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f(x)f(y) �=
1

λ2
implies f(x ⋆ y) =

f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

=2-1 λ �= 0.
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f(x ⋆ y) = F (f(x), f(y))

"# $22*- $ 1'+'+'&)1"#+ '! #.&(.(&*# (G, ⋆) $,- (H,F ).
5*. J ⊂  6 /* $ ,',.&"7"$2 ",.*&7$2 $,- I ⊂  6 /* $, ",.*&7$2 #(1 .1$.

I + I ⊂ I. 5*. !(&.1*& F : J × J −→ J /* $ %"7*, +$)8 9(,."',$2 *4($."',#

'! .1* !'&+

f(x + y) = F (f(x), f(y)), x, y ∈ I,

1$7* ,',',#.$,. ',.",('(# #'2(."',# "! $,- ',20 "! .1*&* *:"#.# $, ')*, ",.*&;

7$2 ',#.".(.",% $ ',.",('(# %&'() <".1 &*#)*. .' .1* $##'"$."7* ')*&$."',

F. =22 #(1 #'2(."',# $&* #.&".20 +','.'," >#** =?@2 AB℄D8 E*&* <* ',#"-*&

$ &$."',$2 !(,."', F : {(x, y) ∈  6 : xy �= 1
λ2 } −→  6 '! .1* !'&+

F (u, v) =
u + v + 2λuv

1 − λ2uv
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"#$% λ �= 0. &%#' #' ( )($#*+(, $"*-.,(0 )0(,-1(,203 42+$#*+ 305+03 *+ ( 3#'-

*++0$03 '26'0$ *4 $%0 )0(, .,(+0 782 $%($ "#$% 010)9 λ ∈ 78 \ {0} '($#'50'

$%0 0:2($#*+

F (F (x, y), z) = F (x, F (y, z))

4*) (,, (x, y, z) ∈ 783 '2% $%($ .)*32$' xy, yz, F (x, y)z, xF (y, z) ()0 +*$

0:2(, $* λ−2. 8($#*+(, 42+$#*+' "#$% '2% *) '#;#,() .)*.0)$#0' ()0 $0);03

(''*#($#10 *.0)($#*+'<

= %*;*>)(5 42+$#*+ ϕ : 78 \ {1} −→ 78 >#10+ 69 $%0 4*);2,(

ϕ(x) =
x

λ − λx
, x �= 1,

'($#'50' $%0 42+$#*+(, 0:2($#*+

f(x + y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

4*) 010)9 .(#) (x, y) ∈ 782 \ D, "%0)0

D = {(x, 1 − x) : x ∈ 78} ∪ {(x, 1) : x ∈ 78} ∪ {(1, x) : x ∈ 78}.

?0 '%(,, 30$0);#+0 (,, $%0 42+$#*+' f : G −→ 78, "%0)0 (G, ⋆) #' ( >)*2.@

$%($ '($#'49 $%0 42+$#*+(, 0:2($#*+

f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
. (1)

A9 ( '*,2$#*+ *4 $%0 42+$#*+(, 0:2($#*+ B C "0 2+30)'$(+3 (+9 42+$#*+

f : G −→ 78 $%($ '($#'50' $%0 0:2(,#$9 B C 4*) 010)9 .(#) (x, y) ∈ G2 '2%

$%($ f(x)f(y) �= λ−2. &%2' "0 30(, "#$% $%0 4*,,*"#+> *+3#$#*+(, 42+$#*+(,

0:2($#*+D

f(x)f(y) �=
1

λ2
implies f(x ⋆ y) =

f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
(E)

4*) (,, x, y ∈ G.
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f : G −→ 78 32!4+5 $ *'*'*5"$*" 5'4("2'* "' "6! 0(*"2'*$4 !7($"2'*

f(x)f(y) �= λ−2 implies f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
(E)
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f(x) :=

{

1
λ

 !" x ∈ H,

− 1
λ

 !" x ∈ G \ H

!"

f(x) :=

{

A(x)
λ−λA(x)  !" x ∈ Γ

− 1
λ

 !" x ∈ G \ Γ

!"

f(x) :=











1
λ

 !" x ∈ Γ \ Z

0  !" x ∈ Z

− 1
λ

 !" x ∈ G \ Γ,

,+)") (H, ⋆), (Γ, ⋆) #") -./0"!.1- ! *+) 0"!.1 (G, ⋆), (Z, ⋆) %- # -./0"!.1 ! 

*+) 0"!.1 (Γ, ⋆), #&' A : Γ −→ "# %- # +!2!2!"1+%-2 -.+ *+#* 1 �∈ A(Γ).

 !""#$ $%%&'( )*+) f ,% + -.-.-%)+-) %.0&),.- .1 (2&+),.- 3456 ,7(7

f(x)f(y) �= λ−2 implies f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

1.8 +00 x, y ∈ G. 9(-(

λ2f(x)f(y) �= 1 implies λf(x ⋆ y) =
λf(x) + λf(y) + 2λ2f(x)f(y)

1 − λ2f(x)f(y)
.

:*&%6 ,) ,% (+%; ). .<%(8=( )*+) 345 %)+)(% )*+) )*( 1&-),.- g := λf %+),%>(%

)*( 1.00.=,-? 1&-),.-+0 (2&+),.-@

g(x)g(y) �= 1 implies g(x ⋆ y) =
g(x) + g(y) + 2g(x)g(y)

1 − g(x)g(y)

1.8 +00 x, y ∈ G. A8.' )*( )*(.8(' B8.C(D <; )*( +&)*.8 ,- EF℄ =( .-0&D(

)*+) g ,% .1 )*( 1.8'

g(x) :=

{

1 1.8 x ∈ H,

−1 1.8 x ∈ G \ H

.8

g(x) :=

{

A(x)
1−A(x) 1.8 x ∈ Γ

−1 1.8 x ∈ G \ Γ
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g(x) :=







1 $"# x ∈ Γ \ Z

0 $"# x ∈ Z

−1 $"# x ∈ G \ Γ,

%&'#' (H, ⋆), (Γ, ⋆) (#' )*+,#"*-) "$ .&' ,#"*- (G, ⋆), (Z, ⋆) /) ( )*+,#"*- "$

.&' ,#"*- (Γ, ⋆), (01 A : Γ −→ 23 /) ( &"4"4"#-&/)4 )*& .&(. 1 �∈ A(Γ).
6&/) 4'(0) .&(. f /) "$ .&' $"#4 () (+"7'8

2. /) '()9 ." &': .&(. '(& "$ .&' $*0./"0) (+"7' 9/';1) ( )";*./"0 ." .&'
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$&! f = − 1
λ
, f = 0 $-5 f = 1

λ
.

6" &': .&/)@ ())*4' .&(. f = c $*;A;) =>?8 6&'0

c2 �=
1

λ2
=⇒ c = 2c

1 + λc

1 − λ2c2
,

/8'8

c ∈

{

−
1

λ
,
1

λ

}

or c = 0 or 1 = 2
1 + λc

1 − λ2c2
,

%&'0'

c ∈

{

−
1

λ
, 0,

1

λ

}

,
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