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❲❡ ❞❡❛❧ ✇✐/❤ /❤❡ ❢✉♥❝/✐♦♥❛❧ ❡G✉❛/✐♦♥ ✭(♦ ❝❛❧❧❡❞ ❛❞❞✐/✐♦♥ ❢♦.♠✉❧❛✮ ♦❢ /❤❡ ❢♦.♠

f(x+ y) = F (f(x), f(y)),

✇❤❡.❡ F ✐( ❛♥ ❛((♦❝✐❛/✐✈❡ .❛/✐♦♥❛❧ ❢✉♥❝/✐♦♥✳ ❚❤❡ ❝❧❛(( ♦❢ ❛((♦❝✐❛/✐✈❡ .❛/✐♦♥❛❧ ❢✉♥❝/✐♦♥( ✇❛( ❞❡(❝.✐❜❡❞

❜② ❆✳ ❈❤L.✐/❛/ ❬✶❪ ❛♥❞ ❤✐( ✇♦.❦ ✇❛( ❢♦❧❧♦✇❡❞ ❜② ❛ ♣❛♣❡. ♦❢ /❤❡ ❛✉/❤♦.✳ ❋♦. ❢✉♥❝/✐♦♥ F ❞❡✜♥❡❞ ❜②

F (x, y) = ϕ−1(ϕ(x) + ϕ(y)),

✇❤❡.❡ ϕ ✐( ❛ ❤♦♠♦❣.❛♣❤✐❝ ❢✉♥❝/✐♦♥✱ /❤❡ ❛❞❞✐/✐♦♥ ❢♦.♠✉❧❛ ✐( ❢✉❧✜❧❧❡❞ ❜② ❤♦♠♦❣.❛♣❤✐❝ /②♣❡ ❢✉♥❝/✐♦♥(✳

❲❡ ❝♦♥(✐❞❡. /❤❡ ❝❧❛(( ♦❢ /❤❡ ❛((♦❝✐❛/✐✈❡ .❛/✐♦♥❛❧ ❢✉♥❝/✐♦♥( ❞❡✜♥❡❞ ❜② ❢♦.♠✉❧❛

F (u, v) =
uv

αuv + u+ v
,

✇❤❡.❡ α ✐( ❛ ✜①❡❞ .❡❛❧ ♥✉♠❜❡.✳

✶✳ ■♥#$♦❞✉❝#✐♦♥

❋♦$ %❤❡ $❛%✐♦♥❛❧ %✇♦✲♣❧❛❝❡ $❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝%✐♦♥ F ❣✐✈❡♥ ❜②

F (x, y) = ϕ−1(ϕ(x) + ϕ(y)), (H)

✇❤❡$❡ ϕ ✐7 ❛ ❤♦♠♦❣$❛♣❤✐❝ ❢✉♥❝%✐♦♥✱ %❤❡ ❛❞❞✐%✐♦♥ ❢♦$♠✉❧❛ ❤❛7 %❤❡ ❢♦$♠

ϕ(f(x+ y)) = ϕ(f(x)) + ϕ(f(y))

❛♥❞ ✐% ✐7 ❛ ❝♦♥❞✐%✐♦♥❛❧ ❢✉♥❝%✐♦♥❛❧ ❡:✉❛%✐♦♥ ✐❢ %❤❡ ❞♦♠❛✐♥ ♦❢ ϕ ✐7 ♥♦% ❡:✉❛❧ %♦ R✳

❙♦❧✉%✐♦♥7 ♦❢ %❤❡ ❛❜♦✈❡ ❝♦♥❞✐%✐♦♥❛❧ ❡:✉❛%✐♦♥ ❛$❡ ❤♦♠♦❣$❛♣❤✐❝ %②♣❡ ❢✉♥❝%✐♦♥7✳

❑❛-❛.③②♥❛ ❉♦♠❛➠5❦❛ ✖ ❏❛♥ ❉➟✉❣♦)③ ❯♥✐✈❡/)✐0② ✐♥ ❈③➛)0♦❝❤♦✇❛✳
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■❢ F ✐# ❛##♦❝✐❛'✐✈❡ ❛♥❞ ,❛'✐♦♥❛❧ '❤❡♥ '❤❡ ❢♦,♠ ✭❍✮ #'❛'❡# '❤❛' ✐' ❜❡❧♦♥❣# '♦ ♦♥❡

♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛##❡# ✭❛❧❧ ♦❢ '❤❡♠ ❛,❡ ❝♦♥#✐❞❡,❡❞ ✐♥ '❤❡✐, ♥❛'✉,❛❧ ❞♦♠❛✐♥#✮✿

F (u, v) =
uv

αuv + u+ v

F (u, v) =
u+ v + 2λuv

1− λ2uv

F (u, v) =
uv − λ2

u+ v + 2λ

F (u, v) =
(1− 2λ)uv − λ

µ
(u+ v)− 1

µ2

λµuv + u+ v + 2−λ
µ

✇❤❡,❡ α ∈ R, λ, µ ∈ R \ {0} ✭✐' ✐# ❛ ❝♦♥#❡8✉❡♥❝❡ ♦❢ '❤❡ ❛##♦❝✐❛'✐✈✐'②✱ #❡❡ '❤❡

❛,'✐❝❧❡ ❬✷❪✮✳

▲❡' α ∈ R ❜❡ ❛,❜✐',❛,② ✜①❡❞✳ ❲❡ ❝♦♥#✐❞❡, '❤❡ ,❛'✐♦♥❛❧ ❢✉♥❝'✐♦♥

F : {(x, y) ∈ R
2 : αxy + x+ y 6= 0} −→ R

♦❢ '❤❡ ❢♦,♠

F (u, v) =
uv

αuv + u+ v
.

■' ✐# ❛ ,❛'✐♦♥❛❧ '✇♦✲♣❧❛❝❡ ,❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ❞✐#❝♦♥♥❡❝'❡❞ #✉❜#❡'

♦❢ '❤❡ ,❡❛❧ ♣❧❛♥❡ R
2, ✇❤✐❝❤ #❛'✐#✜❡# '❤❡ ❡8✉❛'✐♦♥

F (F (x, y), z) = F (x, F (y, z))

❢♦, ❛❧❧ (x, y, z) ∈ R
3

#✉❝❤ '❤❛'

αxy + x+ y, αyz + y + z, αF (x, y)z + F (x, y) + z, αxF (y, z) + x+ F (y, z)

❛,❡ ♥♦' ❡8✉❛❧ '♦ 0. ❲❡ #❤❛❧❧ ❞❡'❡,♠✐♥❡ ❛❧❧ ❢✉♥❝'✐♦♥# f : G −→ R, ✇❤❡,❡ (G, ⋆)

✐# ❛ ❣,♦✉♣✱ ✇❤✐❝❤ #❛'✐#❢② '❤❡ ❢✉♥❝'✐♦♥❛❧ ❡8✉❛'✐♦♥

f(x ⋆ y) =
f(x)f(y)

αf(x)f(y) + f(x) + f(y)
. (1)

❚❤❡ ♥❡✉',❛❧ ❡❧❡♠❡♥' ♦❢ '❤❡ ❣,♦✉♣ (G, ⋆) ✇✐❧❧ ❜❡ ✇,✐''❡♥ ❛# 0✳

❇② ❛ #♦❧✉'✐♦♥ ♦❢ '❤❡ ❢✉♥❝'✐♦♥❛❧ ❡8✉❛'✐♦♥ ✭✶✮ ✇❡ ✉♥❞❡,#'❛♥❞ ❛♥② ❢✉♥❝'✐♦♥

f : G −→ R ✇❤✐❝❤ #❛'✐#✜❡# ❡8✉❛❧✐'② ✭✶✮ ❢♦, ❡✈❡,② ♣❛✐, (x, y) ∈ G2
#✉❝❤ '❤❛'

αf(x)f(y) + f(x) + f(y) 6= 0. ❚❤✉# ✇❡ ❞❡❛❧ ✇✐'❤ '❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐'✐♦♥❛❧

❢✉♥❝'✐♦♥❛❧ ❡8✉❛'✐♦♥✿

αf(x)f(y) + f(x) + f(y) 6= 0



❖◆ ❙❖▼❊ ❆❉❉■❚■❖◆ ❋❖❘▼❯▲❆❙ ✶✾

✐♠♣❧✐❡%

f(x ⋆ y) =
f(x)f(y)

αf(x)f(y) + f(x) + f(y)
(E)

❢♦( ❛❧❧ x, y ∈ G.

❙♦♠❡ (❡%✉❧,% ♦♥ ❛❞❞✐,✐♦♥ ❢♦(♠✉❧❛% ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦( ❡①❛♠♣❧❡ ✐♥ ,❤❡ ✇♦(❦ ♦❢

❑✳ ❉♦♠❛➠%❦❛ ❛♥❞ ❘✳ ●❡( ❬✸❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✉%❡❢✉❧ ✐♥ ,❤❡ %❡@✉❡❧ ✭%❡❡ ❘✳ ●❡( ❬✹❪✮✳

▲❡♠♠❛✳ ✭❖♥ ❛ ❝❤❛(❛❝,❡(✐③❛,✐♦♥ ♦❢ %✉❜❣(♦✉♣%✮✳ ▲❡# (G, ⋆) ❜❡ ❛ ❣'♦✉♣✳ ❚❤❡♥

(H, ⋆) ✐/ ❛ /✉❜❣'♦✉♣ ♦❢ #❤❡ ❣'♦✉♣ (G, ⋆) ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ⊃ H 6= ∅ ❛♥❞

H ⋆H ′ ⊂ H ′,

✇❤❡'❡ H ′ := G \H.

✷✳ ▼❛✐♥ $❡&✉❧)&

❲❡ ♣(♦❝❡❡❞ ✇✐,❤ ❛ ❞❡%❝(✐♣,✐♦♥ ♦❢ %♦❧✉,✐♦♥% ♦❢ ✭❊✮ ✐♥ ❝❛%❡ ✇❤❡(❡ α = 1✳

❚❤❡♦(❡♠ ✶✳ ▲❡# (G, ⋆) ❜❡ ❛ ❣'♦✉♣✳ ❆ ❢✉♥❝#✐♦♥ f : G −→ R ②✐❡❧❞/ ❛ ♥♦♥❝♦♥✲

/#❛♥# /♦❧✉#✐♦♥ #♦ #❤❡ ❢✉♥❝#✐♦♥❛❧ ❡8✉❛#✐♦♥

f(x)f(y) + f(x) + f(y) 6= 0

✐♠♣❧✐❡/

f(x ⋆ y) =
f(x)f(y)

f(x)f(y) + f(x) + f(y)
(E1)

❢♦' ❛❧❧ x, y ∈ G, ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐#❤❡'

f(x) :=

{

−2 ✐❢ x ∈ H,

0 ✐❢ x ∈ G \H

♦'

f(x) :=

{

−1 ✐❢ x ∈ Γ

−2 ✐❢ x ∈ G \ Γ

♦'

f(x) =
1

A(x)− 1
, x ∈ G

✇❤❡'❡ (H, ⋆), (Γ, ⋆) ❛'❡ /✉❜❣'♦✉♣/ ♦❢ #❤❡ ❣'♦✉♣ (G, ⋆), ❛♥❞ A : G −→ R ✐/

❛ ❤♦♠♦♠♦'♣❤✐/♠ /✉❝❤ #❤❛# 1 6∈ A(G).
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 !♦♦❢✳ ❆!!✉♠❡ %❤❛% f ✐! ❛ ♥♦♥❝♦♥!%❛♥% !♦❧✉%✐♦♥ ♦❢ %❤❡ ❡.✉❛%✐♦♥ ✭❊✶✮✳ ❋✐5!%

✇❡ !❤♦✇ %❤❛% f(0) ∈ {−2,−1, 0}. ■♥❞❡❡❞✱ !❡%%✐♥❣ x = y = 0 ✐♥ ✭❊✶✮ ✇❡ ♦❜%❛✐♥

f(0)2 + 2f(0) = 0 or f(0) =
f(0)2

f(0)2 + 2f(0)
,

❤❡♥❝❡ f(0) ∈ {−2,−1, 0}.

❋✐5!% ❛!!✉♠❡ %❤❛% f(0) = −2.❲❡ !❤♦✇ %❤❛% f(G) ⊂ {−2, 0}. ■♥ ❢❛❝%✱ ♣✉%%✐♥❣

y = 0 ✐♥ ✭❊✶✮ ✇❡ ♦❜%❛✐♥

−2f(x) + f(x)− 2 = 0 or f(x) =
−2f(x)

−2f(x) + f(x)− 2

❢♦5 ❛❧❧ x ∈ G. ❈♦♥!❡.✉❡♥%❧②

f(x) = −2 or f(x) =
2f(x)

f(x) + 2

❢♦5 ❛❧❧ x ∈ G ❛♥❞ !✐♥❝❡ %❤❡ ❡.✉❛❧✐%②

c =
2c

c+ 2

❢♦5❝❡! c %♦ ✈❛♥✐!❤✱ ✇❡ ✐♥❢❡5 %❤❛%

f(x) = −2 or f(x) = 0

❢♦5 ❛❧❧ x ∈ G. ❙✐♥❝❡ f ✐! ❛!!✉♠❡❞ %♦ ❜❡ ♥♦♥❝♦♥!%❛♥%✱ ❜♦%❤ %❤❡ ❝♦♠♣❧❡♠❡♥%❛5②

!❡%!

H := {x ∈ G : f(x) = −2} and H ′ = {x ∈ G : f(x) = 0}

❛5❡ ♥♦♥❡♠♣%②✳

❲❡ !❤❛❧❧ !❤♦✇ %❤❛% H ⋆ H ′ ⊂ H ′, ✇❤✐❝❤ ✐♠♣❧✐❡! %❤❛% H ✐! ❛ !✉❜❣5♦✉♣ ♦❢

%❤❡ ❣5♦✉♣ G ✭!❡❡ ▲❡♠♠❛✮✳ ❋✐① ❛5❜✐%5❛5✐❧② ❡❧❡♠❡♥%! x ∈ H ❛♥❞ y ∈ H ′. ❙✐♥❝❡

f(x)f(y) + f(x) + f(y) = −2, ✇❡ ❣❡% f(x ⋆ y) = 0 ❜② ✭❊✶✮ ✐✳❡✳ x ⋆ y ∈ H ′,

✇❤✐❝❤ ✇❛! %♦ ❜❡ !❤♦✇♥✳ ❙♦✱ ✐♥ %❤✐! ❝❛!❡ ✇❡ ❤❛✈❡

f(x) :=

{

−2 ✐❢ x ∈ H,

0 ✐❢ x ∈ G \H.

▲❡% ♥♦✇ f(0) = −1. ❆!!✉♠❡ %❤❛% f(a) = 0 ❢♦5 !♦♠❡ a 6= 0. D✉%%✐♥❣ x = 0 ❛♥❞

y = a ✐♥ ✭❊✶✮ ✇❡ ❣❡% f(0) = 0 ✇❤✐❝❤ ❧❡❛❞! %♦ ❛ ❝♦♥%5❛❞✐❝%✐♦♥✳ ❈♦♥!❡.✉❡♥%❧②✱

✐♥ %❤✐! ❝❛!❡ ✇❡ ❤❛✈❡ f(x) 6= 0 ❢♦5 ❛❧❧ x ∈ G. ❲❡ ❞❡✜♥❡ ❛ ❢✉♥❝%✐♦♥ A : G −→ R

❜② %❤❡ ❢♦5♠✉❧❛

A(x) =
1

f(x)
+ 1, x ∈ G.
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❖❜"❡$✈❡ &❤❛& 1 6∈ A(G)✳ ❆ "&$❛✐❣❤&❢♦$✇❛$❞ ✈❡$✐✜❝❛&✐♦♥ "❤♦✇" &❤❛&

f(x)f(y) + f(x) + f(y) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ A(x) +A(y) = 1

❢♦$ ❛❧❧ x, y ∈ G. ❚❤✉" ❥♦✐♥&❧② ✇✐&❤ ✭❊✶✮ ✇❡ ✐♥❢❡$ &❤❛&

A(x) +A(y) 6= 1

✐♠♣❧✐❡"

A(x ⋆ y) = 1 +
f(x)f(y) + f(x) + f(y)

f(x)f(y)
= 2 +

1

f(x)
+

1

f(y)
= A(x) +A(y)

✇❤✐❝❤ "&❛&❡" &❤❛& &❤❡ ❢✉♥❝&✐♦♥ A ②✐❡❧❞" ❛ "♦❧✉&✐♦♥ ♦❢ &❤❡ ❡?✉❛&✐♦♥

g(x) + g(y) 6= 1 implies g(x ⋆ y) = g(x) + g(y)

❢♦$ ❛❧❧ x, y ∈ G.

❙✐♥❝❡ f(0) = −1, ❡✈✐❞❡♥&❧② A(0) = 0. ❋$♦♠ ❛ &❤❡♦$❡♠ ♣$♦✈❡❞ ❜② ❘✳ ●❡$ ❬✺❪

✭"✐♥❝❡ A(0) = 0✮ ✇❡ ❝♦♥❝❧✉❞❡ &❤❛& A ②✐❡❧❞" ❛ ❤♦♠♦♠♦$♣❤✐"♠ ♦❢ ❣$♦✉♣" G ❛♥❞

R ♦$ &❤❡$❡ ❡①✐"&" ❛ "✉❜❣$♦✉♣ Γ ♦❢ &❤❡ ❣$♦✉♣ G "✉❝❤ &❤❛& A ✐" ♦❢ &❤❡ ❢♦$♠

A(x) :=

{

0 ✐❢ x ∈ Γ,
1
2 ✐❢ x ∈ G \ Γ.

❆❝❝♦$❞✐♥❣❧②✱

f(x) =
1

A(x)− 1
, x ∈ G

♦$

f(x) :=

{

−2 ✐❢ x ∈ Γ,

0 ✐❢ x ∈ G \ Γ.

◆♦✇ ❧❡& f(0) = 0. J✉&&✐♥❣ y = 0 ✐♥ ✭❊✶✮ ✇❡ ♦❜&❛✐♥ &❤❛& f(x) = 0 ❢♦$ ❛❧❧ x ∈ G,

❝♦♥&$❛❞✐❝&✐♥❣ &❤❡ ❛""✉♠♣&✐♦♥ &❤❛& f ✐" ♥♦♥❝♦♥"&❛♥&✳ ■& ✐" ❡❛"② &♦ ❝❤❡❝❦ &❤❛&

❡❛❝❤ ♦❢ &❤♦"❡ ❢✉♥❝&✐♦♥" ②✐❡❧❞" ❛ "♦❧✉&✐♦♥ &♦ &❤❡ ❡?✉❛&✐♦♥ ✭❊✶✮✳ ❚❤✉" &❤❡ ♣$♦♦❢

❤❛" ❜❡❡♥ ❝♦♠♣❧❡&❡❞✳ �

◆♦✇ ✇❡ ♣$♦❝❡❡❞ ✇✐&❤ ❛ ❞❡"❝$✐♣&✐♦♥ ♦❢ "♦❧✉&✐♦♥" ♦❢ ✭❊✮✳

❚❤❡♦$❡♠ ✷✳ ▲❡" (G, ⋆) ❜❡ ❛ ❣&♦✉♣ ❛♥❞ α ∈ R \ {0} ❜❡ ✜①❡❞✳ ❆ ❢✉♥❝"✐♦♥

f : G −→ R ②✐❡❧❞5 ❛ ♥♦♥❝♦♥5"❛♥" 5♦❧✉"✐♦♥ "♦ "❤❡ ❢✉♥❝"✐♦♥❛❧ ❡7✉❛"✐♦♥

αf(x)f(y) + f(x) + f(y) 6= 0
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✐♠♣❧✐❡%

f(x ⋆ y) =
f(x)f(y)

αf(x)f(y) + f(x) + f(y)
(E)

❢♦( ❛❧❧ x, y ∈ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐-❤❡(

f(x) :=

{

− 2
α

✐❢ x ∈ H,

0 ✐❢ x ∈ G \H

♦(

f(x) :=

{

− 1
α

✐❢ x ∈ Γ

− 2
α

✐❢ x ∈ G \ Γ

♦(

f(x) =
1

α(A(x)− 1)
, x ∈ G

✇❤❡(❡ (H, ⋆)✱ (Γ, ⋆) ❛(❡ %✉❜❣(♦✉♣% ♦❢ -❤❡ ❣(♦✉♣ (G, ⋆), ❛♥❞ A : G −→ R ✐% ❛

❤♦♠♦♠♦(♣❤✐%♠ %✉❝❤ -❤❛- 1 6∈ A(G)✳

6(♦♦❢✳ ▲❡" α ❜❡ ❛%❜✐"%❛%✐❧② ✜①❡❞ ♥♦♥③❡%♦ ♥✉♠❜❡%✳ ❆33✉♠❡ "❤❛" f ✐3 ❛ ♥♦♥✲

❝♦♥3"❛♥" 3♦❧✉"✐♦♥ ♦❢ "❤❡ ❡8✉❛"✐♦♥ ✭❊✮ ✐✳❡✳

αf(x)f(y) + f(x) + f(y) 6= 0 implies f(x ⋆ y) =
f(x)f(y)

αf(x)f(y) + f(x) + f(y)

❢♦% ❛❧❧ x, y ∈ G. ❍❡♥❝❡

α2f(x)f(y)+αf(x)+αf(y) 6= 0 implies αf(x⋆y) =
αf(x)f(y)

αf(x)f(y) + f(x) + f(y)

❢♦% ❛❧❧ x, y ∈ G ✐✳❡✳

αf(x)αf(y) + αf(x) + αf(y) 6= 0 implies αf(x ⋆ y) =

=
α2f(x)f(y)

α2f(x)f(y) + αf(x) + αf(y)
=

αf(x)αf(y)

αf(x)αf(y) + αf(x) + αf(y)

❢♦% ❛❧❧ x, y ∈ G. ❚❤✉3 ✐" ✐3 ❡❛3② "♦ ♦❜3❡%✈❡ "❤❛" ✭❊✮ 3"❛"❡3 "❤❛" "❤❡ ❢✉♥❝"✐♦♥

g := αf 3❛"✐3✜❡3 "❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝"✐♦♥❛❧ ❡8✉❛"✐♦♥✿

g(x)g(y) + g(x) + g(y) 6= 0 implies g(x ⋆ y) =
g(x)g(y)

g(x)g(y) + g(x) + g(y)

❢♦% ❛❧❧ x, y ∈ G. ❋%♦♠ "❤❡ ❚❤❡♦%❡♠ ✶ ✇❡ ❝♦♥❝❧✉❞❡ "❤❛" g ✐3 ♦❢ "❤❡ ❢♦%♠

g(x) :=

{

−2 ✐❢ x ∈ H,

0 ✐❢ x ∈ G \H
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♦!

g(x) :=

{

−1 ✐❢ x ∈ Γ

−2 ✐❢ x ∈ G \ Γ

♦!

g(x) =
1

A(x)− 1
, x ∈ G

✇❤❡!❡ (H, ⋆), (Γ, ⋆) ❛!❡ (✉❜❣!♦✉♣( ♦❢ -❤❡ ❣!♦✉♣ (G, ⋆), ❛♥❞ A : Γ −→ R ✐(

❛ ❤♦♠♦♠♦!♣❤✐(♠ (✉❝❤ -❤❛- 1 6∈ A(Γ). ❚❤✐( (-❛-❡( -❤❛- f ✐( ♦❢ -❤❡ ❛❜♦✈❡ ❢♦!♠✳

■- ✐( ❡❛(② -♦ ❝❤❡❝❦ -❤❛- ❡❛❝❤ ♦❢ -❤♦(❡ ❢✉♥❝-✐♦♥( ②✐❡❧❞( ❛ (♦❧✉-✐♦♥ -♦ -❤❡

❡9✉❛-✐♦♥ ✭❊✮✳ ❚❤✉( -❤❡ ♣!♦♦❢ ❤❛( ❜❡❡♥ ❝♦♠♣❧❡-❡❞✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ !❡♠❛!❦ ❣✐✈❡( -❤❡ ❢♦!♠( ♦❢ ❝♦♥(-❛♥- (♦❧✉-✐♦♥( ♦❢ -❤❡ ❡9✉❛✲

-✐♦♥ ✭❊✮✳

❘❡♠❛$❦✳ ▲❡" (G, ⋆) ❜❡ ❛ ❣&♦✉♣♦✐❞ ❛♥❞ α ❜❡ ❛ ✜①❡❞ ♥♦♥③❡&♦ ♥✉♠❜❡&✳ ❚❤❡ ♦♥❧②

❝♦♥7"❛♥" 7♦❧✉"✐♦♥7 ♦❢ ✭❊✮ ❛&❡ ❛7 ❢♦❧❧♦✇7✿ f = − 2
α
✱ f = 0 ❛♥❞ f = − 1

α
✳

❚♦ ❝❤❡❝❦ -❤✐(✱ ❛((✉♠❡ -❤❛- f = c ❢✉❧✜❧( ✭❊✮✳ ❚❤❡♥

αc2 + 2c 6= 0 ✐♠♣❧✐❡( c =
c2

αc2 + 2c

✐✳❡✳

c = 0 or αc+ 2 = 0 or 1 =
1

αc+ 2
.

❍❡♥❝❡

c ∈

{

−
2

α
,−

1

α
, 0

}

,

✇❤✐❝❤ ✇❛( -♦ ❜❡ (❤♦✇♥✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ -❤❡♦!❡♠ ❣✐✈❡( -❤❡ ❢♦!♠ ♦❢ (♦❧✉-✐♦♥( ♦❢ -❤❡ ❡9✉❛-✐♦♥ ✭❊✮ ✇✐-❤

α = 0, ✐✳❡✳ -❤❡ ❢♦!♠ ♦❢ (♦❧✉-✐♦♥( ♦❢ -❤❡ ❢♦❧❧♦✇✐♥❣ ❡9✉❛-✐♦♥

f(x) + f(y) 6= 0 implies f(x ⋆ y) =
f(x)f(y)

f(x) + f(y)
(E0)

❚❤❡♦$❡♠ ✸✳ ▲❡" (G, ⋆) ❜❡ ❛ ♠♦♥♦✐❞✳ ❚❤❡ ♦♥❧② 7♦❧✉"✐♦♥ f : G −→ R ♦❢ "❤❡

❡<✉❛"✐♦♥ ✭❊✵✮ ✐7 f = 0.

=&♦♦❢✳ ❆((✉♠❡ -❤❛- f ✐( ❛ (♦❧✉-✐♦♥ ♦❢ -❤❡ ❡9✉❛-✐♦♥ ✭❊✵✮✳ ❋✐!(- ✇❡ (❤♦✇ -❤❛-

f(0) = 0. ■♥ ❢❛❝-✱ (❡--✐♥❣ x = y = 0 ✐♥ ✭❊✶✮ ✇❡ ♦❜-❛✐♥

f(0) = 0 or f(0) =
f(0)2

2f(0)
=
1

2
f(0)
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✇❤❡♥❝❡ f(0) = 0. ❋✐① ❛)❜✐+)❛)✐❧② ❛♥ x ∈ G ❛♥❞ +❛❦❡ y = 0. ❚❤❡♥✱ ❜② ✭❊✵✮✱ ✇❡

❣❡+

f(x) 6= 0 =⇒ f(x) = 0

✇❤✐❝❤ ✐♠♣❧✐❡9 f = 0 ❛♥❞ ✇❤✐❝❤ ✇❛9 +♦ ❜❡ 9❤♦✇♥✳ ■+ ✐9 ❡❛9② +♦ ❝❤❡❝❦ +❤❛+ f = 0

②✐❡❧❞9 ❛ 9♦❧✉+✐♦♥ +♦ +❤❡ ❡>✉❛+✐♦♥ ✭❊✵✮✳ ❚❤✉9 +❤❡ ♣)♦♦❢ ❤❛9 ❜❡❡♥ ❝♦♠♣❧❡+❡❞✳ �

❘❡❢❡#❡♥❝❡&

❬✶❪ ❆✳ ❈❤'(✐*❛*✱ ❋!❛❝$✐♦♥( !❛$✐♦♥♥❡❧❧❡( ❛((♦❝✐❛$✐✈❡( ❡$ ❝♦!♣( -✉❛❞!❛$✐-✉❡(✱ ❘❡✈✉❡ ❞❡2 ▼❛*❤✲

'♠❛*✐6✉❡2 ❞❡ ❧✬❊♥2❡✐❣♥❡♠❡♥* ❙✉♣'(✐❡✉( ✶✵✾ ✭✶✾✾✽✲✶✾✾✾✮✱ ✶✵✷✺✲✶✵✹✵✳

❬✷❪ ❑❉ ❑✳ ❉♦♠❛➠2❦❛✱ ❆♥ ❛♥❛❧②$✐❝ ❞❡(❝!✐♣$✐♦♥ ♦❢ $❤❡ ❝❧❛(( ♦❢ !❛$✐♦♥❛❧ ❛((♦❝✐❛$✐✈❡ ❢✉♥❝$✐♦♥(✱

❆♥♥❛❧❡2 ❯♥✐✈❡(2✐*❛*✐2 L❛❡❞❛❣♦❣✐❝❛❡ ❈(❛❝♦✈✐❡♥2✐2✱ ❙*✉❞✐❛ ▼❛*❤❡♠❛*✐❝❛ ❳■✱ ✭✷✵✶✷✮ ✭✐♥

♣(✐♥*✮✳

❬✸❪ ❑✳ ❉♦♠❛➠2❦❛✱ ❘✳ ●❡(✱ ❆❞❞✐$✐♦♥ ❢♦!♠✉❧❛❡ ✇✐$❤ (✐♥❣✉❧❛!✐$✐❡(✱ ❆♥♥❛❧❡2 ▼❛*❤❡♠❛*✐❝❛❡

❙✐❧❡2✐❛♥❛❡ ✶✽ ✭✷✵✵✹✮✱ ✼✲✷✵✳

❬✹❪ ❘✳ ●❡(✱ ❖ ♣❡✇♥②❝❤ !8✇♥❛♥✐❛❝❤ ❢✉♥❦❝②❥♥②❝❤ ③ ♦❜❝✐➛$→ ❞③✐❡❞③✐♥→✱ L(❛❝❡ ◆❛✉❦♦✇❡ ❯♥✐✲

✇❡(2②*❡*✉ ➅❧→2❦✐❡❣♦✱ ◆( ✶✸✷✱ ❑❛*♦✇✐❝❡✱ ✶✾✼✻✳

❬✺❪ ❘✳ ●❡(✱ ❖♥ (♦♠❡ ❢✉♥❝$✐♦♥❛❧ ❡-✉❛$✐♦♥( ✇✐$❤ ❛ !❡($!✐❝$❡❞ ❞♦♠❛✐♥✱ ■■✳✱ ❋✉♥❞❛♠❡♥*❛ ▼❛*❤✲

❡♠❛*✐❝❛❡ ✾✽ ✭✶✾✼✽✮✱ ✷✹✾✲✷✼✷✳

❑❛"❛#③②♥❛ ❉♦♠❛➠+❦❛

❏❛♥ ❉➟✉❣♦(③ ❯♥✐✈❡.(✐/②✱

■♥(/✐/✉/❡ ♦❢ ▼❛/❤❡♠❛/✐❝( ❛♥❞ ❈♦♠♣✉/❡. ❙❝✐❡♥❝❡✱

✹✷✲✷✵✵ ❈③➛(/♦❝❤♦✇❛✱ ❆❧✳ ❆.♠✐✐ ❑.❛❥♦✇❡❥ ✶✸✴✶✺✱ K♦❧❛♥❞

❊✲♠❛✐❧ ❛❞❞!❡((✿ ❦✳❞♦♠❛♥'❦❛❅❛❥❞✳❝③❡'-✳♣❧


