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A = A′+ iA′′ %>- B = B′+ iB′′ 2$&(>< +( +/$ '%3$ 1$'*-,$ &%'' (4 4%+(1 1*><
Γ/(m) *4 %>- (>&. *4 +/$ '%3$ (30(>$>+' (4 0%*1' A7B
(m′ A′ + m′′ A′′; m′ A′′ − m′′ A′) %>- (m′ B′ + m′′ B′′;m′ B′′ − m′′ B′)2$&(>< +( +/$ '%3$ &%''$' (4 4%+(1 1*>< Γ/(‖m‖)" A> (+/$1 )(1-'@ +/$ (3?0&$E (><1,$>$

A ≡ B (mod m) (2)*' $F,*=%&$>+ +( '*3,&+%>$(,' 1$%& (><1,$>$'
{

m′A′ +m′′A′′ ≡ m′B′ +m′′B′′,

m′A′′ −m′′A′ ≡ m′B′′ −m′′B′.
(3)($##)' G+ C1'+@ )$ %'',3$ +/%+ A, B ∈ (m) ⊂ Γ" ;/*' *30&*$' =%&*-*+. (4 6H:%>- <,%1%>+$$' $E*'+$>$ (4 '(3$ A7B q = q′ + iq′′ ',/ +/%+

A−B = q m. (4)I,&+*0&.*>< 6J: 2. m̄ = m′ − im′′@ )$ (2+%*>
(m′(A′ −B′) +m′′(A′′ −B′′))+

i((m′(A′′ −B′′) +m′′(A′ −B′)) = (q′ + iq′′)‖m‖.A+ 4(&&()' +/%+
{

(m′A′ +m′′A′′)− (m′B′ +m′′B′′) ∈ (‖m‖) ⊂ Z,

(m′A′′ −m′′A′)− (m′B′′ −m′′B′) ∈ (‖m‖) ⊂ Z;+/,' 1$',&+*>< *> '*3,&+%>$(,' (><1,$>$' 6!:" ;/$ -$'1*2$- (0$1%+*(>'1$%&*K$- *> +/$ 1$=$1'$ '$F,$>$ 41(3 6!: &$%- +( 6H:" ;/$ +/$(1$3 *' 01(=$-"G' 4(1 %>. A7B A = A′ + iA′′ +/$ (><1,$>$
A ≡ 〈A|m (mod m) (5)
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(m′A′ +m′′A′′) ≡ |(m′A′ +m′′A′′)|‖m‖,

(m′A′′ −m′′A′) ≡ |(m′A′′ −m′′A′)|‖m‖

(6)#1+ )1.+2 )*+$ 31(- )*+ 4(,$) (3 5,+6 (3 )*+ )*+(1+-  ,) ,' $#).1#& )( #''.-+)*#) )*+ (-4&+7 1+',%.+ α = 〈A|m #$ 8+ .$,9.+&: %+;$+% 8: -+#$' (3 # 4#,1(3 )*+ 1+#& 1+',%.+'
(a′; a′′) = (|(m′A′ +m′′A′′)|‖m‖; |(m

′A′′ −m′′A′)|‖m‖).<+) .' 41(5+ )*+ *:4()*+',' 5#&,%,):= <+) α = α′ + iα′′ (α′, α′′ ∈ Z)= >:'+)),$0 B = α ,$ )*+ )*+(1+-  #(1%,$0 )( ?!@2 6+ *#5+






(m′A′ +m′′A′′) ≡ |(m′α′ +m′′α′′)|‖m‖,

(m′A′′ −m′′A′) ≡ |(m′α′′ −m′′α′)|‖m‖.
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m′α′ +m′′α′′ = a′,

m′α′′ −m′′α′ = a′′,
(8)6*,* '(&.),($ ,'

(α′, α′′) =

(

m′a′ +m′′a′′

‖m‖
;

m′a′′ −m′′a′

‖m‖

)

. (9)C*.'2
α =

m′a′ +m′′a′′

‖m‖
+ i

m′a′′ −m′′a′

‖m‖
=
(m′ + im′′)(a′ + ia′′)

‖m‖(1
〈A|m = α =

m

‖m‖

(

|(m′A′ +m′′A′′)|‖m‖ + i |(m′A′′ −m′′A′)|‖m‖

)

. (10)C*+ 1.&+ ? D@ 3(1 ($')1.),$0 )*+ EFG 〈A|m 0+$+1#)+% 8: ($+A)(A($+ (1A1+'4($%+$+ 8+)6++$ )*+ HEI (α′; α′′) #$% (a′; a′′) ?'++ ?J@2 ?K@@ #$ 8+1+41+'+$)+% ,$ '4+,;+% #$% -(1+ ($')1.),5+ 3(1-=



 !"#$%& '#()*& +,+-*(+ .' -/* !(1$*2 1$%'*  !" !"#$"% &' #$ %&' )*' +&'$), ) -./01' m 2* ) $.$$'3)%24' #56 (m′ > 1, m′′ = 0)78, ) -./01' m = m′ + im′′ 2* ) .-91': -./01' *)%2*;<2$3 %&' .$/2%2.$
(m′, m′′) = 1;.= %&' ='*2/0' 〈A|m .=='*9.$/2$3 %. %&' )=82%=)=< #>6 A = A′ + iA′′ %&';.11.+23 ;.=-01)* )=' %=0'? ).=/2$31<?

〈A′ + iA′′|m = 〈A′|m + i〈A′′|m, (11)

〈A′ + iA′′|m =
1

‖m‖

(

(m′|m′Rm(A)|‖m‖ −m′′|m′′Rm(A)|‖m‖

)

+ i(m′| −m′′Rm(A)|‖m‖ +m′′|m′Rm(A)|‖m‖)), (12)+&'='
Rm(A) = Rm(A

′, A′′) = |A′ + JA′′|‖m‖

(

J = |
m′′

m′
|‖m‖

)

. (13)($##)@ A'% m = m′@ B&'$ ).=/2$3 %. CD,
α′ =

m′a′

‖m‖
=

1

m
|mA′|m2 =

1

m

(

mA′ − ⌊
mA′

m2
⌋ m2

)

= A′ − ⌊
A′

m
⌋m = |A′|m,+&'=' %&' 2$%'3'= 9)=% .; ) =')1 $0-8'= x 2* /'*23$)%'/ )* ⌊x⌋@ E2-21)= )10F1)%2.$* ;.= a′′ 324' %&' 'G0)12%< α′′ = |A′′|m@ B&0*? 2$ %&' )*' ), %&' 'G0)12%<C  , 2* %=0'@>.$*2/'= $.+ %&' )*' 8,@ H* |(m′)2 + (m′′)2|‖m‖ = 0? %)I2$3 2$%. ).0$%C !,? +' &)4'

a′ = |m′A′ +m′′A′′|‖m‖ = |m
′

(

A′ +A′′m
′′

m′

)

|‖m‖ = |m
′Rm(A)|‖m‖, (14)

a′′ = |m′A′′ −m′′A′|‖m‖ = |
(m′)2

m′
A′′ −m′′A′|‖m‖ =

| −
(m′′)2

m′
A′′ −m′′A′|‖m‖ = | −m′′Rm(A)|‖m‖. (15)>.=='%$'** .; ':9='**2.$* C J, )$/ C ", 2* '$*0='/ 8< %&' .$/2%2.$

(m′, ‖m‖) = 1 ;.11.+2$3 ;=.- %&' %&'.='- .$/2%2.$ (m′, m′′) = 1@ E08F*%2%0%2.$ C J, )$/ C ", 2$%. CD, 1')/* %. %&' ='G02='/ .0%.-' C K,@B&'.='- K )$ 8' )1*. 3'$'=)12L'/ %. ) )*' .; )=82%=)=< .-91': -./01'
m@ M.+'4'=? ;.= .-90%'= )9912)%2.$* 1)**'* .; %&' -./01'* .$*2/'='/ 2$%&' %&'.='- K )=' %&' -.*% )'9%)81'@



 !"  !"#$!% &'%($)!)*+ !"#$"% &' #$% '()*%+% ,%+ '- .%,/01%, 〈·|m /, /,'('.)$/2 '..%,)'304/35*6789 +' +$% '(:/38+'./8* ,;18.% (| · |m)2 '- +$% ./35 | · |m /3 +$% 8,% <$%38 38+1.8* ('01*% m > 1=:9 +' +$% ./35 | · |‖m‖ /3 +$% 8,% <$%3 m = m′+ im′′ /, 8 '()*%> ('01*%,8+/,-6/35 +$% '30/+/'3 (m′, m′′) = 1 </+$ |〈·|| = ‖m‖ ?($##)' @'.0/35 +' +$% (8/3 +$%'.%( '- ('01*8. 8./+$(%+/ A"2 B℄ /3 +$%8,% '- 38+1.8* ('01*% m2 +$% (8))/35 f : | · |m × | · |m → 〈·|m2 <$/$ -'.%D%.6 A = A′ + iA′′ ∈ Γ 8,,'/8+%, +' 8 )8/. '- EFG (|A′|m; |A
′′|m) ∈ (| · |m)

28 '()*%> .%,/01% 〈A|m ∈ 〈·|m 0%H3%0 :6 -'.(1*8 I  92 /, :/J%+/D%? #$%3 '38'13+ '- ,1.J%+/D/+6 '- (8))/35 A→ (|A′|m; |A
′′|m)2 +$% 8.0/38*/+6 '- ./35

〈·|m '/3/0%, </+$ +$% 8.0/38*/+6 '- 8 ,%+ | · |m×|· |m2 /?%? |〈·||m = m2 = ‖m‖?#$/, -'.(1*8 8*,' +8K%, )*8% /3 +$% 8,% <$%3 +$% '()*%> ('01*% m,8+/,H%, +$% '30/+/'3 (m′, m′′) = 12 :%81,% '- ,1.J%+/D/+6 '- (8))/35
A → Rm(A

′, A′′) I,%% I !99 830 :/J%+/D/+6 '- (8))/35 f : | · |‖m‖ → 〈·|m<$/$ -'. %D%.6 A ∈ Γ 8,,'/8+%, +$% '()*%> .%,/01% 〈A|m -'.(%0 :6 8 .1*%I L9 </+$ 83 EFG R(A′, A′′) ∈ | · |‖m‖?#$% -8+ +$8+ +$% ,)%/H%048:'D% (8))/35 f /, 83 /,'('.)$/,( '- '..%4,)'30/35 ./35, /3 +$% 8,% '- +$% .%8* ('01*% m /, ).'D%0 :6 %;18+/'3,
〈〈A′ + iA′′|m + 〈B′ + iB′′|m|m = ||A′|m + |B′|m|m + i||A′′|m + |B′′|m|m,

〈〈A′ + iA′′|m · 〈B
′ + iB′′|m|m = ||A′|m · |B

′|m − |A
′′|m · |B

′′|m|m+

i||A′|m · |B
′′|m + |A′′|m · |B

′|m|m,830 /3 +$% 8,% '- '()*%> ('01*% m = m′ + im′′ ,1$ +$8+ (m′, m′′) = 12 /,).'D%0 :6 %;18+/'3,
Rm(A+B) = Rm(Re(A+B), Im(A+B)) =

|A′ +B′ + J(A′′ +B′′)|m = |Rm(A) +Rm(B)|‖m‖, (16)

Rm(A ·B) = Rm(Re(A ·B), Im(A ·B)) =

Rm(A
′B′ −A′′B′′, A′B′′ +A′′B′) = |A′B′ −A′′B′′ + J(A′B′′ +A′′B′)|‖m‖ =

|A′(B′ + JB′′) +A′′(−B′′ + JB′)|‖m‖ = |A
′Rm(B) +A′′(J2B′′ + JB′)|‖m‖ =

|A′Rm(B) + JA′′Rm(B)|‖m‖ = |(A
′ + JA′′)Rm(B)|‖m‖ =

|Rm(A)Rm(B)|‖m‖. (17)
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α = α′ + iα′′ )0$4)%:43< )4+='$031&=) 431>=0'4$41)

{

0 ≤ m′α′ +m′′α′′ < ‖m‖,

0 ≤ m′α′′ −m′′α′ < ‖m‖.?/=)@ $/1 *43< 〈·|m 43'=51) 0'' $/1 #6; 0**03<15 43 0 )>=0*1 (4$/ A1*$1B1)
A1 = (0; 0), A2 = (m′; m′′), A3 = (m′ −m′′; m′ +m′′), A4 = (−m′′; m′)CD&* $/1 &+E=$1* 0EE'40$4&3) &% 43$1*1)$ 0*1 $/&)1 &+E'1B +&5='0* 3=+F91* ):)$1+) ,6G;7. %&* (/4/ $/1 *03<1) 〈·|Mk

@ (/1*1 Mk =
k
∏

i=1

mi (4$/
m1,m2...,mk 9143< E04*(4)1 &E*4+1 +&5='1)@ 0*1 '&0$15 43 $/1 )E14H15F09&A1 )>=0*1) (4$/ $/1 )451) E0*0''1' $& $/1 0B1)C ?/4) +103) $/0$ Mk 4) 03#8;C I&(1A1*@ $/1 E*1)13$ &354$4&3 5&1) 3&$ 1'4+430$1 0 E&))494'4$: &% =)43<$/1 #6; 0) +&5='1) mi, i = 1, 2, . . . , kC#3 E0*$4='0*@ %&* E*0$40' 0EE'40$4&3) 4$ 4) &3A13413$ $& =)1 $/1 6G;7(4$/ +&5='1) m1,m2, . . . ,mk )=/ $/0$ 0'' &* E0*$ &% $/1+ 0*1 &3)451*15 0)+0*&+&5='1) (/4/ *1E*1)13$ E*&5=$) &% $(& &3J=<0$15 #6;@ 4C1C m = pp̄(/1*1 p = p′ + ip′′, p̄ = p′ − ip′′; p′, p′′ ∈ ZC #3 0&*5031 (4$/ $/1&*1+)K 035 !@ 4$ 4) 1BE15413$ $& )1'1$ $/1 3=+91*) p 035 p̄ 90)15 &3 &354$4&3)
p′ > 0, p′′ > 0 035 (p′, p′′) = 1C ?/1 '0)$ &354$4&3 <=0*03$11) *1'0$4A1E*4+0'4$: &% $/1 #6; p 035 p̄C 7=/ ):)$1+) 0*1 0''15 >=05*0$4 G;7C !"!#!$!&L ℄ #CNC OP=)/)P:@ QCGC O+1*901A@ #C?C R0PC  !"#" $% &!()*# +,)-(.#-)"$% /$.01#2 34.5#,"6 ;0=P0@ O'+0FO$0@  S"TC ,#3 8=))403.CLK℄ QCGC O+1*901A@ #C?C R0PC 7!,!11#1 /!141!-)$* )* /$.01#2 71!*#6 ;0=P0@O'+0FO$0@  S-UC ,#3 8=))403.CL!℄ OCDC 6/1*3:0A)P:@ QCQC V034'1A4/@ OCOC W&':050@ GCXC 71':0343&AC8)9(:"0##; &#-($;" !*; <="-#." $% >)9)-!1 ?*%$,.!-)$* 7,$#"")*96 Y1'F<&)=34A1*)4$1$@ G43)P@  SSZC ,#3 8=))403.CL[℄ GC 71':0343&AC G&5='0* $1/34>=1 &% E0*0''1' 43%&*+0$4&3 E*&1))43<C<)#*-)@ ?""4#" $% A!* >B49$"C D*)E#,")-= $% /C�"-$($G!H <#,6 &!-(:#.!-)"@  !!!@ [!\UK@ KTT-C
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