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M/G/1−EPS .5.%&/9 <..-/& %+$% &$+ -.%(/&' 8. +$'$%&'8C&: D5 .(/&)()E)&1$%87& '$):(/ $;$8%59 F+8. '$):(/ 7$'8$D0& $) D& 8)%&';'&%&: $.$ ;$'% (2 .5.%&/6. /&/('5 .;$& -.&: D5 %+& -.%(/&' :-'8)1 +8. ;'&.&)& 8)%+& .5.%&/9 < %(%$0 .-/ (2 -.%(/&' $;$8%8&. σ(t) 8) %+& .5.%&/ $% $'D8%'$'5%8/& t 8. '&2&''&: $. %+& %(%$0 -.%(/&'. $;$8%59F+& '$):(/ 7$0-& σ(t) $) D& 08/8%&: D5 .(/& ().%$)% 7$0-& V=0 < V < ∞A* 3+8+ 8. $00&: %+& /&/('5 7(0-/& (2 %+& .5.%&/9 G) %+8.$.& 3& +$7& $ )()E0$..8$0 ;'(&..(' .+$'8)1 .5.%&/ %+$% 3800 D& )(%$%&: D5
M/G/1(V )− EPS9F+& ;-';(.& (2 %+& ;$;&' 8. A %( (D%$8) %+& )()E.%$%8()$'5 $): .%$%8()$'5 :8.%'8D-%8() (2 %(%$0 -.E%(/&'. $;$8%5 8) %+& .5.%&/ M/G/1 − EPSH?A %( :&%&'/8)& .(/& &.%8/$%8(). (2 0(.. +$'$%&'8.%8. 2(' .5.%&/.
M/G/1(V )−EPS 38%+ 08/8%&: /&/('5 .;$& =V < ∞A D$.&: () %+& /(:&038%+ -)08/8%&: ()&HIA %( (/;$'& ;'(&..(' .+$'8)1 .5.%&/. M/G/1(V ) − EPS $):
M/G/1 − EPS 2'(/ %+& 78&3;(8)% (2 &.%8/$%8() (2 0(.. +$'$%&'8.%8.9 ! "#$%%&$# ()*+%%*) %,$)&-. %/%0+1G) %+8. .&%8() 3& 8)7&.%81$%& %+& 0$..8$0 .5.%&/ M/G/1−EPS9 J&)(%& D5
η(t) %+& )-/D&' (2 -.%(/&'. ;'&.&)% 8) %+& .5.%&/ $% %8/& t $): D5 ξ∗i (t) %+&'&.8:-$0 0&)1%+ (2 %+& i%+ -.%(/&' $% %+8. %8/&* i = 1, η(t)9 #&%

F (x, t) = P{ζ < x, ξ < t}D& %+& K(8)% :8.%'8D-%8() 2-)%8() (2 %+& -.%(/&' $;$8%5 ζ $): +8. 0&)1%+
ξ =3& $..-/& %+$% -.%(/&'6. $;$8%5 $): +8. 0&)1%+ :( )(% :&;&): () +8.$''87$0 %8/& $): () +$'$%&'8.%8. (2 (%+&' -.%(/&'.A9 F+&) L(x) = F (x,∞)$): B(t) = F (∞, t) $'& %+& :8.%'8D-%8() 2-)%8(). (2 %+& '$):(/ 7$'8$D0&. ζ$): ξ* '&.;&%87&059 #&% a D& $) $''87$0 '$%& (2 &)%'$)& L(3 (2 -.%(/&'.*

α(s, q) =

∫

∞

0

∫

∞

0
e−sx−qtdF (x, t)D& %+& :(-D0& #$;0$&EM%8&0%K&. %'$).2('/ =38%+ '&.;&% %( x $): tA (2 %+& :8.E%'8D-%8() 2-)%8() F (x, t)* ϕ(s) = α(s, 0)* $): β(q) = α(0, q) D& %+& #$;0$&EM%8&0%K&. %'$).2('/ (2 %+& :8.%'8D-%8) 2-)%8(). L(x) $): B(t)* '&.;&%87&059
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D(x, t) = P{σ(t) < x} "# $%& '"#$(")*$"+, -*,$"+, +- $+$/0 *#$+1&(# /2/"$3/$ $"1& t4

δ(s, t) = Ee−sσ(t) =

∫

∞

0
e−sxdxD(x, t)"# $%& 5/20/&67$"&0$8&# $(/,#-+(1 +- $%& -*,$"+, D(x, t) 9"$% (&#2&$ $+ x4

δ(s, q) =

∫

∞

0
e−qt

Ee−sσ(t)dt =

∫

∞

0
e−qtδ(s, t)dt"# $%& 5/20/& $(/,#-+(1 +- $%& -*,$"+, δ(s, t) 9"$% (&#2&$ $+ t:;%& 1"<&' (i+j)$% 1+1&,$# +- $%& (/,'+1 =/("/)0&# ζ /,' ξ >"- $%&3 &<"#$?$/@& $%& -+(1A

αi j = E(ζiξj) = (−1)i+j ∂i+j

∂si∂qj
α(s, q)

∣

∣

∣

s=0,q=0
.B##*1& $%/$ *#$+1&(# ", $%& +,#"'&(&' #3#$&1 /$ /, /()"$(/(3 $"1& t /(&,*1&(/$&' /# (/,'+1C ":&: "- $%& ,*1)&( +- *#$+1&(# "# k4 $%&, $%&(& /(& k!9/3# $+ &,*1&(/$& $%&14 /,' &/% &,*1&(/$"+, /, )& %+#&, 9"$% $%& #/1&2(+)/)"0"$3 1/k!:D,& /, &/#"03 #%+9 $%/$ $%& #3#$&1 *,'&( +,#"'&(/$"+, "# '&#(")&' )3$%& E/(@+= 2(+&##

(η(t), ξ∗i (t), i = 1, η(t)), (1)9%&(& +12+,&,$# ξ∗i (t) /(& /)#&,$ "- η(t) = 0: F, $%"# /#& 9& /0#+ %/=&
σ(t) = 0:F, 9%/$ -+00+9#4 $+ #"120"-3 $%& ,+$/$"+,4 9& '&,+$& Yk = (y1, . . . , yk):7+1&$"1&# ", $%& /#& k = 14 ",#$&/' +- Y1 9& 9("$& y1 +( $%& =/0*& $%/$$%"# +12+,&,$ $/@&#4 /,' ", $%& /#& k = 24 ",#$&/' +- Y2 9& 9("$& (y1, y2) +($%&"( =/0*&#: F, +$%&( 9+('#4 9& #+1&$"1&# #2&"-3 =&$+(# +- #1/00 '"1&,#"+,#)3 ",'"/$",G $%&"( +12+,&,$#: H& /0#+ *#& $%& ,+$/$"+, (y1, . . . , yk, u) =
= (Yk, u):H& %/(/$&("I& $%& 2(+&## > ? )3 -*,$"+,# 9"$% $%& -+00+9",G 2(+)/)"0"#$"#&,#&A

P0(t) = P{η(t) = 0}; (2)

Θk(Yk, t) = P{η(t) = k, ξ∗j (t) < yj, j = 1, k}, k = 1, 2, . . . ; (3)

Pk(t) = P{η(t) = k} = Θk(∞k, t), k = 1, 2, . . . , (4)9%&(& ∞k = (∞, . . . ,∞) "# / k6+12+,&,$ =&$+(:J+$& $%/$ $%& -*,$"+,# Θk(Yk, t) /(& #311&$(" 9"$% (&#2&$ $+ 2&(1*6$/$"+,# +- +12+,&,$# +- $%& =&$+( Yk '*& $+ +*( (/,'+1 &,*1&(/$"+, +-*#$+1&(# ", $%& #3#$&1:



 !"  !"# $%&'()")&(#$% &' ($%$)*+,$ %-$ .&,%+0, δ(s, q) &,($) 1$)0 +,+%+23 0,(+%+0,
η(0) = σ(0) = 045$,0%$ 67 p0(q) =

∫

∞

0
e−qtP0(t)dt 2,( θk(Yk, q) =

∫

∞

0
e−qtΘk(Yk, t)dt%-$ #2832$ %)2,'.0)*' 9+%- )$'8$% %0 t 0. %-$ .&,%+0,' P0(t) 2,( Θk(Yk, t):)$'8$%+;$374 <% +' =,09, >'$$ ?"℄A %-2%

p0(q) = [q + a− aπ(q)]−1 (5)&,($) 1$)0 +,+%+23 0,(+%+0,: 9-$)$ π(q) +' %-$ #2832$BC%+$3%D$' %)2,'.0)*0. %-$ 6&'7 8$)+0( (+'%)+6&%+0, .&,%+0, .0) %-$ '7'%$* &,($) 0,'+($)2B%+0,4 E0%$ ?"℄ %-2% π(q) +' 2 &,+F&$ '03&%+0, 0. %-$ .&,%+0,23 $F&2%+0,
π(q) = β(q + a− aπ(q)) '&- %-2% |π(q)| ≤ 14 !""# $%  !"#$ %#$& '!'(')* &!"'('&!, (-# ./!('&!0 θk(Yk, q), 1-#$#
k = 1, 2, . . . , -)2# (-# .&**&1'!3 .&$45

θk(Yk, q) = p0(q)

k
∏

i=1

∫ yi

0
[q + a− aB(u)]du.&'(()% G'+,H %-$ *$%-0( 0. 2&I+3+2)7 ;2)+263$' ?!℄ 2,( %2=+,H +,%0 20&,%%-$ '7**$%)+ 8)08$)%7 0. %-$ .&,%+0,' Θk(Yk, t): 9$ 2, 9)+%$ 0&% 82)%+23(+J$)$,%+23 $F&2%+0,' .0) .&,%+0,' >KAL

∂Θ1(y, t)

∂t
− ∂Θ1(y, t)

∂y
+

∂Θ1(y, t)

∂y

∣

∣

∣

∣

y=0

= aP0(t)B(y)− aΘ1(y, t)+

+
∂Θ2(y, u, t)

∂u

∣

∣

∣

∣

u=0

; (6)

∂Θk(Yk, t)

∂t
− ∂Θk(Yk, t)

∂yk
+

∂Θk(Yk, t)

∂yk

∣

∣

∣

∣

yk=0

= aΘk−1(Yk−1, t)B(yk)−

−aΘk(Yk, t) +
∂Θk+1((Yk, u), t)

∂u

∣

∣

∣

∣

u=0

, k = 2, 3, . . . . (7)M2''+,H %0 #2832$ %)2,'.0)* +, %-$ $F&2%+0,' >NA: >OA: 9$ 06%2+,
−∂θ1(y, q)

∂y
= ap0(q)B(y)− (q + a)θ1(y, q)− ∂θ1(y, q)

∂y

∣

∣

∣

∣

y=0

+

+
∂θ2(y, u, q)

∂u

∣

∣

∣

∣

u=0

; (8)

−∂θk(Yk, q)

∂yk
= aθk−1(Yk−1, q)B(yk)− (q + a)θk(Yk, q)−



 !"$%%"! %&'!()* +,$,$()* %-%.$/%  !"
−∂θk(Yk, q)

∂yk

∣

∣

∣

∣

yk=0

+
∂θk+1((Yk, u), q)

∂u

∣

∣

∣

∣

u=0

, k = 2, 3, . . . . (9)#$ %&'(* +,-+*&*,*&./0 1( 2/ 3'.4( *52* *5( +.6,*&./ .7 89+: ;<= 2/% ;>=52+ *5( 7.'?
θk(Yk, q) = C(q)

k
∏

i=1

∫ yi

0
[q + a− aB(u)]du, (10)15('( C(q) &+ +.?( 7,/*&./ *52* 2/ -( %(*('?&/(% &7 1( +,-+*&*,*( *5('(62*&./ ; @= &/*. 89: ;<=: A5(/0 1( 524( C(q) = p0(q):A5( 6(??2 &+ 3'.4(%:B(* βi = Eξi = (−1)iβ(i)(0) -( *5( i*5 ?.?(/* .7 *5( ,+*.?(' 6(/C*50

i = 1, 2, . . . : !"!##$"% &'  ! ρ = aβ1 < 1" #$%& #$% '()(#* θk(Yk) = lim
t→∞

Θk(Yk, t)"
k = 1, 2, . . . " %+(*# ,%(&- (&.%/%&.%&# 0! (&(#(1' 0&.(#(0& 1&. $13% #$% !04)5

θk(Yk) = (1− ρ)ak
k
∏

i=1

∫ yi

0
[1−B(u)]du.("!!)' D7 ρ < 10 *5(/ *5( 3'.(++ ; = &+ '(C(/('2*&4( 1&*5 3.&/*+ .7 '(EC(/('2*&./ .&/&%&/C 1&*5 (3.5+ .7 *('?&/2*&./ .7 -,+$ 3('&.%+: D* 7.66.1+7'.? *5( *5(.'$ .7 '(C(/('2*&4( 3'.(++(+ FG℄ *52* *5( 6&?&* lim

t→∞
Θk(Yk, t) =

= θk(Yk) (I&+*+ 2/%
θk(Yk) = lim

q→0
qθk(Yk, q) = (1− ρ)ak

k
∏

i=1

∫ yi

0
[1−B(u)]du. !"!##$"% *' 6%# pk(q) ,% #$% 61/'1% #41&*!04) 0! #$% !7&#(0& Pk(t)"

k = 0, 1, . . . " 7&.%4 8%40 (&(#(1' 0&.(#(0&9 :$%& ;% $13%
pk(q) =

ak(1− π(q))k

(q + a− aπ(q))k+1
.("!!)' D* &+ .-4&.,+ *52* pk(q) = θk(∞k, q): B(* ,+ 3'.4( *5( (9,26&*$

∫

∞

0
(q + a− aB(y))dy =

a(1− π(q))

q + a− aπ(q)
. (11)D* 7.66.1+ 7'.? *5( /.'?26&J2*&./ ./%&*&./ 1'&**(/ &/ *('?+ .7 B2362( *'2/+E7.'?+ *52*

p0(q) +
∞
∑

k=1

θk(∞k, q) = 1/q,



 !"  !"# $%&'()")&(#$%&%( )*+,&- ,&). *./&) )$% 0%1/2) .3 2%44*  ( #% .5)*,&6
1 +

∞
∑

k=1

[
∫

∞

0
(q + a− aB(y))dy

]k

=
1

q
[q + a− aπ(q)].70.4 )$% 2*1) 0%2*),.& #% $*8% 9  :; <.#( )$% 1)*)%4%&) .3 )$% .0.22*0=3.22.#1 30.4 3.04/2*% 9!: *&> 9 ?:;70.4 .0.22*0=  #% *& .5)*,& )$% +&.#& 0%2*),.& 3.0 )$% 1)*),.&*0= >,1@)0,5/),.& {pk} .3 )$% &/45%0 .3 /1).4%01 ,& )$% 1=1)%4 9ρ = aβ1 < 1:AB℄6

pk = θk(∞k) = (1− ρ)ρk, k = 0, 1, . . . .D%) χ(t) 5% )$% *E*,)= .3 * /1).4%0 5%,&- .& 1%08,% *) )$% ),4% t *&>
ξ∗(t) 5% )$% 0%1,>/*2 2%&-)$ .3 )$,1 /1).4%0 *) )$% ),4% t; F% 1$*22 /1% )$%&.)*),.& Ey(x) = P{χ(t) < x| ξ∗(t) = y}; G) ,1 +&.#& AH℄ )$*) )$% D*E2*%IJ),%2)K%1 )0*&13.04 .3 )$% .&>,),.&*2 >,1)0,5/),.& 3/&),.& Ey(x) $*1 )$% 3.046

ey(s) = [1−B(y)]−1

∫

∞

x=0
e−sx

∫

∞

u=y
dF (x, u). (12)F% ,&)0.>/% )$% &.)*),.&

dYk
Θk(Yk, t) = P{η(t) = k, ξ∗i (t) ∈ [yi, yi + dyi), i = 1, k} =

=
∂kΘk(Yk, t)

∂y1 . . . ∂yk
dy1 . . . dyk.D*)%0 .&( #% /1% )$% &.)*),.& ∗

i=1

k
Ri(x) 3.0 J),%2)K%1 .&8.2/),.& .3 >,1)0,5/),.&3/&),.&1 Ri(x)( i = 1, 2, . . . ( Ri(x) = 0( ,3 x ≤ 0; !"#$"% &'  !" #$"! %&%'%() !&+%'%!&, '-$ ./&'%!& δ(s, q) %0 +$'$"1%&$+23 '-$ "$)('%!&

δ(s, q) = {[q + a− aπ(q)][1 − I(s, q)]}−1,4-$"$
I(s, q) =

∫

∞

0
(q + a− aB(y))ey(s)dy(&+ ey(s) %0 +$'$"1%&$+ 23 "$)('%!& 9 B:;($##)' L$% >,1)0,5/),.& 3/&),.& D(x, t) *& 5% 0%E0%1%&)%> *1

D(x, t) = P0(t)+

+
∞
∑

k=1

∫

∞

0
· · ·
∫

∞

0
P{σ(t) < x| η(t) = k, ξ∗i (t) = yi, i = 1, k}dYk

Θk(Yk, t).



 !"$%%"! %&'!()* +,$,$()* %-%.$/%  !!"#$% &'( #)*+$% (*,%(#)&-$* $. $%0$*(*&1 $. &'( 2(&$# Yk -& -1 $32-$,1&')&
P{σ(t) < x| η(t) = k, ξ∗i (t) = yi, i = 1, k} = ∗

i=1

k
Eyi

(x). !"# $" %"&'
D(x, t) = P0(t) +

∞
∑

k=1

∫

∞

0
· · ·
∫

∞

0
∗

i=1

k
Eyi

(x)dYk
Θk(Yk, t).()**+#% +# &!" ,)*& -",)&+.# &. /)0,)"23&+",&4"* &-)#*5.-6 $+&! -"*0"& &. x7$" !)8"'

δ(s, t) = P0(t) +
∞
∑

k=1

∫

∞

0
· · ·
∫

∞

0

k
∏

i=1

eyi
(s)dYk

Θk(Yk, t).()**+#% &. /)0,)" &-)#*5.-6 $+&! -"*0"& &. t7 $" .9&)+#'
δ(s, q) = p0(q) +

∞
∑

k=1

∫

∞

0
· · ·
∫

∞

0

k
∏

i=1

eyi
(s)dYk

θk(Yk, q),$!"-" dYk
θk(Yk, q) = p0(q)

k
∏

i=1

[q + a− aB(yi)]dyi :+& 5.,,.$* 5-.6 ;<= :>? )#@&!" -",)&+.# C(q) = p0(q)?=  !"# $" %"&'
δ(s, q) = p0(q) + p0(q)

∞
∑

k=1

∫

∞

0
· · ·
∫

∞

0

k
∏

i=1

eyi
(s)[q + a− aB(yi)]dyi =

= p0(q)

{

1 +

∞
∑

k=1

[
∫

∞

0
(q + a− aB(y))ey(s)dy

]k
}

=

= p0(q)

[

1 +

∞
∑

k=1

(I(s, q))k

]

, (13)$!"-"
I(s, q) =

∫

∞

0
(q + a− aB(y))ey(s)dy.A.$7 &!" *&)&"6"#& .5 &!" &!".-"6 5.,,.$* 5-.6 5.-6B,) :CD?= !"!##$"% &'  ! "#$ %&'()* +&%,&-.$/ ζ &'( ξ &%$ ,'($0$'($'"1 2$ )-"&,'3

δ(s, q) = [q + a(1− π(q))(1 − ϕ(s))]−1. (14)



 !"  !"# $%&'()")&( !""#$ #$ %&'( *(+, %*-'$. '$%/ */0$% 120*%'/$ 3 45 *$6 %&+ 7+8*%'/$
F (x, t) = L(x)B(t), 9+ &*:+ %&*%

I(s, q) =

∫

∞

y=0

q + a− aB(y)

1−B(y)

∫

∞

x=0
e−sx

∫

∞

u=y
dF (x, u) =

= ϕ(s)

∫

∞

0
[q + a− aB(y)]dy =

aϕ(s)(1− π(q))

q + a− aπ(q)
,9&+$+ 7+8*%'/$ 3 ;5 </88/9(=%"!"&&'!( )$  !"#$ %#$& '!'(')* &!"'('&!, (-# .)/*)# ($)!01&$2 g(s, q)3'(- $#0/#( (& t &1 4#!#$)('&! 15!('&! P (z, t) =

∞
∑

k=0

Pk(t)z
k, |z| ≤ 1, &1 (-#50(&2#$0 !526#$ '! (-# 070(#2 )( ('2# t -)0 (-# 1&**&3'!4 1&$28

g(z, q) =

∫

∞

0
e−qtP (z, t)dt = [q + a(1− z)(1− π(q))]−1. (15) !""#$ #% </88/9( <7/> /7/88*7?  %&*% '$ %&+ *(+ 9&+$ %&+ 0(%/>+78+$.%& 6/+( $/% 6+@+$6 /$ &'( *@*'%? *$6 %&+ *@*'%? '( +20*8 %/  , 9+ &*:+

ϕ(s) = e−s *$6
δ(s, q) = [q + a(1− π(q))(1 − e−s)]−1 =

=

∫

∞

0
e−qt

Ee−sσ(t)dt =

∫

∞

0
e−qtP (e−s, t)dt,9&+$+ 12= 3 !5 </88/9( '< 9+ (0A(%'%0%+ e−s A? z=%"!"&&'!( *$ .#( ρ = aβ1 < 19 :-#! 0()('&!)$7 2&"# #;'0(09 :-# .)/*)#<=('#*(>#0 ($)!01&$2 δ(s) &1 (-# 0()('&!)$7 "'0($'65('&! 15!('&!

D(x) = limt→∞D(x, t) &1 50(&2#$0 (&()* )/)'(7 -)0 (-# 1&$28
δ(s) =

1− ρ

1 + aα′q(s, q)|q=0
. (16)B/%+ %&*% 7+8*%'/$ 3 "5 9*( C7(% /A%*'$+6 A? D+$.0@%* EF℄= !""#$ #% </88/9( <7/> %&+ %&+/7? /< 7+.+$+7*%':+ @7/+((+( E"℄ %&*% %&+8'>'% δ(s) = limt→∞ δ(s, t) +H'(%( *$6

δ(s) = lim
q→0

qδ(s, q) = (1− ρ) lim
q→0

[1− I(s, q)]−1,9&+7+, *( '% </88/9( <7/> %&+/7+>  ,



 !"$%%"! %&'!()* +,$,$()* %-%.$/%  !"
lim
q→0

I(s, q) = a

∫

∞

0
[1−B(y)]ey(s)dy =

= a

∫

∞

x=0

∫

∞

u=0
ue−sxdF (x, u) = −aα′q(s, q)|q=0,#$%&% ($% )(*(%+%&( ,- ($% ,.,//*.0 -,//,#)1 !"!##$"% &'  !" δ1(t) #! "$! %&'" ()(!*" )+ "$! ")",- /'")(!&' ,0,1"2

σ(t) /*3!& 4!&) 1*1"1,- )*31"1)*5 δ1(q) #! "$!  ,0-,! "&,*'+)&( )+ "$! +/*"1)*
δ1(t)6 7$!* 8! $,9!:

δ1(q) =
aα11 + q

∫

∞

0

∫

∞

0 xS(t)dF (x, t)

[q + a− aπ(q)]
[

1− ρ− q
∫

∞

0 S(t)dB(t)
]2 ,8$!&! S(t) =

∫ t

0
[1−B(y)]−1dy62%( σ 3% * )(*(4,&*.0 (,(*/ 5)(,+%.) *6*4(0 7σ(t) ⇒ σ 4& ($% )%&)% ,-* #%*8 ,&9%.:%&%;1 <$% -,//,#4&: 8&,#& -,.+5/*% =>℄

δ1 = Eσ = −δ′(0) =
aα11

1− ρ
, δ2 = Eσ2 = δ′′(0) =

aα21

1− ρ
+ 2δ2

1 (17)*& 3% ,3(*4&%@ -.,+ .%/*(4,& 7 A;1B,. ),+% )6%4*/ *)%) #% *& :%( ($% @4)(.435(4,& -5&(4,& D(x) -.,+-,.+5/* 7 A;1 B,. %C*+6/%D ,&)4@%. ($% *)% #$%& 5)(,+%.E) *6*4(0 ζ *&@$4) /%&:($ ξ *.% ,&&%(%@ 30 ($% .%/*(4,& ξ = cζ+ξ1D c > 0D #$%.% ($% .*&@,+9*.4*3/%) ζ *&@ ξ1 *.% 4&@%6%&@%&( 7)5$ @%6%&@%&% -,. 5)(,+%.E) *6*4(0*&@ $4) /%&:($ 4) (.5% -,. +*&0 .%*/ 4&-,.+*(4,& )0)(%+);1F%&,(% 30 κ1 = Eξ1 ($% G.)( +,+%&( ,- ($% .*&@,+ 9*.4*3/% ξ11 H& ($4) *)%#% $*9% α(s, q) = ϕ(s+ cq)κ(s)D #$%.% κ(s) 4) ($% 2*6/*%IJ(4%/(K%) (.*&)-,.+,- ($% @4)(.435(4,& -5&(4,& ,- ($% .*&@,+ 9*.4*3/% ξ11 <$%& .%/*(4,& 7 A;(*8%) ($% -,//,#4&: -,.+L
δ(s) =

1− ρ

1 + a[cϕ′(s)− κ1ϕ(s)]
. (18)M))5+% ($*( 5)(,+%. *6*4(0 ζ $*) *& %C6,&%&(4*/ @4)(.435(4,& #4($ ($%6*.*+%(%. f > 01 <$%& -.,+ -,.+5/* 7 >; #% ,3(*4&L

δ(s) =
(1− ρ)(s+ f)2

(s+ f)2 − ρ1f2 − ρ2f(s+ f)
,#$%.% ρ1 = ac/f D ρ2 = aκ1D ), ($*( ρ = aβ1 = ρ1 + ρ21



 !"  !"# $%&'()")&(#$% %& () *&+&,-.)& +/& .)0&,1& 2(34(& +,()15$,- $5 δ(s)/s6 %/&,&
δ(s) .1 *&7)&* 89 5$,-:4( ; "<6 ()* $8+(.) +/& 1+(+.$)(,9 *.1+,.8:+.$)5:)+.$) D(x)=
D(x) = 1− (1− ρ)e−fx

2b

[

(ρ2 + b)2e(ρ2+b)fx/2

2− ρ2 − b
− (ρ2 − b)2e(ρ2−b)fx/2

2− ρ2 + b

]

, (19)%/&,& b =
√

ρ2
2 + 4ρ1> ! "#$%&'$%() (* +(## -'.'$/.%#$%#?/& M/G/1 − EPS .1 ( 191+&- %.+/$:+ 4$1.)@ $5 :1+$-&,1 ;V = ∞<> A:+%.+/ +/& /&43 $5 +/.1 -$*&4 %& () &1+.-(+& +/& -&-$,9 (3(.+9 V .) $,*&,+$ @:(,()+&& .)&B&&*.)@ $5 @.0&) 4$11 3,$8(8.4.+9>C11:-& +/(+ %& /(0& ( 1+(+.$)(,9 D:&:&.)@ 191+&- Q∞ %.+/ E$.11$) &)F+,()& G$% %.+/$:+ 4$11&1 $5 :1+$-&,1> 2&+ QV 8& ( 1+(+.$)(,9 191+&- +/(+*.H&,1 5,$- Q∞ $)49 %.+/ +/& 5(+ +/(+ .+1 +$+(4 (3(.+9 .1 4.-.+&* 89 +/&$)1+()+ 0(4:& V > I& *&)$+& 89 D(x) +/& *.1+,.8:+.$) 5:)+.$) $5 +$+(4 :1F+$-&,1 (3(.+9 5$, +/& 191+&- Q∞ ()* 89 DV (x) +/& *.1+,.8:+.$) 5:)+.$) $5+/.1 ,()*$- 0(4:& 5$, +/& 191+&- QV > !"#$"% &'  !" #$"%&'(#)* D(x) ≤ DV (x) )'+", -('" /01 '(( x > 02E,$$5 $5 +/& +/&$,&- () 8& 5$:)* .) JK℄>M+ 5$44$%1 5,$- +/&$,&- N +/(+ +/& 4$11 3,$8(8.4.+9 P 5$, +/& 191+&- QV1(+.17&1 +/& 5$44$%.)@ .)&D:(4.+9 JK℄=

P = 1−
∫ V

0
DV (V − x)dL(x) ≤ 1−

∫ V

0
D(V − x)dL(x) = P ∗. (20)?/:16 +/& 0(4:& P ∗ .1 () :33&, &1+.-(+.$) $5 4$11 3,$8(8.4.+9 5$, +/& 191+&-

QV > M5 %& /$$1& V :)*&, $)*.+.$) +/(+ P ∗ .1 @.0&) 1$ +/(+ +/& &D:(4.+9
∫ V

0
D(V − x)dL(x) = 1− P ∗.1 1(+.17&*6 +/&) +/& ,&(4 4$11 3,$8(8.4.+9 P *$&1 )$+ &B&&* P ∗> M5 $)49 0&,9,(,& 4$11&1 (,& 3&,-.++&* .) +/& 191+&- :)*&, $)1.*&,(+.$)6 +/& *.H&,&)&8&+%&&) +/& 0(4:&1 P ()* P ∗ .1 .)&11&)+.(4>#$+& +/(+ +/& 4$11 3,$8(8.4.+9 .1 )$+ &B/(:1+.0& /(,(+&,.1+. $5 4$11&168&(:1& .+1 0(4:& 1/$%1 ( 3(,+ $5 4$1+ :1+$-&,16 )$+ ( 3(,+ $5 4$1+ (3(.+9$,6 .) $+/&, %$,*16 .)5$,-(+.$) 8&.)@ 4$1+> O&(4496 .+ .1 $80.$:1 +/(+ :1+$-&,1/(0.)@ 4(,@& (3(.+9 %.44 8& 4$1+ -$,& $5+&)> ?/&,&5$,&6 -$,& $8P&+.0& 4$11&1&1+.-(+.$) .1 +/& 0(4:&

Q = 1− 1

ϕ1

∫ V

0
xDV (V − x)dL(x).



 !"$%%"! %&'!()* +,$,$()* %-%.$/%  !"#$% &'()% Q *+ ,$% -./0'0*(*,1 /2 (/+*34 ' )3*, /2 )+,/6%. '-'*,17 #$%3%8, *3%9)'(*,1 2/((/:+ 2./6 ,$%/.%6 ;<
Q = 1− 1

ϕ1

∫ V

0
xDV (V − x)dL(x) ≤ 1− 1

ϕ1

∫ V

0
xD(V − x)dL(x) = Q∗.=2 /3(1 &%.1 .'.% (/++%+ '.% -%.6*,,%> *3 ,$% +1+,%6 )3>%. /3+*>%.',*/3?,$% >*@%.%3% 0%,:%%3 ,$% &'()%+ Q '3> Q∗ *+ *3%++%3,*'(7A/. %8'6-(%? *3 ,$% '+% /2 ,$% >*+,.*0),*/3 2)3,*/3 B "C :% /0,'*3<

P ∗ =

{

1− 1− ρ

b

[

a1
1− e−(1−b1)fV

b+ ρ2
+ a2

1− e−(1−b2)fV

b− ρ2

]}

e−fV ,:$%.% a1 =
(ρ2 + b)2

2− ρ2 − b
? a2 =

(ρ2 − b)2

2− ρ2 + b
? b1 = −1 +

ρ2 + b

2
? b2 = −1 +

ρ2 − b

2
D

Q∗ =

{

1 + fV − 2(1− ρ)

b

[

(a1 + a2)fV

8ρ1
+

+a1
1− e−(1−b1)fV

(b+ ρ2)2
− a2

1− e−(1−b2)fV

(b− ρ2)2

]}

e−fV .E/,% ,$', *3 ,$% 6/+, '+%+ ,$% '()(',*/3 '3> %+,*6',*/3 /2 ,$% -./0'0*(*,1
Q *+ &%.1 /6-(*',%>7 #$%.%2/.%? :% /2,%3 6)+, .%+,.*, /).+%(&%+ ,/ ,$%'()(',*/3 '3> %+,*6',*/3 /2 ,$% (/++ -./0'0*(*,1 P 7=2 *, *+ *6-/++*0(% ,/ >%,%.6*3% ,$% 2/.6 /2 ,$% >*+,.*0),*/3 2)3,*/3 D(x)?:% '3 %+,*6',% ,$% &'()% P ∗ 01 '--./8*6',*/3 /2 ,$% 2)3,*/3

Φ(x) =

∫ x

0
D(x− u)dL(u)0%*34 ,$% >*+,.*0),*/3 2)3,*/3 /2 ,$% +)6 /2 *3>%-%3>%3, .'3>/6 &'.*'0(%+

σ '3> ζ? :*,$ ,$% >*+,.*0),*/3 2)3,*/3 /2 ,$% 4'66' >*+,.*0),*/3
Φ∗(x) = γ(h, rx)/Γ(h)? :$%.% γ(h, rx) =

∫ hx

0
th−1e−tdt *+ ,$% *3/6-(%,%4'66' 2)3,*/3? Γ(h) = γ(h,∞) *+ ,$% 4'66' 2)3,*/37 #$% -'.'6%,%.+

h '3> r /2 ,$% '--./8*6',% >*+,.*0),*/3 +$/)(> 0% $/+%3 +/ ,$', *,+ F.+,'3> +%/3> 6/6%3,+ f∗1 = h/r '3> f∗2 = h(h + 1)/r2 +$/)(> 0% %9)'( ,/ ,$%F.+, '3> +%/3> 6/6%3,+ /2 ,$% >*+,.*0),*/3 2)3,*/3 Φ(x)? .%+-%,*&%(17 =, *+/0&*/)+ ,$', ,$%+% 6/6%3,+ $'&% ,$% 2/.6
f1 = δ1 + ϕ1, f2 = δ2 + ϕ2 + 2δ1ϕ1. (21)



 !"  !"# $%&'()")&(#$%&' ($) *+,+-)(),& ./ ($) 01&(,12%(1.3 /%3(1.3 Φ∗(x) &$.%50 2) $.&)3+& /.55.6&7
h =

f2
1

f2 − f2
1

, r =
f1

f2 − f2
1

,6$),) f1 +30 f2 +3 2) +5%5+()0 /,.- ,)5+(1.3& 8 9:' 8; :< =)3)' 6) $+>)($) +**,.?1-+() /.,-%5+
P ∗ ∼= 1− Φ∗(V ).@.() ($+( 13 ($) +&) ./ 3.( >),A &-+55 *),-1&&125) 5.&& *,.2+2151(1)&' %&13B($) )&(1-+(1.3 P ∗ 13&()+0 ./ P 5)+0& (. %3C%&(1D+25A &%,*5%& $.1) ./ ($)+*+1(A >.5%-) V < #$),)/.,)' ($) 01,)( +3+5A&1& ./ *,.)&&., &$+,13B &A&()-&61($ 51-1()0 -)-.,A &*+) 1& >),A 1-*.,(+3(< ! "#$ &'$ () *+,+-$. -(-&* &/&+-0#$) &A&()- M/G/1(V )−EPS 61($ %&(.-),& ./ 01E),)3( (A*)& 6+& +3+5AF)013 0)(+15 13 GH'  "℄< J) &$+55 .310), + &*)1+5 +&) ./ %&(.-),& ./ ($) &+-)(A*)< #$)3' /., &(+(1.3+,A *,.2+2151(1)& ./ 3%-2), ./ %&(.-),& *,)&)3( 13 ($)&A&()- 6) $+>)7

p0 =

(

∞
∑

k=0

akA
(k)
∗ (V )

)

−1

, pk = p0a
kA

(k)
∗ (V ), k = 1, 2, . . . , !"#" A

(k)
∗ (x) $% & k'! (#)"# *'$"+',"% (./(+0'$(. (1 '!" 10.'$(.

A(x) =

∫ x

u=0

∫

∞

t=0
udF (u, t).2!" +(%% 3#(4&4$+$'5 !&% '!" 1(#67

P = 1− p0

[

L(V )−
∞
∑

k=1

akA
(k)
∗ (V )

]

.8%%06" &))$'$(.&++5 '!&' 0%'(6"# &3&$'5 !&% &. "93(.".'$&+ )$%'#$40'$(. $'! 3&#&6"'"# f : &.) +"' '!" 0%'(6"# +".;'! 4" 3#(3(#'$(.&+ '( !$% &3&$'5<ξ = cζ: c > 0=> 2!".: &1'"# %(6" &+0+&'$(.%  " (4'&$.
p0 =























1− ρ

1−√ρe−fV
[

sinh(
√

ρfV ) +
√

ρ cosh(
√

ρfV )
] , $1 ρ 6= 1,

1 + e−2fV

1 + fV
, $1 ρ = 1;



 !"$%%"! %&'!()* +,$,$()* %-%.$/%  ! 
pk = p0ρ

k

[

1− e−fV
2k−1
∑

i=0

(fV )i

i!

]

, k = 1, 2, . . . ;

P = p0e
−fV cosh(

√
ρfV ),"#$%$ ρ = ac/f & '()*$  + ,%-)().*./.$0 P (12 Q 3-% ρ = 0.6

V P ∗ Q∗ P Q4&4  &44444  &44444  &44444  &444444&5 4&6575 4&668!6 4&9 66: 4&695!64&: 4&9!!55 4&69;!! 4&!778: 4&6:4;:4&! 4&9 ;65 4&6!856 4&8!744 4&99:954&9 4&7!9 8 4&6: 6: 4&:9 8! 4&95:46 &4 4&757;8 4&6 :97 4&: 8 ! 4&7!;  5&4 4&8!988 4&788!5 4&5;89! 4&8 564;&4 4&:8 79 4&!45:5 4& 8778 4&;886!:&4 4&;8!8 4&:7!59 4&  59 4&58!:48&4 4&59784 4&;7!76 4&49;:4 4& 966;!&4 4&556:7 4&56999 4&4!56 4& :;;47&4 4& 9; ! 4&5;7!; 4&4:9  4& 46!;9&4 4& :!54 4& 9658 4&4;7 ! 4&49:!: 4&4 4&46; : 4& 54;: 4&455!; 4&48 !8 8&4 4&4;4 9 4&4;96! 4&44!67 4&4 89654&4 4&44679 4&4 5!5 4&44555 4&448 5;4&4 4&44 4; 4&44 ;; 4&4445; 4&4448::4&4 4&444  4&444 : 4&44445 4&4 89684&4 4&4444 4&44445 4&44444 4&4444 <-" "$ (1 ->?(%$ /#$ @(*A$0 P ∗ (12 P -% Q∗ (12 Q A0.1B (1(*C/.(*%$0A*/0 (12 0.>A*(/.-1& '()*$  ?%$0$1/0 /#$ 2$?$12$1$ -3 *-00 #(%(/$%.0/.0A?-1 /#$ >$>-%C (?(./C V & D$%$ "$ (00A>$ /#(/ ρ = 0.6E /#$ A0/->$%*$1B/# .0 ?%-?-%/.-1(* /- #.0 (?(./C Fξ = cζGE "#$%$ c = 1E (12 (?(./C ζ#(0 (1 $H?-1$1/.(* 2.0/%.)A/.-1 "./# ?(%(>$/$% f = 1&'#$ @(*A$0 P ∗E Q∗E P "$%$ -)/(.1$2 )C (*A*(/.-1 3%-> /#$ ()-@$ %$*(/.-10E"#$%$(0 /#$ @(*A$ Q "(0 $0/.>(/$2 )C 0.>A*(/.-1& '#$ /()*$ 0#-"0 /#(/$0/.>(/-%0 P ∗E Q∗ (%$ 1-/ @$%C ?%$.0$E (12 "$ (1 A0$ /#$> 3-% /#$ (0$"#$1 /#$ ?%-?$% *-00 #(%(/$%.0/.0 (%$ 1$(% I$%-&
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