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■❲❖◆❆ ❚❨❘❆▲❆

❆❜"#$❛❝#

■♥ /❤❡ ♣.❡(❡♥/ ♣❛♣❡. ✇❡ ❞❡❛❧ ✇✐/❤ /❤❡ ❉❤♦♠❜.❡(✲/②♣❡ /.✐❣♦♥♦♠❡/.✐❝ ❞✐✛❡.❡♥❝❡

f

(
x+ y

2

)
2

− f

(
x− y

2

)
2

+ f(x+ y) + f(x− y)− f(x)
[
f(y) + g(y)

]
,

❛((✉♠✐♥❣ /❤❛/ ✐/( ❛❜(♦❧✉/❡ ✈❛❧✉❡ ✐( ♠❛❥♦.✐③❡❞ ❜② (♦♠❡ ❝♦♥(/❛♥/✳ ❖✉. ❛✐♠ ✐( /♦ ✜♥❞ ❢✉♥❝/✐♦♥( f̃ ❛♥❞ g̃

✇❤✐❝❤ (❛/✐(❢② /❤❡ ❉❤♦♠❜.❡(✲/②♣❡ /.✐❣♦♥♦♠❡/.✐❝ ❢✉♥❝/✐♦♥❛❧ ❡P✉❛/✐♦♥ ❛♥❞ ❢♦. ✇❤✐❝❤ /❤❡ ❞✐✛❡.❡♥❝❡(

f̃ − f ❛♥❞ g̃ − g ❛.❡ ✉♥✐❢♦.♠❧② ❜♦✉♥❞❡❞✳

✶✳ ■♥#$♦❞✉❝#✐♦♥

❙#❛❜✐❧✐#② ♣*♦❜❧❡♠. ❝♦♥❝❡*♥✐♥❣ ❝❧❛..✐❝❛❧ ❢✉♥❝#✐♦♥❛❧ ❡4✉❛#✐♦♥. ❤❛✈❡ ❜❡❡♥ ❝♦♥✲

.✐❞❡*❡❞ ❜② .❡✈❡*❛❧ ❛✉#❤♦*. ✭.❡❡✱ ❡✳❣✳✱ ❬✺❪✕❬✼❪✮✳ ❚❤❡ ❝♦.✐♥❡ ❢✉♥❝#✐♦♥❛❧ ❡4✉❛#✐♦♥

✭✶✮ f(x+ y) + f(x− y) = 2f(x)f(y)

❛♥❞ #❤❡ .✐♥❡ ❢✉♥❝#✐♦♥❛❧ ❡4✉❛#✐♦♥

✭✷✮ f

(
x+ y

2

)2

− f

(
x− y

2

)2

= f(x)f(y)

❛*❡ ❜♦#❤ .#❛❜❧❡ ✭✐♥ ❢❛❝#✱ #❤❡② ❛*❡ ❡✈❡♥ .✉♣❡*.#❛❜❧❡✮ ✐♥ #❤❡ ❍②❡*.✲❯❧❛♠ .❡♥.❡✳

■♥ ❬✸❪✱ ❇❛❦❡* .#✉❞✐❡❞ #❤❡ .#❛❜✐❧✐#② ♦❢ #❤❡ ❝♦.✐♥❡ ❢✉♥❝#✐♦♥❛❧ ❡4✉❛#✐♦♥ ✭✶✮✱ ✇❤✐❧❡

❈❤♦❧❡✇❛ ❡.#❛❜❧✐.❤❡❞ #❤❡ .#❛❜✐❧✐#② ♦❢ #❤❡ .✐♥❡ ❢✉♥❝#✐♦♥❛❧ ❡4✉❛#✐♦♥ ✭✷✮ ✐♥ ❬✹❪✳ ❚❤❡

*❡.✉❧#. ❛❜♦✉# #❤❡ .✉♣❡*.#❛❜✐❧✐#② ❝❛♥ ❜❡ ♦❜#❛✐♥❡❞ ❛. ❝♦*♦❧❧❛*✐❡. ❢*♦♠ #❤❡♦*❡♠.

❜② ❇❛❞♦*❛ ❛♥❞ ●❡*✳ ◆❛♠❡❧②✱ #❤❡ ❢♦❧❧♦✇✐♥❣ #❤❡♦*❡♠. ❤♦❧❞✳

■✇♦♥❛ ❚②.❛❧❛ ✖ ❏❛♥ ❉➟✉❣♦)③ ❯♥✐✈❡/)✐0② ✐♥ ❈③➛)0♦❝❤♦✇❛✳
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❚❤❡♦$❡♠ ✶ ✭❇❛❞♦%❛ ❛♥❞ ●❡%✱ *❡❡ ❬✷❪✮✳ ▲❡" (G,+) ❜❡ ❛♥ ❆❜❡❧✐❛♥ ❣*♦✉♣ ❛♥❞ ❧❡"

f : G→ C ❛♥❞ ϕ : G→ R /❛"✐/❢② "❤❡ ✐♥❡3✉❛❧✐"②

∣∣f(x+ y) + f(x− y)− 2f(x)f(y)
∣∣ ≤ ϕ(x) ❢♦* ❛❧❧ x, y ∈ G.

❚❤❡♥ ❡✐"❤❡* f ✐/ ❜♦✉♥❞❡❞ ♦*

f(x+ y) + f(x− y) = 2f(x)f(y) ❢♦* ❛❧❧ x, y ∈ G.

❚❤❡♦$❡♠ ✷ ✭❇❛❞♦%❛ ❛♥❞ ●❡%✱ *❡❡ ❬✷❪✮✳ ▲❡" (G,+) ❜❡ ❛ ✉♥✐3✉❡❧② 2✲❞✐✈✐/✐❜❧❡

❆❜❡❧✐❛♥ ❣*♦✉♣ ❛♥❞ ❧❡" f : G→ C ❛♥❞ ϕ : G→ R /❛"✐/❢② "❤❡ ✐♥❡3✉❛❧✐"②

∣∣∣∣∣f(x)f(y)− f

(
x+ y

2

)2

+ f

(
x− y

2

)2
∣∣∣∣∣ ≤ ϕ(x) ❢♦* ❛❧❧ x, y ∈ G.

❚❤❡♥ ❡✐"❤❡* f ✐/ ❜♦✉♥❞❡❞ ♦*

f(x)f(y) = f

(
x+ y

2

)2

− f

(
x− y

2

)2

❢♦* ❛❧❧ x, y ∈ G.

❋%♦♠ ♥♦✇ ♦♥✱ ✇❡ ❞❡♥♦2❡ 2❤❡ ♦❞❞ ❛♥❞ 2❤❡ ❡✈❡♥ ♣❛%2* ♦❢ ❛ ❢✉♥❝2✐♦♥ f ❜② fo

❛♥❞ fe✱ %❡*♣❡❝2✐✈❡❧②✳ ❚❤❡ ♥❡①2 ❧❡♠♠❛ ✭❞✉❡ 2♦ ❲✐❧*♦♥✱ *❡❡ ❬✶✶❪✮ ♣%♦✈✐❞❡* ❣❡♥❡%❛❧

*♦❧✉2✐♦♥* ♦❢ ❛♥ ❡C✉❛2✐♦♥ 2❤❛2 ❣❡♥❡%❛❧✐③❡* 2❤❡ ❡C✉❛2✐♦♥ ✭✶✮✳

▲❡♠♠❛ ✶ ✭*❡❡ ❛❧*♦ ❬✶❪ ❛♥❞ ❬✽❪✮✳ ▲❡" (G,+) ❜❡ ❛♥ ❆❜❡❧✐❛♥ ❣*♦✉♣✳ ❚❤❡♥

❢✉♥❝"✐♦♥/ f, g : G→ C /❛"✐/❢② "❤❡ ❢✉♥❝"✐♦♥❛❧ ❡3✉❛"✐♦♥

✭✸✮ f(x+ y) + f(x− y) = 2f(x)g(y)

✐❢ ❛♥❞ ♦♥❧② ✐❢ ♦♥❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥/ ❤♦❧❞/✿

✭✐✮ "❤❡ ❢✉♥❝"✐♦♥ g ✐/ ❛*❜✐"*❛*② ❛♥❞ f = 0❀

✭✐✐✮ "❤❡*❡ ❡①✐/" ❛♥ ❛❞❞✐"✐✈❡ ❢✉♥❝"✐♦♥ a : G → C ❛♥❞ ❛ ❝♦♥/"❛♥" α ∈ C /✉❝❤

"❤❛"

f(x) = a(x) + α ❛♥❞ g(x) = 1 ❢♦* ❛❧❧ x ∈ G;

✭✐✐✐✮ "❤❡*❡ ❡①✐/" ❛♥ ❡①♣♦♥❡♥"✐❛❧ ❢✉♥❝"✐♦♥ m : G → C ❛♥❞ ❝♦♥/"❛♥"/ β, γ ∈ C

/✉❝❤ "❤❛"

f(x) = βmo(x) + γme(x) ❛♥❞ g(x) = me(x) ❢♦* ❛❧❧ x ∈ G.

■♥ ❬✽❪✱ ❙③I❦❡❧②❤✐❞✐ *2✉❞✐❡❞ 2❤❡ ❍②❡%*✲❯❧❛♠ *2❛❜✐❧✐2② ♦❢ 2❤❡ ❡C✉❛2✐♦♥ ✭✸✮✱

♦❜2❛✐♥✐♥❣ 2❤❡ ❢♦❧❧♦✇✐♥❣ %❡*✉❧2✳
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❚❤❡♦$❡♠ ✸✳ ▲❡" (G,+) ❜❡ ❛♥ ❆❜❡❧✐❛♥ ❣*♦✉♣ ❛♥❞ ❧❡" ε ≥ 0✳ ■❢ ❢✉♥❝"✐♦♥3

f, g : G→ C 3❛"✐3❢② "❤❡ ✐♥❡6✉❛❧✐"②

∣∣f(x+ y) + f(x− y)− 2f(x)g(y)
∣∣ ≤ ε ❢♦* ❛❧❧ x, y ∈ G,

"❤❡♥ ♦♥❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥3 ❤♦❧❞3✿

✭✐✮ ✐❢ f = 0✱ "❤❡♥ g ✐3 ❛*❜✐"*❛*②❀

✭✐✐✮ ✐❢ f 6= 0 ✐3 ❜♦✉♥❞❡❞✱ "❤❡♥ g ✐3 ❜♦✉♥❞❡❞✱ ❛3 ✇❡❧❧❀

✭✐✐✐✮ ✐❢ g ✐3 ❜♦✉♥❞❡❞ ❛♥❞ f ✐3 ✉♥❜♦✉♥❞❡❞✱ "❤❡♥ g = 1 ❛♥❞ "❤❡*❡ ❡①✐3" ❛♥ ❛❞❞✐"✐✈❡

❢✉♥❝"✐♦♥ A : G→ C ❛♥❞ ❛ ❝♦♥3"❛♥" δ ∈ C 3✉❝❤ "❤❛"

∣∣f(x)−A(x)
∣∣ ≤ δ ❢♦* ❛❧❧ x ∈ G;

✭✐✈✮ ✐❢ f 6= 0 ❛♥❞ g ✐3 ✉♥❜♦✉♥❞❡❞✱ "❤❡♥ f ✐3 ✉♥❜♦✉♥❞❡❞✱ ❛3 ✇❡❧❧✳ ▼♦*❡♦✈❡*✱

❢✉♥❝"✐♦♥3 f ❛♥❞ g 3❛"✐3❢② "❤❡ ❡6✉❛"✐♦♥ ✭✸✮✳

❚❤❡ ❛❜♦✈❡ +❤❡♦,❡♠. ❛❧❧♦✇ ✉. +♦ ❢♦,♠✉❧❛+❡ +❤❡ ❢♦❧❧♦✇✐♥❣ ,❡.✉❧+ ❝♦♥❝❡,♥✐♥❣

.✉♣❡,.+❛❜✐❧✐+②✳

❈♦$♦❧❧❛$②✳ ▲❡" ✉♥❜♦✉♥❞❡❞ ❢✉♥❝"✐♦♥3 f, g : G→ C 3❛"✐3❢② "❤❡ ✐♥❡6✉❛❧✐"②

∣∣f(x+ y) + f(x− y)− 2f(x)g(y)
∣∣ ≤ ε

❢♦* ❛❧❧ x, y ∈ G ❛♥❞ ❢♦* 3♦♠❡ ε ≥ 0✳ ❚❤❡♥ f ❛♥❞ g 3❛"✐3❢② "❤❡ ❡6✉❛"✐♦♥ ✭✸✮✳

❚❤❡ ❛✐♠ ♦❢ +❤✐. ♣❛♣❡, ✐. +♦ .+✉❞② .+❛❜✐❧✐+② ♣,♦♣❡,+✐❡. ♦❢ +❤❡ ❉❤♦♠❜,❡.✲+②♣❡

+,✐❣♦♥♦♠❡+,✐❝ ❢✉♥❝+✐♦♥❛❧ ❡<✉❛+✐♦♥✱ ✐✳❡✳✱

✭✹✮ f

(
x+ y

2

)2

− f

(
x− y

2

)2

+ f(x+ y) + f(x− y) = f(x)
[
f(y) + g(y)

]
.

■♥ +❤❡ ❝❛.❡ ✇❤❡♥ g ✐. .❧✐❣❤+❧② .♣❡❝✐❛❧✐③❡❞ .♦❧✉+✐♦♥. ♦❢ +❤❡ ❛❜♦✈❡ ❡<✉❛+✐♦♥ ❝❛♥

❜❡ ❢♦✉♥❞ ✐♥ ❬✶✵❪✳

❲❡ .❤❛❧❧ ✉.❡ +❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷ ✭.❡❡ ❬✾✱ ❈♦,♦❧❧❛,② ✸❪✮✳ ▲❡" (G,+) ❜❡ ❛ ✉♥✐6✉❡❧② 2✲❞✐✈✐3✐❜❧❡ ❆❜❡❧✐❛♥

❣*♦✉♣ ❛♥❞ ❧❡" ε ≥ 0✳ ▲❡" ❛♥ ✉♥❜♦✉♥❞❡❞ ❢✉♥❝"✐♦♥ f : G → C ❛♥❞ ❛ ❢✉♥❝"✐♦♥

g : G→ C 3❛"✐3❢② "❤❡ ✐♥❡6✉❛❧✐"②

∣∣∣∣∣f
(
x+ y

2

)2

− f

(
x− y

2

)2

− f(x)g(y)

∣∣∣∣∣ ≤ ε ❢♦* ❛❧❧ x, y ∈ G.

❚❤❡♥ ♦♥❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥3 ❤♦❧❞3✿

✭✐✮ ✐❢ g 6= 0 ✐3 ❜♦✉♥❞❡❞✱ "❤❡♥ g 3❛"✐3✜❡3 "❤❡ 3✐♥❡ ❡6✉❛"✐♦♥ ✭✷✮❀
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✭✐✐✮ ✐❢ g ✐" ✉♥❜♦✉♥❞❡❞✱ *❤❡♥ *❤❡,❡ ❡①✐"*" ❛ ❢✉♥❝*✐♦♥ h : G→ C "✉❝❤ *❤❛*

f(x+ y) + f(x− y) = 2f(x)h(y) ❢♦, ❛❧❧ x, y ∈ G.

❋♦, f = fe + fo✱ ✇❡ ❤❛✈❡ fe(x) = f(0)h(x) ❢♦, ❛❧❧ x ∈ G ❛♥❞ fo "❛*✐"✜❡"

*❤❡ "✐♥❡ ❡5✉❛*✐♦♥✳ ▼♦,❡♦✈❡,✱ ✐❢ f(0) = 0✱ *❤❡♥ g = f = fo✳

✷✳ ▼❛✐♥ $❡&✉❧)

❖✉' ♠❛✐♥ '❡,✉❧. '❡❛❞, ❛, ❢♦❧❧♦✇,✳

❚❤❡♦$❡♠ ✹✳ ▲❡* (G,+) ❜❡ ❛ ✉♥✐5✉❡❧② ✷✲❞✐✈✐"✐❜❧❡ ❆❜❡❧✐❛♥ ❣,♦✉♣ ❛♥❞ ❧❡* ε ≥ 0✳

■❢ ❢✉♥❝*✐♦♥" f, g : G→ C "❛*✐"❢② *❤❡ ✐♥❡5✉❛❧✐*②

✭✺✮

∣∣∣∣∣f
(
x+ y

2

)2

−f

(
x− y

2

)2

+f(x+y)+f(x−y)−f(x)
[
f(y)+g(y)

]
∣∣∣∣∣ ≤ ε

❢♦, ❛❧❧ x, y ∈ G✱ *❤❡♥ *❤❡,❡ ❡①✐"* ❛♥ ❡①♣♦♥❡♥*✐❛❧ ❢✉♥❝*✐♦♥ m : G → C✱ ❛❞❞✐*✐✈❡

❢✉♥❝*✐♦♥" a,A : G→ C✱ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝*✐♦♥ B : G→ C ❛♥❞ ❛ ❝♦♥"*❛♥* β "✉❝❤

*❤❛* ♦♥❡ ♦❢ *❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐*✐♦♥" ❤♦❧❞"✿

✭✐✮ ✐❢ f = 0✱ *❤❡♥ g ✐" ❛,❜✐*,❛,②❀

✭✐✐✮ ✐❢ f 6= 0 ✐" ❜♦✉♥❞❡❞✱ *❤❡♥ g ✐" ❜♦✉♥❞❡❞✱ ❛" ✇❡❧❧❀

✭✐✐✐✮ ✐❢ *❤❡ ❢✉♥❝*✐♦♥ f ✐" ✉♥❜♦✉♥❞❡❞✱ *❤❡♥

✭✻✮




f(x) = A(x) +B(x)

g(x) = a(x)−A(x)−B(x) + 2
❢♦, ❛❧❧ x ∈ G,

♦,

✭✼✮




f(x) = fo(x) + f(0)me(x)

g(x) =
(
βmo(x)− fo(x)

)
+

(
2− f(0)

)
me(x)

❢♦, ❛❧❧ x ∈ G.

▼♦,❡♦✈❡,✱ "✉♣♣♦"❡ *❤❛* f(0) = 0✳ ❚❤❡♥

✭✽✮




f(x) = βmo(x)

g(x) = 2me(x)
❢♦, ❛❧❧ x ∈ G.

C,♦♦❢✳ ❆,,✉♠❡ .❤❛. .❤❡ ❢✉♥❝.✐♦♥ f ✐, ❛♥ ✉♥❜♦✉♥❞❡❞ ,♦❧✉.✐♦♥ ♦❢ ✐♥❡;✉❛❧✐.② ✭✺✮✳

❚❤❡♥ .❤❡'❡ ❡①✐,., ❛ ,❡;✉❡♥❝❡ (zn)n∈N ♦❢ ❡❧❡♠❡♥., ♦❢ G ,✉❝❤ .❤❛.

✭✾✮ 0 6= |f(zn)| −→ ∞ ❛, n→∞.
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▲❡" ✉$ "❛❦❡ x = zn ✐♥ ✭✺✮✳ ❚❤❡♥ ✇❡ ♦❜"❛✐♥
∣∣∣∣∣f

(
zn+y

2

)2

− f

(
zn−y

2

)2

+ f(zn+y) + f(zn−y)− f(zn)
[
f(y) + g(y)

]
∣∣∣∣∣ ≤ ε

❢♦3 ❛❧❧ y ∈ G ❛♥❞ n ∈ N✱ ✇❤❡♥❝❡

∣∣∣∣∣
f
(
zn+y
2

)2
−f

(
zn−y
2

)2
+f(zn + y)+f(zn − y)

f(zn)
−
[
f(y)+g(y)

]
∣∣∣∣∣ ≤

ε

|f(zn)|

❢♦3 ❛❧❧ y ∈ G ❛♥❞ n ∈ N✳ ◆♦✇✱ "❛❦✐♥❣ "❤❡ ❧✐♠✐" ❛$ n → ∞ ❛♥❞ ❛♣♣❧②✐♥❣ ✭✾✮✱

✇❡ ♦❜"❛✐♥

✭✶✵✮ lim
n→∞

f
(
zn+y
2

)2
− f

(
zn−y
2

)2
+ f(zn + y) + f(zn − y)

f(zn)
= f(y) + g(y)

❢♦3 ❛❧❧ y ∈ G✳ ❍❡♥❝❡✱

✭✶✶✮ f(0) + g(0) = 2.

▲❡" ✉$ 3❡♣❧❛❝❡ x ❜② zn + x ✐♥ ✭✺✮✳ ❚❤❡♥ ✇❡ ❣❡"

∣∣∣∣f
(
zn + x+ y

2

)2

− f

(
zn + x− y

2

)2

+ f(zn + x+ y)

+ f(zn + x− y)− f(zn + x)
[
f(y) + g(y)

]∣∣∣∣ ≤ ε.

❙✐♠✐❧❛3❧②✱ ❧❡" ✉$ 3❡♣❧❛❝❡ x ❜② zn − x ✐♥ ✭✺✮✳ ❚❤❡♥

∣∣∣∣f
(
zn − x+ y

2

)2

− f

(
zn − x− y

2

)2

+ f(zn − x+ y)

+ f(zn − x− y)− f(zn − x)[f(y) + g(y)]

∣∣∣∣ ≤ ε.

❋3♦♠ "❤❡ ❛❜♦✈❡ ✐♥❡D✉❛❧✐"✐❡$ ✇❡ ❝♦♠♣✉"❡

∣∣∣∣f
(
zn + (x+ y)

2

)2

− f

(
zn − (x+ y)

2

)2

+ f
(
zn + (x+ y)

)

+ f
(
zn − (x+ y)

)
+ f

(
zn + (−x+ y)

2

)2

−f

(
zn − (−x+ y)

2

)2

+ f
(
zn + (−x+ y)

)
+ f

(
zn − (−x+ y)

)

−
[
f(zn + x) + f(zn − x)

]
·
[
f(y) + g(y)

]∣∣∣∣ ≤ ε
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❢♦" ❛❧❧ x, y ∈ G ❛♥❞ n ∈ N✳ ❚❤❡"❡❢♦"❡✱

∣∣∣∣∣
f
(
zn+(x+y)

2

)2
− f

(
zn−(x+y)

2

)2
+ f(zn + (x+ y)) + f(zn − (x+ y))

f(zn)

+
f
(
zn+(−x+y)

2

)2
−f

(
zn−(−x+y)

2

)2
+ f(zn + (−x+ y)) + f(zn − (−x+ y))

f(zn)

−
[f(zn + x) + f(zn − x)]

f(zn)

[
f(y) + g(y)

]
∣∣∣∣∣ ≤ ε

❢♦" ❛❧❧ x, y ∈ G ❛♥❞ n ∈ N✳ ❲✐.❤ .❤❡ ✉0❡ ♦❢ ✭✾✮ ❛♥❞ ✭✶✵✮✱ ✇❡ ❝♦♥❝❧✉❞❡ .❤❛. ❢♦"

❡✈❡"② x ∈ G .❤❡"❡ ❡①✐0.0 .❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐. ❛0 n .❡♥❞0 .♦ ✐♥✜♥✐.②✿

✭✶✷✮ lim
n→∞

f(zn + x) + f(zn − x)

f(zn)
=: h(x).

▼♦"❡♦✈❡"✱ .❤❡ 0♦ ❞❡✜♥❡❞ ❢✉♥❝.✐♦♥ h : G→ C 0❛.✐0✜❡0 .❤❡ ❡A✉❛.✐♦♥

f(x+y)+g(x+y)+f(−x+y)+g(−x+y)−h(x)
[
f(y)+g(y)

]
= 0, x, y ∈ G.

❇② ✐♥.❡"❝❤❛♥❣✐♥❣ x ❛♥❞ y✱ ✇❡ ♦❜.❛✐♥

f(x+ y) + g(x+ y) + f(x− y) + g(x− y)−
[
f(x) + g(x)

]
h(y) = 0, x, y ∈ G.

▲❡. F := f + g ❛♥❞ G := 1
2h✳ ❚❤❡♥

F (x+ y) + F (x− y) = 2F (x)G(y) ❢♦" ❛❧❧ x, y ∈ G.

❖♥ .❤❡ ❜❛0✐0 ♦❢ ▲❡♠♠❛ ✶✱ ✇❡ ❣❡. .❤"❡❡ ♣♦00✐❜❧❡ ❢♦"♠0 ♦❢ .❤❡ ❢✉♥❝.✐♦♥ F ✳

❈❛"❡ 1✳ ❙✉♣♣♦0❡ F = 0✳ ❇② ♣✉..✐♥❣ f + g = 0 ✐♥ ✭✺✮✱ ✇❡ ♦❜.❛✐♥

∣∣∣∣∣f
(
x+ y

2

)2

−f

(
x− y

2

)2

+f(x+y)+f(x−y)

∣∣∣∣∣ ≤ ε

❢♦" ❛❧❧ x, y ∈ G✳ ◆♦✇✱ 0❡..✐♥❣ y = 0✱ ✇❡ ❣❡.

∣∣f(x)
∣∣ ≤ ε

2
❢♦" ❛❧❧ x ∈ G.

❚❤✐0 ❧❡❛❞0 .♦ ❛ ❝♦♥."❛❞✐❝.✐♦♥ 0✐♥❝❡ f ✐0 ✉♥❜♦✉♥❞❡❞✳

❈❛"❡ 2✳ ❇② ▲❡♠♠❛ ✶ ❝❛0❡ ✭✐✐✮✱ ❧❡. ✉0 ❛00✉♠❡ .❤❛. .❤❡"❡ ❡①✐0. ❛♥ ❛❞❞✐.✐✈❡

❢✉♥❝.✐♦♥ a ❛♥❞ ❛ ❝♦♥0.❛♥. α 0✉❝❤ .❤❛. F = a+ α. ❚❤❡♥

✭✶✸✮ f(x) + g(x) = a(x) + α ❢♦" ❛❧❧ x ∈ G.
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▲❡" ✉$ "❛❦❡ x = 0 ✐♥ ✭✶✸✮ ❛♥❞ ❛♣♣❧② ✭✶✶✮✳ ❲❡ ❣❡" α = 2✳ ❇② "❤❡ ✐♥❡6✉❛❧✐"②

✭✺✮✱ ✇❡ ♦❜"❛✐♥

✭✶✹✮

∣∣∣∣∣f
(
x+ y

2

)2

− f

(
x− y

2

)2

+ f(x+y) + f(x−y)− f(x)
[
a(y) + 2

]
∣∣∣∣∣ ≤ ε

❢♦> ❛❧❧ x, y ∈ G✳ ❇② "❛❦✐♥❣ −y ✐♥$"❡❛❞ ♦❢ y ✐♥ ✭✶✹✮✱ ✇❡ ✐♥❢❡> "❤❛"

✭✶✺✮

∣∣∣∣∣f
(
x− y

2

)2

−f

(
x+ y

2

)2

+f(x−y)+f(x+y)−f(x)
[
−a(y) + 2

]
∣∣∣∣∣ ≤ ε.

❇② ✭✶✹✮ ❛♥❞ ✭✶✺✮ ❛♥❞ "❤❡ ❢❛❝" "❤❛" a ✐$ ♦❞❞✱ ✇❡ ❣❡" "❤❡ ❢♦❧❧♦✇✐♥❣ >❡❧❛"✐♦♥✿
∣∣∣∣f

(
x+ y

2

)2

−f

(
x− y

2

)2

+ f(x+ y) + f(x− y)− f(x)
[
a(y) + 2

]

+f

(
x− y

2

)2

−f

(
x+ y

2

)2

+ f(x− y) + f(x+ y)−f(x)
[
− a(y)+2

]∣∣∣∣ ≤ 2ε

❢♦> ❛❧❧ x, y ∈ G✳ ❊6✉✐✈❛❧❡♥"❧②✱
∣∣f(x+ y) + f(x− y)− 2f(x)

∣∣ ≤ ε ❢♦> ❛❧❧ x, y ∈ G.

❆♣♣❧②✐♥❣ ❚❤❡♦>❡♠ ✸ "♦ "❤❡ ✉♥❜♦✉♥❞❡❞ ❢✉♥❝"✐♦♥ f ②✐❡❧❞$ "❤❛" "❤❡>❡ ❡①✐$" ❛♥

❛❞❞✐"✐✈❡ ❢✉♥❝"✐♦♥ A ❛♥❞ ❛ ❝♦♥$"❛♥" δ $✉❝❤ "❤❛"
∣∣f(x)−A(x)

∣∣ ≤ δ ❢♦> ❛❧❧ x, y ∈ G,

❤❡♥❝❡ f = A+B✱ ✇❤❡>❡ "❤❡ ❢✉♥❝"✐♦♥ B ✐$ ❜♦✉♥❞❡❞ ❜② δ✳ ❇② "❤✐$ ❢❛❝" ❛♥❞ ❜②

✭✶✸✮ ✇❡ ❣❡" g = a−A−B + 2✳ ❋✐♥❛❧❧②✱ ✇❡ ♦❜"❛✐♥ ✭✻✮✳

❈❛"❡ 3✳ ❇② ❝❛$❡ ✭✐✐✐✮ ♦❢ ▲❡♠♠❛ ✶✱ ❧❡" ✉$ ❝♦♥$✐❞❡> F = βmo + γme✱ ✇❤❡>❡ "❤❡

❢✉♥❝"✐♦♥ m ✐$ ❡①♣♦♥❡♥"✐❛❧ ❛♥❞ β, γ ❛>❡ ❝♦♥$"❛♥"$✳ ❍❡♥❝❡✱ ❢>♦♠ ✭✺✮✱ ✇❡ ♦❜"❛✐♥

✭✶✻✮ f(x) + g(x) = βmo(x) + γme(x) ❢♦> ❛❧❧ x ∈ G.

❆♣♣❧②✐♥❣ ✭✶✻✮ "♦ x = 0 ✐♥ ✭✶✶✮✱ ✇❡ ❣❡" γme(0) = 2✳ ❲❡ ❦♥♦✇ "❤❛" ✐❢ m 6= 0✱

"❤❡♥ m(0) = 1 ❛♥❞ me(0) = 1 ✳ ■♥ "❤❡ ♦"❤❡> ✇♦>❞$✱ ✇❡ ❤❛✈❡ γ = 2✳ ❇② ✭✶✻✮

❛♥❞ ✭✺✮✱ ✇❡ ❣❡" "❤❡ ❢♦❧❧♦✇✐♥❣ >❡❧❛"✐♦♥✿

✭✶✼✮

∣∣∣∣∣f
(
x+ y

2

)2

−f

(
x− y

2

)2

+f(x+y)+f(x−y)−f(x)
[
βmo(y)+2me(y)

]
∣∣∣∣∣ ≤ ε

❢♦> ❛❧❧ x, y ∈ G✳ ❍❡♥❝❡✱ ❜② >❡♣❧❛❝✐♥❣ y ❜② −y ✐♥ ✭✶✼✮✱ ✇❡ $❡❡ "❤❛"

✭✶✽✮

∣∣∣∣∣f
(
x− y

2

)2

−f

(
x+ y

2

)2

+f(x−y)+f(x+y)−f(x)
[
−βmo(y)+2me(y)

]
∣∣∣∣∣≤ ε
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❢♦" ❛❧❧ x, y ∈ G✳ ❙✉♠♠✐♥❣ ✐♥❡-✉❛❧✐.✐❡/ ✭✶✼✮ ❛♥❞ ✭✶✽✮ /✐❞❡✇✐/❡✱ ✇❡ ✐♥❢❡" .❤❛.

∣∣f(x+ y) + f(x− y)− 2f(x)me(y)
∣∣ ≤ ε ❢♦" ❛❧❧ x, y ∈ G.

■❢ me = 1✱ '❤❡♥ ✇❡ ♦❜'❛✐♥ ❈❛/❡ 2✳ ❚❤❡"❡❢♦"❡✱ ❜② ❚❤❡♦"❡♠ ✸✱ ❢✉♥❝'✐♦♥/ f

❛♥❞ me /❛'✐/❢② '❤❡ ❢♦❧❧♦✇✐♥❣ ❡9✉❛'✐♦♥✿

✭✶✾✮ f(x+ y) + f(x− y) = 2f(x)me(y) ❢♦" ❛❧❧ x ∈ G.

❆♣♣❧②✐♥❣ ✭✶✾✮ '♦ ✭✶✼✮✱ ✇❡ /❡❡ '❤❛'

∣∣∣∣∣f
(
x+ y

2

)2

−

(
x− y

2

)2

+ 2f(x)me(y)− f(x)
[
βmo(y)− 2me(y)

]
∣∣∣∣∣ ≤ ε,

❢♦" ❛❧❧ x, y ∈ G✱ ✇❤✐❝❤ ✐/ ❡9✉✐✈❛❧❡♥' '♦

∣∣∣∣∣f
(
x+ y

2

)2

− f

(
x− y

2

)2

+ f(x)βmo(y)

∣∣∣∣∣ ≤ ε ❢♦" ❛❧❧ x, y ∈ G.

❋"♦♠ ▲❡♠♠❛ ✷ ✇❡ ❣❡' ✇❤❛' ❢♦❧❧♦✇/✳

❙✉❜❝❛%❡ ✸✳✶ ■❢ '❤❡ ❢✉♥❝'✐♦♥ βmo ✐/ ❜♦✉♥❞❡❞✱ '❤❡♥ ❢"♦♠ ✭✐✮ ✇❡ ♦♥❧② ❝♦♥❝❧✉❞❡

'❤❛' ♦✉" ❢✉♥❝'✐♦♥ /❛'✐/✜❡/ '❤❡ /✐♥❡ ❢✉♥❝'✐♦♥❛❧ ❡9✉❛'✐♦♥✳

❙✉❜❝❛%❡ ✸✳✷ ❆//✉♠❡ '❤❛' '❤❡ ❢✉♥❝'✐♦♥ βmo ✐/ ✉♥❜♦✉♥❞❡❞✳ ❚❤❡"❡❢♦"❡✱ ❜② ✭✐✐✮✱

'❤❡"❡ ❡①✐/'/ ❛ ❢✉♥❝'✐♦♥ h /✉❝❤ '❤❛'

✭✷✵✮ f(x+ y) + f(x− y) = 2f(x)h(y) ❢♦" ❛❧❧ x ∈ G.

❚❤✉/✱ ❢"♦♠ ❡9✉❛'✐♦♥/ ✭✶✾✮ ❛♥❞ ✭✷✵✮✱ ✇❡ ♦❜'❛✐♥ h = me✳ ❋✉"'❤❡"♠♦"❡✱ ✇❡ ❣❡'

f = f(0)me + fo ❛♥❞ '❤❡ ❢✉♥❝'✐♦♥ fo /❛'✐/✜❡/ '❤❡ /✐♥❡ ❡9✉❛'✐♦♥ ✭✷✮✳ ■' ❢♦❧❧♦✇/

❢"♦♠ ✭✶✻✮ '❤❛'

f(0)me(x) + fo(x) + g(x) = βmo(x) + 2me(x) ❢♦" ❛❧❧ x ∈ G.

❊9✉✐✈❛❧❡♥'❧②✱

✭✷✶✮ g(x) = βmo(x)− fo(x) +
(
2− f(0)

)
me(x) ❢♦" ❛❧❧ x ∈ G.

❚❤✉/✱ ✇❡ ❤❛✈❡ ♣"♦✈❡❞ '❤❛' ❢✉♥❝'✐♦♥/ f ❛♥❞ g ❛"❡ ♦❢ '❤❡ ❢♦"♠ ✭✼✮✳

▼♦"❡♦✈❡"✱ ❜② ▲❡♠♠❛ ✷ ❛♣♣❧✐❡❞ '♦ ❛ ❢✉♥❝'✐♦♥ f ❢♦" ✇❤✐❝❤ f(0) = 0✱ ✇❡ ❤❛✈❡

βmo = f = fo✳ ❍❡♥❝❡✱ '❤❡ ❛❜♦✈❡ ❝♦♥/✐❞❡"❛'✐♦♥/ ❛♥❞ '❤❡ ❡9✉❛'✐♦♥ ✭✷✶✮ ✐♠♣❧②

'❤❛' g = 2me✳ ❚❤❡ ♣"♦♦❢ ♦❢ '❤❡ '❤❡♦"❡♠ ✐/ ❝♦♠♣❧❡'❡✳ �
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❆!!✉♠❡ %❤❛% ❛♥ ✉♥❜♦✉♥❞❡❞ ❢✉♥❝%✐♦♥ f : G → C !✉❝❤ %❤❛% f(0) = 0 ❛♥❞ ❛

❢✉♥❝%✐♦♥ g : G→ C !❛%✐!❢② %❤❡ ✐♥❡0✉❛❧✐%② ✭✺✮ ❢♦5 ❛❧❧ x, y ∈ G✳ ❲❡ ❛!❦ ✇❤❡%❤❡5

%❤❡5❡ ❡①✐!% ❢✉♥❝%✐♦♥! f̃ , g̃ : G → C ❛♥❞ ❛ ❝♦♥!%❛♥% δ !✉❝❤ %❤❛% f̃ ❛♥❞ g̃ !❛%✐!❢②

%❤❡ ❡0✉❛%✐♦♥ ✭✹✮ ❛♥❞

∣∣f̃(x)− f(x)
∣∣ ≤ δ ❛♥❞

∣∣g̃(x)− g(x)
∣∣ ≤ δ ❢♦5 ❛❧❧ x ∈ G.

❇② ❚❤❡♦5❡♠ ✹✱ ❢✉♥❝%✐♦♥! f ❛♥❞ g ❤❛✈❡ ♦♥❡ ♦❢ %❤❡ ❢♦5♠! ✭✻✮ ♦5 ✭✽✮✳

❈❛"❡ ✶✳ ■♥ %❤❡ ❝❛!❡ ♦❢ %❤❡ ❢♦5♠ ✭✽✮✱ ♣5♦✈✐❞❡❞ f(0) = 0✱ ✇❡ ❞❡✜♥❡ ❢✉♥❝%✐♦♥!

f̃ , g̃ : G→ C ❜② f̃ := f ❛♥❞ g̃ := g✳ ❚❤❡5❡❢♦5❡✱ ❢♦5 ❛❧❧ x, y ∈ G✱ ✇❡ ❣❡%

β2

[
mo

(
x+ y

2

)2

−mo

(
x− y

2

)2
]
+β [mo(x+ y) +mo(x− y)]

= βmo(x)
[
βmo(y) + 2me(y)

]
.

❈❛"❡ ✷✳ ■♥ %❤❡ ❝❛!❡ ♦❢ %❤❡ ❢♦5♠ ✭✻✮✱ ✇❡ ❤❛✈❡ %✇♦ ♣♦!!✐❜✐❧✐%✐❡!✳

❙✉❜❝❛"❡ ✷✳✶✳ ❚❤❡ ❢✉♥❝%✐♦♥ g ✐! ❜♦✉♥❞❡❞✳ ❚❤❡♥ %❤❡ ❢✉♥❝%✐♦♥ a−A ✐! ❜♦✉♥❞❡❞

❛♥❞ ❛❞❞✐%✐✈❡✳ ❚❤❡5❡❢♦5❡✱ a−A = 0✳ ▲❡% ✉! ❞❡✜♥❡ ❢✉♥❝%✐♦♥! f̃ , g̃ : G→ C ❜②




f̃(x) := A(x)

g̃(x) := 2
❢♦5 ❛❧❧ x ∈ G.

❚❤❡♥ %❤❡ !♦ ❞❡✜♥❡❞ ❢✉♥❝%✐♦♥! !❛%✐!❢② %❤❡ ❡0✉❛%✐♦♥ ✭✹✮✱ ✐✳❡✳✱

A

(
x+ y

2

)2

−A

(
x− y

2

)2

+A(x+ y) +A(x− y) = A(x)
[
A(y) + 2

]

❢♦5 ❛❧❧ x, y ∈ G✱ ❛♥❞
∣∣f̃ − f

∣∣ = |B| ≤ δ ❛♥❞
∣∣g̃ − g

∣∣ = |B| ≤ δ ❢♦5 !♦♠❡ δ✳

❙✉❜❝❛"❡ ✷✳✷✳ ❲❤❡♥ %❤❡ ❢✉♥❝%✐♦♥ g ✐! ✉♥❜♦✉♥❞❡❞✱ %❤❡♥ ❢✉♥❝%✐♦♥! f̃ ❛♥❞ g̃ ❞♦

♥♦% ❡①✐!%✳

❆! ✇❡ ❤❛✈❡ !❡❡♥ ✐♥ %❤❡ ❛❜♦✈❡ ❝♦♥!✐❞❡5❛%✐♦♥!✱ %❤❡5❡ ❛5❡ ❝❛!❡!✱ ✇❤❡♥ ❡0✉❛%✐♦♥

✭✹✮ ✐! !%❛❜❧❡ ❛♥❞ %❤❡5❡ ❛5❡ ❝❛!❡!✱ ✇❤❡♥ ✐% ✐! ♥♦% !%❛❜❧❡✳
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