A

)

∩ [0, 1],%+, 6-&&. $2 &86),%,9 ✷ !"#$"% *'  !" ψ ∈ C# 3.!,! !4&'"' (+ *)!+ '!" G '5. ".(" 7 &' ( )*&+"*% ,&-."/.(+0 I/0&')!,'&*+ *% ".! '!" G (+0 7 &' +*" ( )*&+" *% ,&-."/.(+0
ψI/0&')!,'&*+ *% ".! '!" G#($##)' :, 2+()) #,>', ( 2,45,', &. &6,' $'%,-7()2 {(an, bn)}n∈N

25+ %+(%$C 0 < an+1 < bn+1 < an,$$C bn+1 < min{ 1
n
, bnψ(bn)},$$$C bn − an = bnψ(bn),$7C 1

ψ(bn) ∈ N.&- ,(+ n ∈ N9



 !  !" #"$"%&!' ()*+,-$." /+$01%2"#$ b1 %# & '()*$*+# ,#&- ./0%#, )/2 $2&$ ψ(b1) ∈
{

1
2 ,

1
3 , ...

}3 "#$ n ∈ N34))/0# $2&$ 5# 2&+# 6#7.#6 '()*$*+# ,#&- ./0%#,) b1, ..., bn3 8(5 5# )2&--6#7.# & '()*$*+# bn+1 9/-7--*.: $2# 9(--(5*.: ',('#,$*#);
ψ(bn+1) ∈

{

1

2
,
1

3
, ...

}

and bn+1 < min

{

1

n
, bnψ(bn)

}

.<(, #&2 n ∈ N= 5# '/$ an = bn − bnψ(bn)3 >2#.= 9(, #&2 n ∈ N=
an−1 = bn−1(1− ψ(bn−1)) ≥ bn−1 ·

1

2
≥ bn−1 · ψ(bn−1) > bn. !" G =

∞
⋃

n=1

(an, bn)#$% &!''( )* 0 +, ( -.+/" .0 1+23"43(/5 I45+,-!1,+./ .0 "3! ,!" G# 6.7 7!-1.8! "3(" 0 +, /." ( -.+/" .0 1+23"43(/5 ψI45+,-!1,+./ .0 "3! ,!" G#&!" {(hn,mn)}n∈N 9! ( ,!:;!/! ,;3 "3(" hn = bn* mn =
[

1
ψ(hn)

]

− 10.1 !(3 n ∈ N* (/5 =!" {(hnk
,mnk

)}k∈N 9! (/ (19+"1(1% ,;9,!:;!/! .0
{(hn,mn)}n∈N. >! ,3(== ,3.7 "3("

(0, 1) ⊂ lim sup
k→∞

(

1

hnk
ψ(hnk

)
·G−mnk

)

.&!" k ∈ N# ?3!/
1

hnk
ψ(hnk

)
·G−mnk

⊃
1

hnk
ψ(hnk

)
· (ank

, bnk
)−mnk

=

(

1

bnk
ψ(bnk

)
(bnk

− bnk
ψ(bnk

))−

[

1

ψ(bnk
)

]

+ 1,
1

bnk
ψ(bnk

)
· bnk

−

[

1

ψ(bnk
)

]

+ 1

)

=

=

(

1

ψ(bnk
)
(1− ψ(bnk

))−
1

ψ(bnk
)

+ 1,
1

ψ(bnk
)
−

1

ψ(bnk
)

+ 1

)

= (0, 1).$% "3! (9.8!* 0 +, /." ( -.+/" .0 1+23"43(/5 ψI 45+,-!1,+./ .0 "3! ,!" @# ✷ !"#$"% &'  !" ψ ∈ C# $%!&! !'()") *+ ,-!+ )!" G ).% "%*" 0 () *+ *.12.3*"(,+ -,(+" ,4 "%! )!" G *+5 0 () * -,(+" ,4 &(6%"1%*+5 ψI15()-!&)(,+ ,4 "%!)!" G#($##)' >! 5!A/! ,!:;!/!, .0 1!(= -.,+"+8! /;'9!1, {an}n∈N
(/5 {bn}n∈N,;3 "3("



ΨI !"#$%&' &()(*(+'  !"# bn+1 ≤
1
n
anψ(an),$# 0 < bn − an ≤

1
n
anψ(an),%&' ()+ n ∈ N, )-.!# lim

n→∞
an = lim

n→∞
bn = 0/0(1 b1 2( )- )'231')'4 '()5 6&73138( -9:2('/ 0(1 n ∈ N/ ;779:( 1+)1 <(+)8( .(=-(. -9:2('7 b1, ..., bn−1 )-. a1, ..., an−1/ 0(1 bn 2( ) '()5 6&73138(-9:2(' 79+ 1+)1 bn ≤ 1

n−1an−1ψ(an−1)/ >4 1+( &-13-9314 &% ) %9-13&-
g(x) = x + 1

n
xψ(x) )-. 24 bn < bn + 1

n
bnψ(bn), 1+('( (?3717 an 79+ 1+)1

an < bn )-. an + 1
n
anψ(an) = bn/@(1 G =

∞
⋃

n=1

(an, bn)/ A( 7+)55 7+&< 1+)1 0 37 ) 6&3-1 &% '3B+1C+)-.
ψI C.376('73&- &% G/ 0(1 {(hn,mn)}n∈N 2( )- )'231')'4 7(D9(-( 7)137%43-B1+( &-.313&-7 &% E(=-313&- $/ A( &-73.(' 1+( %&55&<3-B 6&773235313(7F)# ;779:( 1+)1 1+('( (?3717 ) 7927(D9(-( {(hnk

,mnk
)}k∈N 79+ 1+)1 %&' ()+

k ∈ N, mnk
= 0/ G+(-, 3- 83(< &% 0(::) ", 0 37 ) 6&3-1 &% ) '3B+1C+)-.

IH.376('73&- &% G/ @3-( lim
k→∞

hnk
ψ (hnk

) = 0, <( :)4 +&&7( ) 7927(D9(-(
{

hnkp

}

p∈N

79+ 1+)1
lim sup
p→∞

(

1

hnkp
ψ(hnkp

)
G−mnkp

)

∩ [0, 1]=lim sup
p→∞

1

hnkp
ψ(hnkp

)
·G ∩ [0, 1] ∈ I.2# ;779:( 1+)1 1+('( (?3717 ) 7927(D9(-( {(hnk

,mnk
)}k∈N 79+ 1+)1

[mnk
hnk

ψ(hnk
), (mnk

+ 1)hnk
ψ(hnk

)] ∩G = ∅%&' ()+ k ∈ N/G+(-, %&' ()+ k ∈ N, ( 1
hnk

ψ(hnk
) ·G−mnk

)

∩ [0, 1] = ∅/ I(-(
lim sup
k→∞

(

1

hnk
ψ(hnk

)
·G−mnk

)

∩ [0, 1] = ∅.# J% -&-( &% 1+( )7(7 )# )-. 2# 37 1'9(, 1+(- 1+('( (?3717 n0 ∈ N 79+ 1+)1%&' ()+ n ≥ n0, mn ≥ 1 )-.
[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩G 6= ∅.A( )- )779:( 1+)1 %&' ()+ n ∈ N 1+('( (?3717 rn ∈ N, rn > 1 79+ 1+)1

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩ (arn , brn) 6= ∅.



 !  !" #"$"%&!' ()*+,-$." /+$01%2"#$%$&'%$
arn ≤ (mn + 1)hnψ(hn) ≤

[

1

ψ(hn)

]

hnψ(hn) ≤ hn()*+ ,-
brn+1 ≤

1

rn
arnψ(arn) ≤ 1 · hnψ(hn) ≤ mnhnψ(hn),.$ #(/$

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩
∞
⋃

j=rn+1

(aj , bj) = ∅.0**121')(3-+ ,- arn−1 > hn,

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩
rn−1
⋃

j=1

(aj , bj) = ∅.4$2 n ∈ N ()*
xn ∈ [mnhnψ(hn), (mn + 1)hnψ(hn)] ∩ (arn , brn)."#$) 1

hnψ(hn) ·xn−mn ∈ [0, 1]+ &'% (33 n ∈ N5 "#67+ 2#$%$ $81727 α ∈ [0, 1] ()*( 76,7$96$)$ { 1
hnk

ψ(hnk)
xnk

−mnk

}

k∈N

76# 2#(2
lim
k→∞

(

1

hnk
ψ (hnk

)
xnk

−mnk

)

= α.;-
0 ≤ lim

k→∞

1

hnk
ψ(hnk

)
· (brnk

− arnk
)

≤ lim
k→∞

1

hnk
ψ(hnk

)
·

1

rnk

· arnk
ψ(arnk

)

≤ lim
k→∞

1

hnk
ψ(hnk

)
·

1

rnk

· hnk
ψ(hnk

)

= lim
k→∞

1

rnk

= 0,.$ 1)&$% 2#(2
lim
k→∞

(

1

hnk
ψ(hnk

)
brnk

−mnk

)

= α



ΨI !"#$%&' &()(*(+'  !"#$
lim
k→∞

(

1

hnk
ψ(hnk

)
arnk

−mnk

)

= α.%&'(
lim sup
k→∞

(

1

hnk
ψ(hnk

)
·G−mnk

)

∩ [0, 1] ⊂ {α}. ✷ !"#$"% &'  !" ψ1 ∈ C# $%!&! !'()" * +,-"(/- ψ2 ∈ C *-0 *- /1!- )!" G),% "%*" 2 () * 1/(-" /+ &(3%"4%*-0 ψ1,I40()1!&)(/- /+ "%! )!" G5 6," 2 () -/"* 1/(-" /+ &(3%"4%*-0 ψ2,I40()1!&)(/- /+ "%! )!" G#($##)' )* $*+#* " (*,'*#* ./ .0*# 1#2*3"4( {(an, bn)}n∈N
('& 2&"256 0 < an+1 < bn+1 < an786 bn+1 ≤

1
n
anψ1(an)796 bn − an ≤ 1
n
anψ1(an)7:6 bn−an

bn
< bn−1−an−1

bn−1
7!6 bn

bn−an
∈ N7/.; *"& n ∈ N7 "#$<6 lim

n→∞
bn = 0=>*2 b1 ∈ (0, 1) "#$ k ∈ N \ {1}= ?(('@* 2&"2 A* &"3* $*+#*$ #'@B*;(

a1, ..., ak−1 "#$ b1, ..., bk−1= >*2 bk B* "# ";B12;";C 0.(1213* #'@B*; ('& 2&"2
bk ≤

1
k−1ak−1ψ1(ak−1)=)* .#(1$*; 2A. /'#21.#(D g(x) = x+ 1

k
xψ1(x) "#$ h(x) = 1− x

bk
= E1#*

g(bk) = bk + 1
k
bkψ1(bk) > bk7 2&*;*/.;*7 BC .#21#'12C ./ " /'#21.# g7 A* &"3*

α ∈ (0, bk) ('& 2&"2 g(α) = bk "#$7 /.; *"& x ∈ (α, bk), g(x) > bk= >*2 p B*" 0.(1213* 1#2*F*; ('& 2&"2
1

p
< min

{

bk−1 − ak−1

bk−1
, h(α)

}

.%&*#
0 = h(bk) <

1

p
< h(α)"#$7 BC .#21#'12C ./ h7 A* "# &..(* ak ∈ (α, bk) ('& 2&"2 h(ak) = 1

p
=



 !  !" #"$"%&!' ()*+,-$." /+$01%2"#$ G =
∞
⋃

n=1

(an, bn)% &#$ ψ2 ∈ C '# ( )*+$-.+ /*0 $0($1 ).2 #(0 n ∈ N1
ψ2(bn) = bn−an

bn
 !" # $%&%'#( )#* #$ %" +,-.(-& /0 ."- #" 2(.3- 4,#4 0 %$# 2.%"4 .5 (%6,47,#"8 ψ1,I 78%$2-($%." .5 4,- $-4 9 :- $,#'' $,.) 4,#4 0 %$ ".4 # 2.%"4 .5 (%6,47,#"8 ψ2,I78%$2-($%." .5 4,-$-4 G ;-4 hn = bn 5.( -#, n ∈ N #"8 mn = [ 1

ψ2(bn) ] − 1 +,- $-<=-"-
{(hn,mn)}n∈N $#4%$>-$ 4,- ."8%4%."$ .5 ?->"%4%." @ ;-4 {(hnk

,mnk
)}n∈N A-#" #(A%4(#(* $=A$-<=-"- .5 {(hn,mn)}n∈N +,-"0 5.( -#, k ∈ N0

1

hnk
ψ2(hnk

)
·G−mnk

⊃
1

hnk
ψ2(hnk

)
· (ank

, bnk
)−mnk

= (0, 1).+,=$
(0, 1) ⊂ lim sup

k→∞

(

1

hnk
ψ2(hnk

)
·G−mnk

)

∩ [0, 1]. !"#$%$&# '(  !" ψ ∈ C# $%& ' (!" A ∈ S) *! +!,-! Φψ(A) "% .! "/! (!" %0'11 2%3-"( %0 ψI4+!-(3"5 %0 "/! (!" A#)*!&+!, -(  !" ψ ∈ C# 6/!-) 0%& '-5 A,B ∈ S)BC Φψ(∅) = ∅,Φψ(R) = R)@C 70 A ⊂ B) "/!- Φψ(A) ⊂ Φψ(B))DC 70 A ∼ B) "/!- Φψ(A) = Φψ(B))EC Φψ(A ∩B) = Φψ(A) ∩ Φψ(B))FC A ∼ Φψ(A)#.+&&/( +,- ."8%4%."$ BC #"8 @C #(- .A3%.=$ G$$=&- 4,#4 A ∼ B #"8
x ∈ Φψ(A) :%4,.=4 '.$$ .5 6-"-(#'%4*0 ."- #" #$$=&- 4,#4 x = 0 :- ."'*$,.) 4,#4 %5 H %$ # 2.%"4 .5 (%6,47,#"8 ψI 78%$2-($%." .5 4,- $-4 A′0 4,-" 0 %$# 2.%"4 .5 (%6,47,#"8 ψI 78%$2-($%." .5 4,- $-4 B′ ;-4 {(hn,mn)}n∈N A- #" #(A%4(#(* $-<=-"- ),%, $#4%$>-$ ."8%4%."$ .5?->"%4%." @ :- .A$-(3- 4,#4

B′ = (B′ ∩A′) ∪ (B′ \A′),),-(- B′ \ A′ = A \ B ∈ I0 #"8 B′ ∩ A′ ⊂ A′ 0 %$ # 2.%"4 .5 (%6,47,#"8
ψI 78%$2-($%." .5 4,- $-4 A′0 4,=$ %4 %$ # 2.%"4 .5 (%6,47,#"8 ψI 78%$2-($%." .5



ΨI !"#$%&' &()(*(+'   !"# $#! A′ ∩ B′% &"#'#()'#* !"#'# #+,$!$ - $./$#0.#1# {(hnk
,mnk

)}k∈N $."!"-!
lim sup
k→∞

(

1

hnk
ψ(hnk

)
· (A′ ∩B′)−mnk

)

∩ [0, 1] ∈ I.3# 4#51# !"# $#!$ P,P1, P2 ,1 !"# ()66)7,18 7-9:
P = lim sup

k→∞

(

1

hnk
ψ(hnk

)
·B′ −mnk

)

∩ [0, 1],

P1 = lim sup
k→∞

(

1

hnk
ψ(hnk

)
· (A′ ∩B′)−mnk

)

∩ [0, 1],

P2 = lim sup
k→∞

(

1

hnk
ψ(hnk

)
· (B′ \A′)−mnk

)

∩ [0, 1].&"#1 P ⊂ P1 ∪ P2% &"# $#! P1 ,$ )( !"# 5'$! -!#8)'9* -14
P2 =

∞
⋂

r=1

∞
⋃

k=r

(

1

hnk
ψ(hnk

)
· (B′ \A′)−mnk

)

∩ [0, 1] ∈ I.&".$ P ∈ I%3# "-;# <');#4 !"-! Φψ(A) ⊂ Φψ(B)% =1 - $,>,6-' 7-9* 7# -1 <');# !"-!
Φψ(B) ⊂ Φψ(A)%?)7 7# $"-66 $")7 )14,!,)1 @A% B,1# A∩B ⊂ A -14 A∩B ⊂ B* !"#'#()'#*/9 )14,!,)1 CA* 7# "-;# Φψ(A ∩B) ⊂ Φψ(A) ∩Φψ(B)%D#! x ∈ Φψ (A) ∩ Φψ (B)% 3# -1 -$$.># !"-! x = 0% D#! {(hn,mn)}n∈N/# -1 -'/,!'-'9 $#0.#1# 7"," $-!,$5#$ !"# )14,!,)1$ )( E#51,!,)1 C% B,1#
0 ,$ - <),1! )( ',8"!F"-14 ψI F4,$<#'$,)1 )( !"# $#! A′* !"#'#()'# !"#'# #+,$!$ -$./$#0.#1# {(hnk

,mnk
)}k∈N $." !"-!

lim sup
k→∞

(

1

hnk
ψ(hnk

)
·A′ −mnk

)

∩ [0, 1] ∈ I.G44,!,)1-69* 0 ,$ - <),1! )( ',8"!F"-14 ψI F4,$<#'$,)1 )( !"# $#! B′* !".$ !"#'##+,$!$ - $./$#0.#1# {(hnkp
,mnkp

)}k∈N* $." !"-!
lim sup
k→∞

(

1

hnkp
ψ(hnkp

)
·B′ −mnkp

)

∩ [0, 1] ∈ I.&"#1
lim sup
k→∞

(

1

hnkp
ψ(hnkp

)
· (A ∩B)′ −mnkp

)

∩ [0, 1] ⊂ H,



 !  !" #"$"%&!' ()*+,-$." /+$01%2"#$%$
H = lim sup

k→∞

(

1

hnkp
ψ(hnkp

)
· A′ −mnkp

)

∩ [0, 1] ∪

∪ lim sup
k→∞

(

1

hnkp
ψ(hnkp

)
· B′ −mnkp

)

∩ [0, 1] ∈ I.&$'$) 0 *+ , -.*'/ .0 %*1#/2#,'3 ψI 23*+-$%+*.' .0 /#$ +$/ (A ∩ B)′45' , +*6*7,% ",8) "$ ,' +#." /#,/ 0 *+ , -.*'/ .0 7$0/2#,'3 ψI 23*+-$%+*.'.0 /#$ +$/ (A ∩B)′.9." "$ +#,77 +#." .'3*/*.' :;4 <$/ A ∈ S4 =#$' A = (G \ P1) ∪ P2,"#$%$ G *+ ,' .-$' +$/) P1 * P2 ,%$ +$/+ .0 /#$ >%+/ ,/$1.%8 ,'3 P1 ⊂ G)
P2 ∩G = ∅. ?8 @;) "$ #,A$ Φψ (A) = Φψ (G) ,'3 G ⊂ Φψ (G)4 =#B+

A \ Φψ (A) = A \ Φψ (G) ⊂ A \G ∈ I.?8 =#$.%$6 C) Φψ (A) ⊂ Φ(A) ,'3 D8 =#$.%$6 E) A ∼ Φ(A)) /#$%$0.%$
Φψ (A) \A ⊂ Φ(A) \A ∈ I. ✷ !"#$%$&# '(  !"# $%& ψ ∈ C#

Tψ = {A ∈ S : A ⊂ Φψ (A)} .?8 /#$.%$6+ @) C) : ,'3 ! "$ #,A$ /#$ 0.77."*'1)*!&+!, -(  !" ψ ∈ C' Tψ () * "%+%,%-. %/ "0! &!*, ,(/!# )"&%/-!& "0*/ "0!12,(4!*/ "%+%,%-. */4 5!*6!& "0*/ "0! I7"%+%,%-.'.!,,/ 0( 8))29! "0*" 5! 0*:! * )!;2!/!) %$ &!*, /29<!&) {an}n∈N
*/4

{bn}n∈N
)20 "0*" lim

n→∞
an = lim

n→∞
bn = 0 */4# $%& !*0 n ∈ N# 0 < bn+1 <

an < bn. =0!/ "0!&! !>()") * $2/"(%/ ψ ∈ C )20 "0*" 0 () /%" * +%(/" %$
ψI?4()+!&)(%/ %$ "0! )!" G =

∞
⋃

n=1

(an, bn)'1+&&2( F*%+/ "$ 3$>'$ A,7B$+ .0 /#$ >'/*.' ψ ,/ -.*'/+ .0 /#$ +$GB$'$
{bn}n∈N

4 H$/ ψ(b1) = 1
[

b1
b1−a1

]

+1
) a′2 = max {a2, b2(1− ψ(b1))} ,'3

ψ(b2) = 1
[

b2
b2−a′

2

]

+1
. I++B6$ /#,/ 0.% n ∈ N "$ #,A$ 3$>'$3 /#$ -.*'/+

a′1, . . . , a
′
n ,'3 /#$ %$,7 'B6D$%+ ψ(b1), . . . , ψ(bn) *' /#$ 0.77."*'1 ",8J

• a′i+1 = max
{

ai+1, bi+1(1−
1
i
ψ(bi))

} *0 i ∈ {1, . . . , n− 1})



ΨI !"#$%&' &()(*(+'  !
• ψ(bi+1) = 1

[

bi+1

bi+1−a′
i+1

]

+1
"# i ∈ {1, . . . , n− 1}$%&' a′n+1 = max

{

an+1, bn+1(1−
1
n
ψ(bn))

} ()* ψ(bn+1) = 1
[

bn+1

bn+1−a′
n+1

]

+1
$+, -./,01, '2(' ψ(bn+1) <

1
n
ψ(bn)$ 3)*,,*

1

n
ψ(bn) ≥ 1−

a′n+1

bn+1
=

1
bn+1

bn+1−a
′

n+1

>
1

[

bn+1

bn+1−a
′

n+1

]

+ 1
= ψ(bn+1).4,' ψ ∈ C ., ( #&)'"-) /&2 '2('6 #-0 ()7 n ∈ N ()* x ∈ [an, bn]6

ψ(x) = ψ(bn)$ 3) ( /"8"9(0 :(7 (/ ") ;2,-0,8 <6 :, () /2-: '2(' 0 "/)-' ( =-")' -# 0">2'?2()* ψI ?*"/=,0/"-) -# '2, /,' G$ ✷ !"#$%$&# '(  ! "!#$%! &' H %(! )*+(,-$%$ %$.$/$0'1 2(!3!
H = {U \ P : U − *# $.!# +!% , P ∈ I} .)*!&+!, -.( ⋂

ψ∈C

Tψ = H./+&&0( 3' "/ -.1"-&/ '2(' H ⊂
⋂

ψ∈C Tψ$ 4,' A ∈ S ()* A /∈ H$ ;2,)
A = (G \ P1)∪P26 :2,0, G "/ () -=,) /,'6 P1, P2 ∈ I6 P1 ⊂ G ()* P2∩G = ∅.@,' H = 3)'(A9(G)) ()* R = H \ (G ∪ P2)$ B7 A /∈ H6 :, C)-: '2(' P2"/ )-' ( /&./,' -# H$ 3' "/ ,(/7 '- /,, '2(' Int (R \H) 6= ∅ ()* '2, /,' R \H2(/ )- "/-9(',* =-")'/$4,' x0 ∈ P2 ∩ (R \H) ()* {(cn, dn)}n∈N

., ( /,D&,), -# (99 -8=-),)'/-# '2, /,' Int (R \H)$ +, -)/"*,0 '2, #-99-:")> (/,/E(F x0 ∈ Int (R \H)$ ;2,)6 #-0 () (0."'0(07 #&)'"-) ψ ∈ C6 x0 "/ ( =-")'-# 0">2'?2()* ψI?*"/=,0/"-) -# '2, /,' H$ ;2&/6 x0 "/ ( =-")' -# 0">2'?2()*
ψI ?*"/=,0/"-) -# '2, /,' G ⊂ H$ @"), Φψ (A) = Φψ (G)6 :, 2(1, x0 /∈ Φψ (A)$;2,0,#-0,6 A 6⊂ Φψ (A)6 ()* A /∈ Tψ$.F ;2,0, ,G"/'/ n0 ∈ N /&2 '2(' x0 = cn0

-0 x0 = dn0
$ ;2,) x0 "/ ( =-")'-# 0">2'?2()* -0 9,#'?2()* ψIH*,)/"'7 -# '2, /,' R \H #-0 (0."'0(07 #&)'"-)

ψ ∈ C6 0,/=,'"1,976 ()*6 (/ (.-1,6 x0 ∈ A \ Φψ (A)$F ;2,0, ,G"/'/ ( /,D&,), {cnk
}k∈N

:2"2 -)1,0>,/ '- x0 #0-8 '2, 0">2' -0'2,0, ,G"/'/ ( /,D&,), {dnk
}k∈N

:2"2 -)1,0>,/ '- x0 #0-8 '2, 9,#'$ ;2,)6.7 4,88( I6 '2,0, ,G"/'/ ( #&)'"-) ψ ∈ C /&2 '2(' x0 "/ )-' ( =-")' -#
ψI ?*"/=,0/"-) -# '2, /,' ∞

⋃

k=1

(cnk
, dnk

). ;2&/6 x0 /∈ Φψ (A) ()* A /∈ Tψ$ ;2,0,?#-0,6 A /∈
⋂

ψ∈C

Tψ$ ✷
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