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UNIFORMLY BOUNDED SET-VALUED COMPOSITION
OPERATORS IN THE SPACES OF FUNCTIONS OF
BOUNDED VARIATION IN THE SENSE OF SCHRAMM
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MAELGORZATA WROBEL

ABSTRACT

We prove that, under some general assumptions, the one-sided regularizations of the generator of any
uniformly bounded set-valued composition operator, acting in the spaces of functions of bounded
variation in the sense of Schramm with nonempty bounded closed and convex values is an affine

function. As a special case, we obtain an earlier result ([15]).

1. INTRODUCTION

Let (X,|-|x) and (Y,]| - |y) be real normed spaces, C' be a convex cone in
X and I = [a,b] C R be an interval. Let clb(Y) be the family of all non-
empty bounded, closed and convex subsets of Y. We consider the Nemytskij
operator, i.e, for a function F': I — C the composition operator is defined
by

(HF)(t) = h(t, F(1)),
where h : I x C' — clb(Y') is a given set-valued function. It is shown that
if operator H maps the space @BV (I; C) of functions of bounded ®-variation
in the sense of Schramm into the space BSy(I;clb(Y)) of closed bounded
convex valued functions of bounded W-variation in the sense of Schramm and
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is uniformly bounded, then the one-sided regularizations A~ and h™ of h, with
respect to the first variable, are affine with respect to the second variable, i.e.,
Matkowski’s representation holds. In particular,

h=(t,x) = A(t)x + B(t), for tel, zeC,

for some function A : I — L(C,clb(Y)) and B € BSy(I;clb(Y)), where
L(C,clb(Y)) stands for the space of all linear mappings acting fromC' into
clb(Y'). This extends the main result of the paper [15].

2. PRELIMINARIES

Let F be the set of all convex functions ¢ : [0,00) — [0, 00) vanishing at
zero only (and, hence, continuous on [0, 00) and strictly increasing).

A sequence ® = (¢;);2, of functions from F satisfying the following two
conditions:

(1) Pnt1(t) < @p(t) for allt >0 and n € N,
[e.e]
(ii) > ¢n(t) diverges for all ¢ > 0,
n=1
is said to be a ®-sequence.
Let I C R be an interval. For a set X we denote by X' the set of all

functions which map [ into X.
If I,, = [an, by] is a subinterval of the interval I (n = 1,2, ...), then we write

f(In) - f(bn) - f(an)

Definition 1. [14] Let ® = (¢;)2, be a ®-sequence and (X, |- |x) be a real
normed space. A function f € X! is said to have bounded ®-variation in the
sense of Schramm in I, if

(1) va(f) = va(f, 1) :=sup Y ¢ (|f(In)]) < o0,
n=1

where the supremum s taken over all m € N and all non-ordered collections
of non-overlapping intervals I, = [ay, by, n=1,...,m.

It is known that for all a,b,c € I, such that a < ¢ < b we have

va(fla;c]) < wa(f,[a, b])

(that is, vg is increasing with respect to the interval) and

U‘P(fa [a7c]) + ’Uq;.(f, [07 b]) < ’Uq>(f, [CL, b])
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We will denote by Vg (I, X) the set of all bounded ®-variation functions
f € X! in the Schramm sense. This is a symmetric and convex set; but it is
not necessarily a linear space. In fact, Musielak-Orlicz proved the following
statement: this class of functions is a vector space if and only if ¢ satisfies the
09 condition [11].

By ®BV (I, X) we will denote the linear space of all functions f € X' such
that ve(Af) < oo for some positive constant .

In the linear space @BV (I, X), the function | - ||¢ defined by

Iflle = [f(a)l +pa(f), [f€PBV(I,X),
where
po(f) :==pa(f,I) =inf {e>0:ve(f/e) <1}, (2)

is a norm (see for instance [11]).

The linear normed space (BVg (I, R), || -|l¢) was studied by Schramm (The-
orem 2.3 [14]).

The functional p(-) defined by (2) is called the Luzemburg-Nakano-Orlicz
seminorm |5, 19, 20].

It is worth mentioning that the symbol ®BV (I, C) stands for the set of all
functions f € ®BV (I, X) such that f: I — C and C' is a subset of X.

Let (Y,|-|y) be a normed real vector space.

The family of all nonempty bounded closed convex subsets of Y equipped
with the Hausdorff metric D generated by the norm in Y

D(A, B) := max {1%11)4 élelfB la — bly, sup (1122 la — b|y} , A, Beclb(Y).

is denoted by clb(Y").
Given A,B € cIb(Y), we put A+ B :={a+b:a€ A, b€ B} and we

introduce the operation + in clb(Y') defined as follows:
AYB=cl(A+B),

where cl stands for the closure in Y. The class clb(Y') with the operation +
is an Abelian semigroup, with {0} as the zero element, which satisfies the
cancelation law. Moreover, we can multiply elements of clb(Y") by nonnegative
numbers and, for all A, B € clb(Y) and A, u > 0, the following conditions hold:

1A= A NpA) = O A, AAT B) = AT AB, (A +p)A = A+ uA.
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In view of [4, lemma 3]
D(A+B,AYC)=D(A+B,A+C)=D(B,C); A B,CecchY), (3)

*
(cIb(Y), D,+,-) is an abstract convex cone; this cone is complete provided YV
is a Banach space.

Definition 2. Let ® = (¢,)22, be a ®-sequence and F : I — clb(X). We
say that F' has bounded ®-variation in the Schramm sense if

wa(F) :=sup Yy @y (D(F(tn), F(tn-1))) < oo, (4)
n=1
where the least upper bound is taken over all m € N and all collections of
non-overlapping intervals I, = [an,by] C I,i=1,...,m.
From now on, let
BSg(I,clb(X)) := {F € clb(X) : we(\F) < oo for some A > O}. (5)
For Fy, Fy € BSe(I,clb(X)) put
Do (Fy, Fp) := D (Fi(a), Fa(a)) + pa(F1, F2) (6)

where
po(F1, Fy) := inf {e >0 S(Fy, ) < 1} (7)

and
Se(Fi, o) :==sup ¥ ¢y CD(Fl(tn) T Bo(tnor); Fo(tn) + Fl(tnl))) . (8)
n=1

where the least upper bound is taken over the same collection ([an,by])n",
as in Definition 2. Then (BS¢(I,clb(X)), Dg) is a metric space, and it is
complete if X is a Banach space [18, Lemma 5.4].

Taking into account [17], Theorem 3.8 (d)] and [18, condition 5.6] we get
the following:

Lemma 3. Let ® = (¢,,)02 be a ®-sequence and Fi, Fy € BSs(I,clb(X)).
Then, for X > 0, Sx(F1, F2) <1 if and only if ps (Fl,Fg) <A

Let (X,]-|x), (Y,]-]y) be two real normed spaces. A subset C' C Y is said
to be a convex cone if A\C C C for all A > 0 and C + C C C. It is obvious
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that 0 € C. Given a set-valued function h : I x C' — clb(Y’) we consider the
composition operator H : O — clb(Y)! generated by h, i.e.,

(Hf)(t):=h(t, f(t)), feCl, tel
A set-valued function F': C' — clb(Y) is said to be *additive, if
Flr+y) = F(x) + F(y),

and *Jensen if

oF <$ ;r y) = F(z) + F(y),

for all x,y € C.
We will need the following

Lemma 4 (21, Cor. 4). Let C be a convex cone in a real linear space and let
(Y,|-|y) be a Banach space. A set-valued function F': C — clb(Y) is *Jensen
if and only if there exists an *additive set-valued function A : C — clb(Y') and
a set B € clb(Y) such that

for all x € C.

For the normed spaces (X,|-|x) and (Y,]-|y) by (£(X,Y), ]l llzx.y))
briefly £(X,Y’), we denote the normed space of all additive and continuous
mappings A € YX.

Let C be a convex cone in a real normed space (X, |-|x). From now on, let
the set £L(C,clb(Y")) consists of all set-valued functions A : C' — clb(Y’) which
are *additive and continuous (so positively homogeneous), i.e.,

L(C,cb(Y))={A¢€ cIb(Y)? : A is *additive and continuous} .
The set L(C,clb(Y)) can be equipped with the metric defined by
d(A(y), B(y
drceb(v)) (A, B) == sup d(Al), B))
yeC\{0} ylly

Theorem 5. Let (X,|-|x) be a real normed space, (Y,|-|y) a real Banach
space, C' a convexr cone in X and let ®, ¥ € F. Suppose that the set-valued
function is continuous with respect to the second variable. If the composition
operator H generated by a set-valued function h : I x C — clb(Y') maps
OBV (I,C) into BSy(I,clb(Y)) and satisfies the inequality,

Dg (H(f1),H(f2)) <w (|lfr = f2Il),  f1,f2 € @BV(L,C),
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for some function w : [0,00) — [0,00), then the left reqularization of h, i.e.
the function h™ : I x X — Y defined by

h=(t,z) := liglh(s,a:), tel, xeC,
exists and
h=(t,x) = A(t)x+ B(t), tel, x€C,
for some A : I — A(X,cIb(Y)) and B : I — clb(Y). Moreover, if 0 € C,
then B € BSy(I,cIb(Y)) and the linear set-valued function A(t) is continuous.

Proof. For every x € C the constant function I 5 ¢t — x belongs to
OBV (1,C). Since H maps PBV (I,C) into BSy(I,clb(Y)) for every z € C
the function I 5 t — h(¢t,x) belongs to BSy(I,clb(Y)). The completeness
of clb(Y') with respect to the Hausdorff metric [18, Lemma 6.12] implies the
existence of the left regularization A~ of h.

Function H is uniformly continuous on ®BV (I,C). Let w: RT — RT be
the modulus of continuity of H, that is

w(p) = sup { Dy (H(f1), H(f2)) : s = folle < pi f1 J2 € @BV(1,C)}
if p > 0. Hence we get
Dy(H(N), H(f2) Sw(lfr = folle) for fi,fz€ @BV(I,C).  (9)
From the definition of the metric Dy and (9) we obtain
pu(H(f1);H(f2)) <w(|[fi = follo) for fi, fo € @BV (I,C). (10)
From Lemma 3 if w(|| fi — f2|lo) > 0 the inequality (10) is equivalent to

Sw(Hflfszq)) (H(f1)7H(f2)) < ]-7 fl?f? € (I)BV(Iv C) (11)
Therefore, for any
a<a<fr<ay<fo<...<am<Bm=0>o,

where a;, 8; € I, i € {1,2,...,m}, m € N, the definitions of the operator H
and the functional S imply

= DB, £1(8) T hlai, f2(00)); (B, f2(8)) + hla, fi(a2))
2" w(Ifi = follo) =t
(12)

For o, f € R, a < f3, we define functions 745 : R — [0, 1] by
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0 if t<a
t —

N p(t) = B—z it a<t<p
1 it g<t.

Let us fix t € I. For arbitrary finite sequence

a<op <P <as<fBr<...<apm<Pm<t

and x1,x2 € C, x1 # x2, the functions f1, fo : I — X defined by

1
fZ(T) = 5 : [nai,ﬁi(T)($1 - 352) +$€ +$2], T E I) = 1)2
belong to the space @BV (I,C). From (14) we have
T —x
[ = hn)==57, r€l,
therefore
T —x
1= falle = |2572;
moreover
T+ 1+
FiB:) = wi; f2(Bi) = =53 falew) = =1 falew) = .

Applying (12) we hence get

D (1) & Mo g (o, 25%) T 1 5 225

r1—T2

;m w(

For a fixed positive integer m we have:

)

Zm:% D (h(Biyx1) + h(o, 22); h (04, B52) + h (B;, 2522))
=1

T1—x2
2

“

)

<1

43

(14)

(16)

From the continuity of ¢; passing to the limit in (16) when ay 1 ¢ we infer

that

D <h— (t, 1) + h—(t, 22); 2h~ <t,

$1+$2)>
2 <1

z;m P
- ()

2
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Hence,
iw, D (h’(t,xl) J*rff(t,:m); 2h (t, %)) .
=N A <1

and by (ii)

Drrtea it 2 257) 0

Therefore

h- (t, xr1 + 33‘2) _ h (t,$1) +h (t,l‘g)
2 2
for all t € I and all 1, xo € C.

Thus for each r € I~ the function h™(r,-) satisfies the *Jensen functional

equation in C and by Lemma 4. for every ¢ € I there exist an *additive
set-valued function A(t) : C' — clb(Y') and a set B(t) € clb(Y’) such that
h=(t,z) = Atz + B(t) for zeC, tel. (17)
To show that A(t) is continuous for any ¢ € I, let us fix z,7 € C. By (3)
and (17) we have
D(A(t)z, A)T) = D(A(t)z + B(t), A)T + B(t)) = D(h(t,z), h(t, T)).

Hence, the continuity of h with respect to the second variable implies the

continuity of A(t) and, consequently, being *additive, A(t) € L(C,clb(Y)) for

every t € I. To prove that B € BWy, (1, clb(Y')) let us note that the *additivity

of A(t) implies A(t)0 = {0}. Therefore, putting z =0 in (17), we get
h=(t,0) = B(t), tel,

which gives the required claim.

Remark 6. The counterpart of Theorem 5. for the right regularization h™
of h defined by

ht(t,z) = ligl h(s,x); tel,

is also true.

Remark 7. Taking ¢, (t) = 1(t), (t > 0), we obtain the main result of [1].
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3. UNIFORMLY BOUNDED SET-VALUED COMPOSITION OPERATOR

In this section we present the definition given recently by Matkowski [6] for
uniformly bounded composition operators.

Definition 8. Let X and Y be two metric (or normed) spaces. We say that
a mapping H : X — Y is uniformly bounded if for any t > 0 there is a real
number v(t) such that for any nonempty set B C X we have

diam B < t = diam H (B) < 7(¢).

Remark 9. Obviously, every uniformly continuous operator or Lipschitzian
operator is uniformly bounded. Note that, under the assumptions of this
definition, every bounded operator is uniformly bounded.

The following theorem represents our main result.

Theorem 10. Let (X,|-|x) be a real normed space, (Y,|-|y) a real Banach
space, C' a convex cone in X and let &,V € F. If the composition operator H
generated by a set-valued function h : I x C' — clb(Y') maps @BV (I, C) into
BSy(1,clb(Y)) and is uniformly bounded, then the left reqularization of h,
i.e., the function h™ : I x X — Y defined by

h™(t,x) :=limh(s,z), tel, zeC,

stt
exists and
h™(t,x) = A)z + B(t), tel, z€C,
for some A: I — A(X,clb(Y)) and B : I — clb(Y).

Proof. Let t > 0 and f1, fo € BV (I;C) fulfill the condition

1f1 = folle < t.

Since diam { f1, fo} < t, by the uniform boundedness of H, we have

diam H ({f1, f2}) < ~(¢),

that is

I[H(f1) — H(f2)|lv = diam H ({ f1, fo}) < v(|f1 — folle)

and the result follows from Theorem 5. O
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Remark 11. If the function v : [0,00) — [0,00) in the Definition 8. is right
continuous at 0 and v(0) = 0 (or if only v(0+) = 0), then, clearly the uniform
boundedness of the involved operator reduces to its uniform continuity. It
follows that Theorem 10. improves the result of [15, Th. 2.1 where H is
assumed to be uniformly continuous.

Let us remark that the uniform boundedness of an operator (weaker than
the usual boundedness) introduced and applied in [6] for the Nemytskij compo-
sition operators acting between spaces of Holder functions in the single-valued
case and then extended to the set-valued cases in [10] for the operators with
convex and compact values.

Recall that the representation of Lipschitz continuous Nemytskij operators
acting in the spaces of functions of bounded variation was first considered in
[9] and then in [8] (in the single-valued case), and in [3] in the set-valued case.
Let us add that A. Smajdor and W. Smajdor [2], extending the single-valued
result of [7], initiated interesting and important study of the set-valued case.
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