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ϕ : I → R. 3-& $ 4')!% ",-56*$! 01%"'-% h : I × R → R, ".! 7$66'%4
K : R

I → R
I +!8%!+ #(

K(ϕ)(x) := h(x, ϕ(x)), ϕ ∈ R
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 !  !"#$% &!'()*$(+, &!-.)/%!'! 0/1234"#$&'($) h : I × R → R *+$+,-&'$* &.+ )#/+,/()'&'($) (/+,-&(,) K 0.'.1-/ &.+ )/-+ (" ($&'$#(#)23 4'5+,+$&'-62+ "#$&'($) C1(I,R) '$&( '&)+2" 7"89:; /8 !< ℄>8 ?$ 9@℄ '& .-) 6++$ /,(A+4 &.-& '" - 2(-223 4+B$+4 (/+,-&(, 1-/)&.+ C-$-. )/-+ Hφ(I,R) (" -22 DE24+, "#$&'($) ϕ : I → R '$&( Hψ(I,R);&.+$ '& ') - F+13&)G'' )#/+,/()'&'($ (/+,-&(,8 H.+ /#,/()+ (" &.') /-/+, ') &().(0 &.-& '"; -44'&'($-223; K ') 6(#$4+4 0'&. ,+)/+& &( Hφ(I,R)I$(,1; &.+$'&) *+$+,-&(, 1#)& 6+ ($&'$#(#)8 ! "#$% &'()*+J+& φ : (0,∞) → (0,∞) )-&')"3 &.+ "(22(0'$* ($4'&'($K
(i) φ ') )&,'&23 '$,+-)'$*; φ(0+) := lim

t→0+
φ(t) = 0 -$4 &.+ "#$&'($

(0,∞) ∋ t→ φ(t)

t') 4+,+-)'$*8J+& #) $(&+ &.+ "(22(0'$* 7+-)3 &( A+,'"3> !"#$% &' ?" φ : (0,∞) → (0,∞) )-&')B+) ($4'&'($ (i); &.+$ φ ') )#6-4L4'&'A+ -$4 ($&'$#(#)8J+& I ⊂ R 6+ -$ '$&+,A-2 -$4 2+& x0 ∈ I 6+ -,6'&,-,'23 BM+48 N(, - *'A+$
φ : (0,∞) → (0,∞), .-A'$* &.+ -6(A+ /,(/+,&'+); 63 Hφ(I,R) 0+ 4+$(&+ &.+C-$-. )/-+ (" -22 DE24+, "#$&'($) ϕ : I → R +O#'//+4 0'&. &.+ $(,1

‖ϕ‖φ := |ϕ(x0)|+ sup
x,y∈I,x 6=y

|ϕ(x) − ϕ(y)|
φ(|x− y|) .P2+-,23; ϕ ∈ Hφ(I,R) '" -$4 ($23 '" &.+,+ +M')&) - ($)&-$& c > 0 )#. &.-&

|ϕ(x) − ϕ(y)| ≤ cφ(|x − y|), x, y ∈ I.J+& #) $(&'+ &.-& '" φ(t) = tα "(, )(1+ α ∈ (0, 1]; &.+$ Hα(I,R) :=
Hφ(I,R) ') &.+ 2-))'-2 DE24+, "#$&'($) )/-+ -$4 H1(I,R) 6+(1+) &.+C-$-. )/-+ (" J'/).'&Q "#$&'($)8(!)*+,+-*'  !" φ,ψ : (0,∞) → (0,∞) #$"%#&' )*+%"%)* ,%-. /* )0!1$")1
K : Hφ(I,R) → Hψ(I,R) %# #$%+ ") 2! 3)$33' +!4*!+ %& &)1 $*' )0!* %*"!15$3
J ⊂ R $*+ &)1 $*' &6*"%)*# ϕ,ψ ∈ Hφ(I,R),

ϕ
∣

∣

J∩I = ψ
∣

∣

J∩I ⇒ K(ϕ)
∣

∣

J∩I = K(ψ)
∣

∣

J∩I ,78!1! φ∣

∣

J∩I +!*)"!# "8! 1!#"1%"%)* )& ϕ ") J ∩ I.
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K(ϕ)(x) = h(x, ϕ(x)), (x ∈ I),,-' $)) ϕ ∈ Hφ(I,R), "6$" &4 K &4 $ :!3/"4;&& -2!'$"-' -, "6! <!%!'$"-' h.>( 02: &'2& 2# *3(/2&*/ K : Hφ(I,R) → Hψ(I,R) -0 ?*1#5(5 -) -& @230&'( *#4(/.(#& 0(B1(#(0 *) Hφ(I,R) -#&* ?*1#5(5 0(B1(#(0 -# Hψ(I,R).C'( @2-# /(01+& /(250 20 )*++*,06 !"#$"% ('  !" I ⊂ R #! $% &%"!'($)* +, $ )-$))/ 0!1%!0 -2!'$"-'

K : Hφ(I,R) → Hψ(I,R) &4 #-8%0!05 "6!% "6!'! !7&4"4 $ -%"&%8-84 ,8%"&-%
h : I × R → R 486 "6$"

K(ϕ)(x) = h(x, ϕ(x)); ϕ ∈ Hφ(I,R), (x ∈ I).)$##*' D: C'(*/(@ E8 &'(/( (F-0&0 2 )1#&-*# h : I×R → R 01' &'2& &'()*/@1+2 *) *1/ /(01+& '*+50 &/1(= >( 0'2++ 0'*, &'2& h -0 *#&-#1*10=>-&'*1& 2#: +*00 *) .(#(/2+-&: ,( 2# 2001@( &'2& I = [a, b)8 ,'(/(
0 < b ≤ +∞8 2#5 &'2&

‖ϕ‖φ := |ϕ(a)| + sup
x,y∈I,x 6=y

|ϕ(x) − ϕ(y)|
φ(|x− y|) .G-/0& ,( 0'*, &'2& h -0 *#&-#1*10 ,-&' /(03(& &* &'( 0(*#5 42/-2?+(= C*&'-0 (#5 +(& 10 HF (x0, y0) ∈ I 2#5 '**0( 2/?-&/2/-+: 2 /(2+ 0(B1(#( (yn)n∈N01' &'2&

yn 6= y0, n ∈ N, lim
n→∞

yn = y0. (1)I(& (xn)n∈N ?( 2 0(B1(#( 01' &'2& xn ∈ I, n ∈ N, 2#5
|xn − x0| = φ−1

(

√

|yn − y0|
)

, n ∈ N.J(#( ,( *?&2-#
|yn − y0|

φ(|xn − x0|)
=

|yn − y0|
φ

(

φ−1
(

√

|yn − y0|
)) =

√

|yn − y0|, n ∈ N. (2)K(H#( &'( )1#&-*#0 Pyn
: I → R, ϕn : I → R, n ∈ N, ?: &'( )*++*,-#.)*/@1+206
Pyn

(x) := yn, n ∈ N, (3)
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ϕn(x) =















y0, "#$ x ∈ [a, x0],
yn − y0

xn − x0
(x− x0) + y0 "#$ x ∈ (x0, xn), n ∈ N,

yn, "#$ x ∈ [xn, b).

(4)%&' ()*
ϕ0(x) = y0, x ∈ I.+" #)$-./

Pyn
, ϕn ∈ Hφ(I,R), n ∈ N.01&.

‖Pyn
− ϕ0‖φ = |yn − y0|, n ∈ N,%((231&4 567 %&' 587/ 9. 4.*

lim
n→∞

‖Pyn
− ϕ0‖φ = 0, lim

n→∞
‖ϕn − ϕ0‖φ = 0. (5):%;1&4 )-. #" 5<7/ 5!7/ *=. *$1%&42. 1&.>)%21*3 %&' ?3 *=. '.@&1*1#& #" *=.&#$A/ 9. =%B.

|h(x0, yn)− h(x0, y0)| ≤ |h(xn, yn)− h(x0, yn)|+ |h(xn, yn)− h(x0, y0)|

= |h(xn, Pyn
(xn)− h(x0, Pyn

(x0)|

+|h(xn, ϕn(xn))− h(x0, ϕn(x0))|

= |K(Pyn
)(xn)−K(Pyn

)(x0)|

+|K(ϕn)(xn)−K(ϕn)(x0)|

=
|K(Pyn

)(xn)−K(Pyn
)(x0)|

ψ(|xn − x0|)
ψ(|xn − x0|)+

+
|K(ϕn)(xn)−K(ϕn)(x0)

ψ(|xn − x0|)
ψ(|xn − x0|)

≤ ‖K(Pyn
)‖ψψ(|xn−x0|)+‖K(ϕn)‖ψ ·ψ(|xn−x0|).C%;1&4 1&*# %#)&* 5D7/ *=. .>)%21*3 ψ(0+) = 0, *=. ?#)&'.'&.-- #" *=.#(.$%*#$ K %&' 2.**1&4 n *.&' *# *=. 1&@&1*3/ 9. 4.* *=. #&*1&)1*3 #" h 91*=$.-(.* *# *=. -.#&' B%$1%?2.EC# -=#9 *=%* h 1- #&*1&)#)- @F (x0, y0) ∈ I × R, *%;. *9# %$?1*$%$3 -.G>).&.- xn ∈ I, yn ∈ R, n ∈ N, #&B.$4.&* *# x0 %&' y0/ $.-(.*1B.23/ %&''.@&. Pyn

: I → R, n ∈ N ∪ {0}, ?3
Pyn

(x) = yn, n ∈ N ∪ {0}.
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|h(xn, yn)− h(x0, y0)| ≤ |h(xn, yn)− h(x0, yn)|+ |h(x0, yn)− h(x0, y0)|

= |h(xn, Pyn
(xn))− h(x0, Pyn

(x0)|

+ |h(x0, yn)− h(x0, y0)|

= |(K(Pyn
)(xn)−K(Pyn

)(x0)|

+ |h(x0, yn)− h(x0, y0)|

=
|K(Pyn

)(xn)−K(Pyn
)(x0)|

ψ(|xn − x0|)
· ψ(|xn − x0|)

+ |h(x0, yn)− h(x0, y0)|

≤ ‖K(Pyn
)‖ψψ(|xn, x0|) + |h(x0, yn)− h(x0, y0)|.9,$#& '( )*# 2#3$,),4$ 45 Pyn

, n ∈ N ∪ {0},

lim
n→∞

‖Pyn
− Py0‖φ = 0,-::/(,$. )*# '41$2#2$#;; 45 )*# 4:#+-)4+ K, )*# #01-/,)( ψ(0+) = 0 -$2)*# 3+;) :-+) 45 )*# :+445& ,<#< )*# 4$),$1,)( 45 h 7,)* +#;:#) )4 )*# ;#4$28-+,-'/#& /#)),$. n )#$2 )4 )*# ,$3$,)(& 7# .#) )*# +#01,+#2 /-,6< ✷ !"#$% &' =->,$. ,$ )*# -'48# )*#4+#6 - 46:-) ,$)#+8-/ I ⊂ R& 4$#.#); =*#4+#6 ?<@ 5+46 AB℄<=4 4$;)+1) -$ #D-6:/# ;*47,$. )*-) )*# -;;16:),4$ 45 )*# '41$2#2$#;;45 K ,; #;;#$),-/& 7# $##2 )*# 54//47,$.(!""#'  !" (X, d), (Y, ρ) #! $!"%& ()*!(+ ,-)).(! A,B ⊂ X *%! /.(!01&2"A ∩ &2"B = ∅ *20 *03*!2" &2 "4! 5.//.6&27 (!2(!8 5.% *29 x ∈ A, y ∈ B"4!%! !:&("( * ).&2" z ∈ δA ∩ δB (-4 "4*"

d(x, y) = d(x, z) + d(z, y). (6);5 "4! 5-2"&.2( f : A→ Y *20 g : B → Y *%!  &)(4&"< .2"&2-.-( *20
f(z) = g(z) 5.% *// z ∈ δA ∩ δB,"4!2 "4! 5-2"&.2 h : (A ∪B)→ Y 0!=2!0 #9
h(x) :=

{

f(x) for x ∈ A,
g(x) for x ∈ B&(  &)(4&"< .2"&2-.-(+ >?!%! δA ("*20( 5.% "4! #.-20*%9 .5 A.@



 !  !"#$% &!'()*$(+, &!-.)/%!'! 0/1234 !""#$ "#$& f '$( g ')& *#+,-#./ 0$.#$101,2 .-&)& #, c ∈ R+ ,1- .-'.
ρ(f(x), f(y)) ≤ cd(x, y) 30) x, y ∈ A; ρ(g(x), g(y)) ≤ cd(x, y) 30) x, y ∈ B.4'5& x, y ∈ A ∪ B '$( ',,16& .-'. x ∈ A '$( y ∈ B. 78 ',,16+.#0$2 .-&)&#, z ∈ δA ∩ δB ,1- .-'. 9!: -0;(,< =&$&2 >8 .-& .)#'$?;& #$&@1';#.82
ρ(h(x), h(y)) ≤ ρ(h(x), h(z))+ρ(h(z), h(y)) = ρ(f(x), f(z))+ρ(g(z), g(y))

≤ cd(x, z) + cd(z, y) = cd(x, y).A, .-& )&6'#$#$? .B0 ',&, ')& 0>C#01,2 .-& +)003 #, 06+;&.&< ✷%&'()*+$ D&E$& ' .B0F+;'& 31$.#0$ h : [0, 1] × R→ R >8 .-& 30)61;'
h(x, y) :=















0 #3 y ≤ 0,
y√
x

#3 0 < y ≤ √x,
1 #3 y >

√
x.

(7)G>,&)C& .-'. h #, 0$.#$101, #$ [0, 1] × R\{(0, 0)} '$( (#,0$.#$101, '. .-&+0#$. (0, 0). H$ 3'. B& -'C& 60)&2 $'6&;8 01.,#(& 03 '$8 $&#?->01)-00( 03
(0, 0), >8 *&66'2 .-& 31$.#0$ h #, *#+,-#./#'$<D&$0.& >8 F [0, 1] .-& ,&. 03 ';; 31$.#0$, ϕ : [0, 1] → R. *&. K : F [0, 1] →
F [0, 1] >& .-& I&68.,5## 06+0,#.#0$ 9,0 ;0';;8 (&E$&(: 0+&)'.0) ?&$&)'.&(>8 h2 #<&<

K(ϕ)(x) := h(x, ϕ(x)), x ∈ [0, 1].J& ,-';; ,-0B .-'. K 6'+, .-& ,+'& H1([0, 1],R) 03 ';; *#+,-#./ 0$.#$101,31$.#0$, ϕ : [0, 1] → R #$.0 #.,&;3<4'5& ϕ ∈ H1([0, 1],R). H3 ϕ(0) 6= 02 .-&$ ', h #, *#+,-#./ 0$.#$101, 01.,#(&'$8 $&#?->01)-00( 03 (0, 0), .-& 31$.#0$ K(ϕ), ', 06+0,#.#0$ 03 *#+,-#./0$.#$101, 31$.#0$,2 #, *#+,-#./ 0$.#$101, #$ [0, 1], ,0 K(ϕ) ∈ H1([0, 1],R).H3 ϕ(0) = 02 .-&$ K(ϕ)
∣

∣

[ε,1]
#, *#+,-#./ 0$.#$101, 30) '$8 ε ∈ (0, 1]. H$ C#&B03 *&66'2 #. #, &$01?- .0 ,-0B .-'. K(ϕ)

∣

∣

[0,ε]
#, *#+,-#./ 0$.#$101,< 40 .-#,&$( ',,16& .-'. ϕ ,'.#,E&, .-& *#+,-#./ 0$(#.#0$ B#.- ' 0$,.'$. c, .-'. #,

|ϕ(x) − ϕ(x)| ≤ c|x− x|, x, x ∈ [0, 1]."&..#$? x = 02 B& -&$& ?&.
|ϕ(x)| ≤ cx, x ∈ [0, 1],



 !" #$%&'"' ($*( $+",*-$,. /& -!" 0*&*! .+*"  !"# $%& '()*% #+ $%& +,-$/#- ϕ /" #-$)/-&0 /- $%& $(/)-'1& "&$
D := {(x, y) : x ∈ [0, 1], |y| ≤ cx}.2+ ϕ /" -#-*#"/$/3& #- )-4 ",5/-$&(3)1 #+ I ⊂ [0, 1]6 $%&-6 54 $%& 0&7-/$/#- #+

h, 8& %)3& K(ϕ)
∣

∣

I
= 0 )-06 #5/#,"146 K(ϕ) /" 9/*"%/$: #-$/-/,#," #- I 8/$%:&(# 9/*"%/$: #-"$)-$; <%&(&+#(&6 /$ /" &-#,'% $# #-7-& #,( #-"/0&()$/#-"$# $%& )"& 8%&- $%& '()*% #+ ϕ∣

∣

[0,ε]
/" #-$)/-&0 /- $%& "&$

Dε := {(x, y) : x ∈ [0, ε], 0 ≤ y ≤ cx}.9&$ ," %##"& ε > 0 ",% $%)$ c < 1√
ε
. <%&-6 1&)(14 cx < √x +#( )11 x ∈ (0, ε].=/-& +#( )11 (x, y) ∈ Dε 8& %)3&

∣

∣

∣

∣

∂

∂x
h(x, y)

∣

∣

∣

∣

=

∣

∣

∣

∣

− y2

2x
√
x

∣

∣

∣

∣

≤ (cx)2

2x
√
x
≤ c2

√
ε

2)-0
∣

∣

∣

∣

∂

∂y
h(x, y)

∣

∣

∣

∣

=
2y√
x
≤ 2cx√

x
≤ 2c

√
ε,8& /-+&( $%)$ h∣∣

Dε
/" 9/*"%/$: #-$/-,#,"; 2$ +#11#8" $%)$ K(ϕ)

∣

∣

[0,ε]
, )" )#>*#"/$/#- #+ 9/*%/$: +,-$/#-"6 /" 9/*"%/$: #-$/-,#,";?& 1)/> $%)$ K /" ,-5#,-0&0; <# "&& $%/" $)@& ) "&A,&-& #+ #-"$)-$+,-$/#-" #-3&('&-$ $# :&(#6 ϕk : [0, 1] → R, k ∈ N, 0&7-&0 54 ϕk(x) = 1√

k
.B#(0/-' $# C!D6 8& '&$

K(ϕk)(x) =











1 +#( 0 ≤ x <
1

k
1√
kx

+#( 1

k
≤ x ≤ 1

k ∈ N.=/-&
‖K(ϕk)‖ψ ≥

∣

∣

∣

ϕk(x)− ϕk(x)

x− x
∣

∣

∣
, x, x ∈ [0, 1], x 6= y,"&$$/-' x = 4

k
, x = 0, +#( )11 k ≥ 4, 8& '&$

‖K(ϕk)‖ψ ≥
k

8
, k ≥ 4,8%/% "%#8" $%)$ K /" -#$ 5#,-0&0; ✷
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