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φ ([p φ(y) + (1 − p)]x + [(1− p)φ(x) + p ]y) = φ(x)φ(y), x, y ∈ R,5,)8/ # (1,
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φ(φ(x, s), t) = φ(x, s + t),&6' E!FG1HI
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φ(x + yφ(x)) = φ(x)φ(y), :?D



 !  !"#$% &!'()*$(+,  )-!"'! .(/%0$+("# $%& &'()$*"+ ,-℄
φ(x + yφ(x)) + φ(x− yφ(x)) = 2φ(x)φ(y), /!0)#& $%& &1)234&56 7+ 5&
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φ ([p φ(y) + (1− p)]x + [(1− p)φ(x) + p ]y) = φ(x)φ(y), x, y ∈ R,A&*+= ) 53&
*)4 =&+&#)4*D)$*"+ "> &'()$*"+ /906 ! "#$% &'()*+F&$ X A& ) 5&$6 G"# ) >(+
$*"+ φ : X → X )+< ) 3"5*$*?& *+$&=&# +(2A&# k,AC $%& 5C2A"4 φk ;& <&+"$& $%& k$% *$&#)$*"+ "> $%& >(+
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&5 $%& 3#"A4&2 "> <&$&#2*+*+= $%& 5"4($*"+5 ">) >(+
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)$*"+ "> $%& *234*
*$>(+
$*"+ $%&"#&26 !"#$"% &'  !" m, n ∈ N #! $%!&'  !" I, I1 ⊆ R #! ()"!*+,-. ./
1 "1,"
0 ∈ I1 ,)& I1 ⊂ I'  !" G : (I × I1)

2 7→ I ,)& H : (I × In
1
)× (I × Im

1
) 7−→ I1'2/334.! "1," 54* ,-- x, y ∈ I6 x1, . . . , xn, y2, . . . , ym ∈ I17

H(x, x1, x2, . . . , xn, y, 0, y2, . . . , ym) = 0. /-085 , 5/)
"(4) φ : I 7−→ I1 .,"(.$!. "1! 5/)
"(4),- !9/,"(4)
φ(G(x, φ(x), y, φ(y)))=H(x, φ(x), φ2 (x), . . . , φn(x), y, φ(y), φ2(y) . . . , φm(y))/I054* ,-- x7 y ∈ I ,)& "1!*! !%(.". !%,
"-: 4)! z0 ∈ I ./
1 "1," φ(z0) = 07 "1!)

G(x, φ(x), z0, 0) = z0, x ∈ I.($##)' H)J*+= y = z0 *+ &'()$*"+ /I0 )+< )334C*+= 
"+<*$*"+ /-0: ;& =&$
φ(G(x, φ(x), z0, 0)) = 0, x ∈ I.K*+
& φ %)5 &1)
$4C "+& D&#": ;& "A$)*+ G(x, φ(x), z0, 0) = z0 >"# )44 x ∈ I.H%*5 
"234&$&5 $%& 3#"">6 �*"%+$, &' ;9/,"(4) <=> ?!)!*,-(@!. "1! A4BC#D2
1()@!- !9/,"(4) <E>'
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5*!+%) -6!
,*#!() %76(,*#!  !"# $%&' ()**)$+, ()- p ∈ R &#. φ : X → (0,∞) '%/ +012)* X ∋ x → [φ(x)]p+'&#.+ ()- '%/ +34/-4)+5'5)# )( '%/ 4)$/- (3#
'5)# (0,∞) ∋ u → up &#. φ78)$ $/ 4-/+/#' +)1/ &44*5
&'5)#+ )( 9%/)-/1 :7 !"!##$"% &'  !" k# l ∈ N $! %&!' ()' *!" φ : R 7−→ R $! ( +,)
"./) 0."1!&(
"*2 /)! 3!4/ 5/.)"6 71!) φ 8(".8%!8 "1! +,)
"./)(* !9,("./)
φ

(

x + y[φ(x)]
2k−1

2l−1

)

= φ(x)φ(y), x, y ∈ R, ;<=.+ ()' /)*2 .+ +/4 8/:! c ∈ R# c 6= 0#
φ(x) = (cx + 1)

2l−1

2k−1 , x ∈ R . ;>=("!!)' "# 9%/)-/1 : '&?/ I = I1 = R , n = m = 1 &#. ./@#/
G : R

4 7−→ R 20
G(x, x1, y, y1) := x + y(x1)

2k−1

2l−1 , x, x1, y , y1 ∈ R,&#. H : R
4 7−→ R 20

H(x, x1, y, y1) := x1y1, x, x1, y, y1 ∈ R.A344)+/ '%&' φ : R → R +&'5+@/+ /B3&'5)# ;<= &#. %&+ /C&
'*0 )#/ D/-) z0 ∈ R7A5#
/ H(x, x1, z0, 0) = 0 ()- &** x, x1 ∈ R, '%/ &++314'5)#+ )( 9%/)-/1 : &-/(3*@**/.7 E-)1 ;<=, &44*05#F 9%/)-/1 :, $/ F/'
G(x, φ(x), z0 , 0) = z0, x ∈ R,'%&' 5+
x + z0[φ(x)]

2k−1

2l−1 = z0, x ∈ R,$%/#
/ z0 6= 0 &#.
φ(x) =

(

1−
x

z0

)
2l−1

2k−1

, x ∈ R.G3''5#F %/-/ c := − 1

z0
, $/ )2'&5# ;>=7 A5#
/ φ F5H/# 20 ;>= +&'5+@/+ /B3&'5)#;<=, '%/ 4-))( 5+ 
)14*/'/.7 �*+,$"- .' ;" .8 <)/0) "1(" =
+6 >?℄# 556 ?ABC?AAD .+ φ : R 7−→ R .8 ( 
/)C".),/,8 8/*,"./) /+ "1! E/FG$HI
1.)3!* !9,("./)

φ(x + yφ(x)) = φ(x)φ(y), x, y ∈ R,



 !  !"#$% &!'()*$(+,  )-!"'! .(/%0$+( !"#  !"$" "%&' ' c ∈ R \ {0} '(
!  !* "& !"$
φ(x) = sup{cx + 1, 0}, x ∈ R,+$  !"$" "%&' ' c ∈ R '(
!  !* 

φ(x) = cx + 1, x ∈ R, (7)+$
φ(x) = 0, x ∈ R."#$ %$
'() %'*+,-'( 
.( /$ '/,.-($) 01'2 3'1'**.14 5 -( . )-6$1$(, 7.48".9-(: k = l -( ,#$ $;+.,-'( <=> .() .??*4-(: 3'1'**.14 5@ 7$ '/,.-( <A> .% .'(*4 %'*+,-'( #.B-(: '(*4 C$1' -( R8 !"!##$"% &' ," a < 0 *#- p ∈ R, p > 0. /" 0%"-1 2(33+'"  !* 

φ : [a,∞) 7−→ [0,∞) !*' "%*
 45 +#" 6"$+ &# [a,∞)1 7 8(#
 &+# φ '* &'0"'  !"8(#
 &+#*4 "9(* &+#
φ (x + y[φ(x)]p) = φ(x)φ(y), x ≥ a, y ≥ 0, < >&8 *#- +#45 &8

φ(x) =
(

1−
x

a

)
1

p
, x ≥ a. <D>("!!)' E+??'%$ ,#., φ : [a,∞) 7−→ [0,∞) %.,-%F$% $;+.,-'( < > .() z0 ≥ a-% ,#$ '(*4 C$1' '0 φ8 G( "#$'1$2 5 ,.9$ n = m = 1@ I := [a,∞), I1 := [0,∞),,#$ 0+(
,-'( G : (I × I1)

2 7−→ I )$F($) /4
G(x, x1, y, y1) := x + y(x1)

p, x, y ∈ I, x1, y1 ∈ I1,.() ,#$ 0+(
,-'( H : (I × I1)
2 7−→ I1 )$F($) /4

H(x, x1, y, y1) := x1y1, x, y ∈ I, x1, y1 ∈ I1.E-(
$ H(x, x1, y, 0) = 0@ 0'1 .** x@ y ∈ I@ x1 ∈ I1@ ,#$ .%%+2?,-'(% '0 "#$'H1$2 5 .1$ %.,-%F$)8 "#$1$0'1$
G(x, φ(x), z0, 0) = z0, x ∈ I,%' x+ z0[φ(x)]p = z0 0'1 .** x ≥ a. G, 0'**'7% ,#., z0 6= 0 .()@ 
'(%$;+$(,*4@

φ(x) = (1−
x

z0

)
1

p , x ≥ a.E-(
$ φ -% ('(I($:.,-B$@ 7$ #.B$ 1− x
z0
≥ 0 0'1 .** x ∈ [a,∞)8 "#+% z0 = a.E-(
$ ,#$ 
'(B$1%$ -2?*-
.,-'( -% $.%4 ,' B$1-04@ ,#$ ?1''0 -% 
'2?*$,$)8 �



 ! "#$% &%!%'()*+(,*#!" #- .#/0123
5*!+%) -6!
,*#!() %76(,*#!  ! !"#$% &'  !"# "$%" &!' p = 0 #()%"*!+ ,-. *+ /!'!00%'1 2 3#
!5#6 "$#/%)
$1 &)+
"*!+%0 #()%"*!+7()!*$!" +' 8#" n ∈ N 3# 9:#;7 8#" I, I1 3# *+"#'<%06 6)
$ "$%" I1 ⊂ I ⊆ R78#" G : (I × I1)
2 7−→ I %+; H : (I × In

1
)2 7−→ I1 3# =*<#+ &)+
"*!+67 >)??!6#"$%" H *6 6155#"'*
@ "$%" *6

H(x, x1, x2, . . . , xn, y, y1, y2, . . . , yn) = H(y, y1, y2, . . . , yn, x, x1, x2, . . . , xn)"#$%&!' %00 x, y ∈ I@ x1, x2, . . . , xn, y1, y2, . . . , yn ∈ I17A& φ : I 7−→ I1 *6 % 6!0)"*!+ !& "$# &)+
"*!+%0 #()%"*!+
φ(G(x, φ(x), y, φ(y))) = H(x, φ(x), φ2(x), . . . , φn(x), y, φ(y), φ2(y) . . . , φn(y))"##%&!' %00 x, y ∈ I@ "$#+

φ(G(x, φ(x), y, φ(y))) = φ(G(y, φ(y), x, φ(x))), x, y ∈ I.A&@ 5!'#!<#' φ *6 !+#B"!B!+# &)+
"*!+@ "$#+
G(x, φ(x), y, φ(y)) = G(y, φ(y), x, φ(x)), x, y ∈ I. "#&%,$**-' '())*+, -./- φ : I 7−→ I1 +/-0+1,+ 234 "##% /56 H : (I×In

1
)2 7−→ I1+/-0+1,+ 
*560-0*5 "#$%4 8.,5 9*: /;; x< y ∈ I =, ./>,

φ(G(x, φ(x), y, φ(y))) = H(x, φ(x), φ2(x), . . . , φn(x), y, φ(y), φ2(y) . . . , φn(y))

= H(y, φ(y), φ2(y), . . . , φn(y), x, φ(x), φ2(x) . . . , φn(x))

= φ(G(y, φ(y), x, φ(x))),+*<
φ(G(x, φ(x), y, φ(y))) = φ(G(y, φ(y), x, φ(x))), x, y ∈ I.?9 φ 0+ *5,@-*@*5,< -.,5 *A>0*(+;B ,3(/;0-B "#&% .*;6+ -:(,4 !"#$% .' A& "$# &)+
"*!+ G *+ C$#!'#5 2 *6 +!" 6155#"'*
@ "$#+ *+ =#+#'%0#()%0*"1 ,D2. %00!E6 )6 "! !3"%*+ "$# !+#B"!B!+# 6!0)"*!+6 !& ,DD.7C));B05D 8.,*:,E & =, *A-/05



 !  !"#$% &!'()*$(+,  )-!"'! .(/%0$+( !"!##$"% &'  !" a# p ∈ R $! %&!' ()' *+
- "-(" a < 0# p 6= 0. / 0)!1"010)!2+)
"30) φ : (a,∞) 7−→ (0,∞) *("3*%!* "-! 2+)
"30)(4 !5+("30)
φ (x + y[φ(x)]p) = φ(x)φ(y) , x > a, y ≥ 0, "#$%32# ()' 0)46 32#

φ(x) =
(

1−
x

a

)
1

p
, x > a. "#&%("!!)' '( )*+,-+. / 012+ n = 13 I = (a,∞)3 I1 = (0,∞), 0*+ 45(
07,(

G : (I × I1)
2 7−→ I 8+9(+8 :;

G(x, x1, y, y1) := x + y(x1)
p, x, y ∈ I, x1, y1 ∈ I1,1(8 H : (I × I1)

2 7−→ I1 8+9(+8 :;
H(x, x1, y, y1) := x1y1 x, y ∈ I, x1, y1 ∈ I1,<7(
+

H(x, x1, y, y1) = H(y, y1, x, x1), x, y ∈ I, x1, y1 ∈ I1,0*+ 1==5.>07,(= ,4 )*+,-+. / 1-+ =107=9+8? @>>A;7(B )*+,-+. /3 C+ *1D+4-,. "#/%E
x + y[φ(x)]p = y + x[φ(y)]p, x, y ∈ I,C*+(
+

[φ(x)]p − 1

x
=

[φ(y)]p − 1

y
, x, y ∈ I, x, y 6= 0.<,3 0*+-+ +F7=0= 1 
,(=01(0 c ∈ R \ {0} =5
* 0*10

x−1([φ(x)]p − 1) = c4,- 1AA x ∈ I3 x 6= 0. G+(
+
φ(x) = (cx + 1)

1

p , x > a, x 6= 0.HI5107,( "#$% 7.>A7+= 0*10
cx + 1 > 0, x > a,



 ! "#$% &%!%'()*+(,*#!" #- .#/0123
5*!+%) -6!
,*#!() %76(,*#!  !"#$% 
'#()*+)#,-.% ca + 1 ≥ 0. /# ,0) ',0)1 0"#$% 23 φ (",2(4)( )*+",2'# 5678%,0)# '9:2'+(-. ,0) 3'--';2#< 2#)*+"-2,.
x + y[(cx + 1)

1

p ]p > a, x, y > a,2( ,1+)% ;02
0 =)"#( ,0",
x + y[(cx + 1)] > a, x, y > a.>, 3'--';( ,0", a + ca2 + a ≥ a, (' ca + 1 ≤ 0? @',0 2#)*+"-2,2)( 2=A-. ,0",

ca + 1 = 0, ;0)#
) c = − 1

a
, "#$ φ 0"( ,' 9) '3 ,0) 3'1= 56B8?C' (0'; ,0", ,0) 3+#
,2'# φ <2:)# 9. 56B8 (",2(4)( )*+",2'# 5678% -), +(#',) ,0",

x + y[φ(x)]p > a, x, y > a.># 3"
,% ,02( 2#)*+"-2,. 2( )*+2:"-)#, ,' (x− a)(y − a) > 0. D';% 2, 2( )"(. ,':)123. ,0", 56B8 (",2(4)( )*+",2'# 5678? C02( 
'=A-),)( ,0) A1''3? � !"#$% &'  !"#$% a, p ∈ R, a < 0 , !$& p > 0, '( 
!$ *+,' #$ -+( *!.( '!/-+!- -+( ,$(0-,0,$( 12$
-#,$ φ : [a,+∞) 7−→ [0,+∞) *!-#*3(* -+( 12$
-#,$!4(52!-#,$
φ (x + y[φ(x)]p) = φ(x)φ(y), x, y ≥ a,#1 !$& ,$4/ #1

φ(x) =
(

1−
x

a

)
1

p
, x ≥ a. !"#$% (' 6(- I7 I1 ⊆ R 8( #$-(9:!4*; 6(- G : (I × I1)

2 7−→ I !$&
H : I1×I1 7−→ I1 8( -+( %#:($ 12$
-#,$*; <**2.( -+!- φ : I 7−→ I17 φ(I) = I1#* ! 8#=(
-#:( *,42-#,$ ,1 -+( 12$
-#,$!4 (52!-#,$

φ(G(x, φ(x), y, φ(y))) = H(φ(x), φ(y)), x, y ∈ I. 56E8 +($ -+( 12$
-#,$ φ−1 : I1 7−→ I *!-#*3(* -+( >$,$?
,.@,*#-(A 12$
-#,$!4(52!-#,$
G(φ−1(x), x, φ−1(y), y) = φ−1(H(x, y)), x, y ∈ I1. 56F8># 3"
,% A+,,2#< φ−1(x) 2# A-"
) '3 x "#$ φ−1(y) 2# A-"
) '3 y 2# )*+",2'#56E8% ;) '9,"2# 56F8?G'=),2=)( ,0) "9':) 1)="1H "--';( +( ,' $),)1=2#) )I)
,2:)-. ,0) 92J)
,2:)('-+,2'#( 3'1 3+#
,2'#"- )*+",2'#( '3 3'1= 56E8? K) 0":) ,0) 3'--';2#<



   !"#$% &!'()*$(+,  )-!"'! .(/%0$+( !"!##$"% &'  !" k# l ∈ N $! %&!' ()' *!" I = I1 = R. +,! $-.!
"-0) 12)
"-0)
φ : R 7−→ R 3("-3%!3 12)
"-0)(* !42("-0)

φ
(

x + y[φ(x)]
2k−1

2l−1

)

= φ(x)φ(y), x, y ∈ R, !"#$-1 ()' 0)*5 -1
φ(x) = (cx + 1)

2l−1

2k−1 , x ∈ R, !" $106 307! c ∈ R# c 6= 08("!!)' %

'()*+, -' ./01(2 34 1 5*6/
-*'+ φ : R 7→ R 71-*78/7 /9:1-*'+!"#$ *; 1+) '+<= *; φ−1 : R 7→ R 71-*78/7 ->/ /9:1-*'+
φ−1(x) + φ−1(y)x

2k−1

2l−1 = φ−1(xy), x, y ∈ R.?:--*+, >/(/ y = 0, @/ '5-1*+
φ−1(x) = φ−1(0)

(

1− x
2k−1

2l−1

)

, x ∈ R,@>*
> *0A<*/7 !" $B � ! " #$%
'() *%+%,()'-(.'/+ /0 1/23456
7'+-%)08+
.'/+() %98(.'/+C+ ->*7 7/
-*'+ @/ /D10*+/ ->/ ;:+
-*'+1< /9:1-*'+
φ ([p φ(y) + (1− p)]x + [(1− p)φ(x) + p ]y) = φ(x)φ(y), x, y ∈ R, !"E$@>/(/ p ∈ R *7 1+ 1(5*-(1(*<= 8D/) A1(10/-/(B F'( p = 0 '( p = 1 *- (/):
/7-' ->/ 
<177*
1< G'HI5JK
>*+L/< /9:1-*'+B*+,!",- .'  !" p ∈ R #! $%!&'(' )* p 6= 1

2
, "+!, "+! -,!."-.-,! */,
"1-, φ : R 7−→ R 23"12$!2 4(56 1* 3,&-,78 1*

φ(x) = cx + 1, x ∈ R,*-9 2-:! c ∈ R \ {0}';' )* p = 1

2
, "+!, #1<!
"1-, φ : R 7−→ R 23"12$!2 4(56 1* 3,& -,78 1*

φ(x) = cx + 1, x ∈ R,*-9 2-:! c ∈ R \ {0}'



 ! "#$% &%!%'()*+(,*#!" #- .#/0123
5*!+%) -6!
,*#!() %76(,*#!  ! !""#$ "#$% n = 1, I = R #&' '%(&% G : (R× R)2 7−→ R )*
G(x, x1, y, y1) := [py1 + (1− p)]x + [(1− p)x1 + p]y, x, y, x1, y1 ∈ R,#&' H : (R× R)2 7−→ R )*

H(x, x1, y, y1) := x1y1, x, y, x1, y1 ∈ R.+,-%. -/#-
H(x, x1, y, y1) = H(y, y1, x, x1), x, y, x1, y1 ∈ R.0112*3&4 "/%,5%6 7. 8% ,)-#3&

[pφ(y) + (1− p)]x + [(1− p)φ(x) + p]y

= [pφ(x) + (1− p)]y + [(1− p)φ(y) + p]x9,5 #22 x, y ∈ R . 8/%&
%
(2p − 1)[x(φ(y) − 1)] = (2p− 1)[y(φ(x) − 1)] , x, y ∈ R.;9 p 6= 1

2
. /%&
% 8% 4%-

φ(x) − 1

x
=

φ(y)− 1

y
, x, y ∈ R \ {0}."/%5%9,5%. -/%5% %<3=-= # 
,&=-#&- c ∈ R \ {0} =>
/ -/#- φ(x) = cx + 1 9,5 #22

x ∈ R \ {0}. ?>--3&4 x = y = 0 3& %@>#-3,& AB!C. 8% 4%- [φ(0)] = [φ(0)]2,
,&=%@>%&-2* 8% ,)-#3& %3-/%5 φ(0) = 0 ,5 φ(0) = 1. D3&
% φ 3= ,&%E-,E,&%#&' φ(−1

c
) = 0, -/% 
#=% φ(0) = 0 
#&&,- ,

>5F "/>= φ(x) = cx + 1 9,5 #22

x ∈ R.G,5 p = 1

2
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1
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[x(φ(y) + 1) + y(φ(x) + 1)]
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= φ(x)φ(y), x, y ∈ R. A7IC;9 # )3J%
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2φ−1(0) = φ−1(x) + (x + 1)φ−1(0), x ∈ R.
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φ−1(x) = φ−1(0)(1 − x), x ∈ R,)*#$
#
φ(x) = 1−

1

φ−1(0)
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# )# ,/-'0$ φ(x) = 1− x
z0
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0"-.+/& I
'K?#90
 L2#((& +#) M,2>& 5 NN:FA℄ B: O,PQ/& I: B
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