
 !" #$%&'() *"+,-.(+/0 +" 1)�(/'4'5!

6+-"/+7 8((%-(9 :!/4-;!/+( <=89 1)�(/'4'5! >?@@

 !"#$%&'( )$!*"! $ + +,*-./' ,0

)$&1$+"*"$! $1,%/*$%+ "! *2, +1/),+

$# # !)*"$!+ $# 3$ !0,0 ./%"/*"$!

"! *2, +,!+, $# +)2%/&&

*45678 ,9:;a< =58> '? +7@4:Bb,

!:C85@ &:9:@D:8c< &EFG59BEDE H9IJ:Cd

a !"#$%&"'(' )("+!(, -."$%/(0 1$!/%+ 2+(, 2(%( 34(%56"&"7$/+89:$!$;6$,(

$97(",<  !"#$%&%'�)"#*+,!"

b !"#$%&"'(' 1$!/%(, '$ :$!$;6$,(0 =&6$,( '$ >(/$7?/"(&0 1(%((&9:$!$;6$,(

$97(",< .!$%,$#/0%1�*%/$,'2,2%

c !"#$%&"'(' 1$!/%(, '$ :$!$;6$,(0 =&6$,( '$ >(/$7?/"(&0 1(%((&9:$!$;6$,(

$97(",< /"%&�*%/$,'2,2%

d@!&/"/6/$ +A >(/B$7(/"& (!' 1+7C6/$% D"$!$

E(! FG6H+&;  !"#$%&"/I "! 1;�&/+B+K(0 LMMNN 1;�&/+B+K(0 O+,(!'

$97(",< ",3&!4%+�#.5,1%$ ,6+

 !"#$%#' 7% $0!3  0#  0% !/%8$*5%5 &%)'+#&*1# *!/$ !9  0% )%/%&# !& !9 #/: '/*8

9!&"+: !/ */'!'$ $% ;2#+'%5 <%": $=*. !6%&# !&> # */) 4% 3%%/  0% $6#%$ !9 9'/8

 *!/$ !9 4!'/5%5 2#&*# *!/ */  0% $%/$% !9 ?0&#""> *$ #/ #@/% 9'/ *!/, A%$'+ $

#+!/)  0%$% +*/%$ %B %/5  0% $ '5: CD℄,

K? "@D95LMDN5@

 !" (X, | · |) #$% (Y, | · |) &! "'( )!#* $()+!% ,-#!,/ C &! # ($0!1 ($! 2$ X
#$% I = [a, b] ⊂ R (a, b ∈ R, a < b) &! #$ 2$"!)0#*3  !" cc(Y ) &! "4! 5#+2*6 (5
#** $($7!+-"6 ($0!1 #$% (+-#" ,8&,!", (5 Y 3 9! ($,2%!) "4! :!+6",;2<

(-!)#"()/ 23!3 "4! (+-(,2"2($ (-!)#"() %!=$!% &6 (HF )(t) = h(t, F (t))/ '4!)!
F : I −→ C, h : I × C −→ cc(Y ) 2, # >20!$ ,!"70#*8!% 58$"2($3 ?" 2, ,4('$

"4#" 25 "4! (-!)#"() H +#-, "4! ,-#! ΦBV (I;C) (5 58$"2($, (5 &(8$%!%
Φ70#)2#"2($ 2$ "4! ,!$,! (5 @4)#++ 2$"( "4! ,-#! BSΨ(I; cc(Y )) (5 ,!"A

0#*8!% 58$"2($, (5 &(8$%!% Ψ70#)2#"2($ 2$ "4! ,!$,! (5 @4)#++/ #$% 2,



 !  ! "#$%& '!(! )*+-$.& /! 0$#$+1$2& 0! 3#45$6

"#$%&'()* &#,$#"&"-. ,/0# ,/0 &#01-$202 '03")4'$54,$&#- h− 4#2 h+ &% h 6$,/

'0-70, ,& ,/0 8'-, 94'$4:)0. 4'0 4;#0 6$,/ '0-70, ,& ,/0 -0&#2 94'$4:)0< =#

74',$")4'.

h−(t, x) = A(t)x + B(t) %&' t ∈ I, x ∈ C,

%&' -&(0 %"#,$&# A : I −→ L(C, cc(Y )) 4#2 B ∈ BSΨ(I; cc(Y )). 6/0'0

L(C, cc(Y )) -,4#2- %&' ,/0 -740 &% 4)) )$#04' (477$#3- 4,$#3 %'&( C $#,&

cc(Y )<

 ! "#$%&'&()#&$*

>0 -,4', :* '04))$#3 -&(0 90'* :4-$ %4,- 4- 208#$,$&#- 4#2 ?#&6# '01

-"),- &#0'#$#3 ,/0 -740 &% %"#,$&#- &% :&"#202 94'$4,$&# $# ,/0 -0#-0 &%

@/'4((<

A0, F :0 ,/0 -0, &% 4)) &#90B %"#,$&#- φ : [0,∞) −→ [0,∞) -"/ ,/4,

φ(0) = φ(0+) = 0 4#2 lim
t−→∞

φ(t) = ∞< C/0# 60 /490

 !"#$% &' =% φ ∈ F . ,/0# φ $- &#,$#"&"- 4#2 -,'$,)* $#'04-$#3

D-00 EF. G℄I<

J -0K"0#0 Φ = (φi)
∞
i=1 &% %"#,$&#- %'&( F -4,$-%*$#3 ,/0 %&))&6$#3 ,6&

&#2$,$&#-L

D$I φn+1(t) ≤ φn(t) %&' 4)) t > 0 4#2 n ∈ N,

D$$I
∞
∑

n=1
φn(t) 2$90'30- %&' 4)) x > 0,

$- -4$2 ,& :0 4 ΦM !"#!$!&

A0, I = [a, b] (a, b ∈ R, a < b) :0 4# $#,0'94)< N&' 4 -0, X 60 20#&,0 :*

XI ,/0 -0, &% 4)) %"#,$&#- f : I → R.

=% In = [an, bn] $- 4 -":$#,0'94) &% ,/0 $#,0'94) I (n = 1, 2, . . . ). ,/0# 60

6'$,0 f(In) := f(bn) − f(an)<

(!)*+,+-* &' A0, Φ = (φn)∞n=1 :0 4 ΦM-0K"0#0 4#2 (X, | · |) :0 4 '04)

#&'(02 -740< J %"#,$&# f ∈ XI $- &% '(#$)!) Φ*+,-.,/.($ .$ /0!  !$ ! (1

20-,33 .$ I $%

vΦ(f) = vΦ(f, I) := sup
m

∑

n=1

φn

(

|f(In)|
)

< ∞, (1)

6/0'0 ,/0 -"7'0("( $- ,4?0# &90' 4)) m ∈ N 4#2 4)) #&#M&'20'02 &))0,$&#-

&% #&#M&90')477$#3 $#,0'94)- In = [an, bn] ⊂ I, n = 1, . . . ,m DEFO℄I<



 !"#$%&'( $!*"!+$+, ,-*./0'+-1 $&2$,"*"$! $2-%0*$%,  !

"# $% &'()' #*+# ,(- +.. a, b, c ∈ I, a ≤ c ≤ b )/ *+0/ vΦ(f, [a, c]) ≤
vΦ(f, [a, b]) 1#*+# $% vΦ $% $'-/+%$'3 )$#* -/%4/# #( #*/ $'#/-0+.5 +'6

vΦ(f, [a, c]) + vΦ(f, [c, b]) ≤ vΦ(f, [a, b])7

"' )*+# ,(..()% )/ 6/'(#/ 89 VΦ(I,X) #*/ %/# (, +.. ,:'#$('% f ∈ XI

(, 8(:'6/6 Φ;0+-$+#$(' $' #*/ <*-+== %/'%/ +'6 89 ΦBV (I,X) #*/ .$'/+-

%4+/ (, +.. ,:'#$('% f ∈ XI %:* #*+# vΦ(λf) < ∞ ,(- %(=/ ('%#+'# λ > 07

"' #*/ %4+/ ΦBV (I,X) #*/ ,:'#$(' ‖ · ‖Φ 6/>'/6 89

‖f‖Φ := |f(a)| + pΦ(f), f ∈ ΦBV (I,X),

)*/-/

pΦ(f) := pΦ(f, I) = inf
{

ǫ > 0 : vΦ

(

f/ǫ
)

≤ 1
}

, f ∈ ΦBV (I,X), (2)

$% + '(-= 1%// ,(- $'%#+'/ ?@A℄57

C(- X = RD #*/ .$'/+- '(-=/6 %4+/ (ΦBV (I,R), ‖ · ‖Φ) )+% %#:6$/6 89

<*-+== ?@ED F*/(-/=  7G℄7 F*/ ,:'#$('+. pΦ(·) 6/>'/6 89 1 5 $% +../6  !"

#$%"&'$()*+,-,./*0(124 5"&2./(& ?!D  !D  H℄7

"# $% )(-#* =/'#$('$'3 #*+# #*/ %9=8(. ΦBV (I, C) %#+'6% ,(- #*/ %/# (,

+.. ,:'#$('% f ∈ ΦBV (I,X) %:* #*+# f : I −→ C +'6 C $% + %:8%/# (, X7

I/# cc(X) 8/ #*/ ,+=$.9 (, +.. '(';/=4#9 ('0/J (=4+# %:8%/#% (, XD

+'6 ./# D 8/ #*/ 6/&7"2$*8,$59/(: &" (2 $' cc(X)D $7/7

D(A,B) := max
{

e(A,B), e(B,A)
}

, A,B ∈ cc(X), (3)

)*/-/

e(A,B) = sup
{

d(x,B) : x ∈ A
}

, d(x,B) = inf
{

d(x, y) : y ∈ B
}

. (4)

"# $% /+%9 #( */& #*+# #*/ K(=4/$:;L+:%6(-M =/#-$ D $% $'0+-$+'# )$#*

-/%4/# #( #-+'%.+#$('D $7/7

D(A,B) = D(A + Q,B + Q) (5)

1%// ?AD I/==+ G℄5 ,(- +.. A,B ∈ cc(X) +'6 8(:'6/6 '('/=4#9 %:8%/#

Q (, X7

 !"#$%$&# '( I/# Φ = (φn)∞n=1 8/ + ΦN%/O:/'/ +'6 F : I −→ cc(X)7
P/ %+9 #*+# F *+% 8(:'6/6 Φ;0+-$+#$(' $' #*/ <*-+== %/'%/ $,

wΦ(F ) := sup

m
∑

n=1

Φn (D(F (tn), F (tn−1))) < ∞, (6)
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"#$%$ &#$ '()%$*(* +' &,-$. /0$% ,11 m ∈ N ,.2 ,11 ./.3/%2$%$2 /11$&+/.'

/5 ./.3/0$%1,)+.6 +.&$%0,1' In = [an, bn] ⊂ I, i = 1, . . . ,m.
7%/* ./" /.8 1$&

BSΦ(I, cc(X)) :=
{

F ∈ cc(X)I : wΦ(λF ) < ∞ 5/% '/*$ λ > 0
}

. (7)

7/% F1, F2 ∈ BSΦ(I, cc(X)) )(&

DΦ(F1, F2) := D (F1(a), F2(a)) + pΦ(F1, F2), (8)

"#$%$

pΦ(F1, F2) := inf
{

ǫ > 0 : Sǫ(F1, F2) ≤ 1
}

(9)

,.2

Sǫ(F1, F2) := sup
m

∑

n=1

φn

(

1

ǫ
D

(

F1(tn) + F2(tn−1);F2(tn) + F1(tn−1)
)

)

, (10)

"#$%$ &#$ '()%$*(* +' &,-$. /0$% &#$ ',*$ /11$&+/. ([an, bn])mn=1 ,' +.

9$:.+&+/.  ; <#$. (BSΦ(I, cc(X)),DΦ) +' , *$&%+ '),$8 ,.2 +& +' /*)1$&$

+5 X +' , =,.,# '),$ > ?8 @$**, A;?℄;

<,-+.6 +.&/ ,/(.& > C8 <#$/%$* C;D E2F℄ ,.2 > ?8 /.2+&+/. A;!℄8 "$ 6$&

&#$ 5/11/"+.6

 !""# $% @$& Φ = (φn)∞n=1 G$ , Φ3'$H($.$ ,.2 F1, F2 ∈ BSΦ(I, cc(X));
<#$.8 5/% λ > 08

Sλ(F1, F2) ≤ 1 +5 ,.2 /.1I +5 pΦ

(

F1, F2

)

≤ λ.

J. "#,& 5/11/"'8 1$&(X, | · |), (Y, | · |) G$ &"/ %$,1 ./%*$2 '),$' ,.2 C G$

, /.0$K /.$ +. X; L+0$. , '$&M0,1($2 5(.&+/. h : I × C −→ cc(Y ) "$ '$&

&#$ /*)/'+&+/. /)$%,&/% H : CI → cc(Y )I 6$.$%,&$2 GI h ,'N

(Hf)(t) := h(t, f(t)), f ∈ CI , t ∈ I. (11)

O/%$/0$%8 1$& (' 2$./&$ GI A(C, cc(Y )) &#$ '),$ /5 ,11 ,22+&+0$ 5(.&+/.'

,.2 GI L(C, cc(Y )) &#$ '),$ /5 ,11 '$&M0,1($2 1+.$,% 5(.&+/.'8 +;$; &#$ '),$ /5

,11 '$&M0,1($2 5(.&+/.' A ∈ A(C, cc(Y )) "#+# ,%$ )/'+&+0$1I #/*/6$.$/(' >P℄;

Q/" "$ H(/&$ &#$ 5/11/"+.6 1$**, 6+0$. GI Q+-/2$*;

 !""# &% E>PA8 <#$/%$* A;!℄F; @$& (X, | · |), (Y, | · |) G$ ./%*$2 '),$'

,.2 C , /.0$K /.$ +. X; R '$&M0,1($2 5(.&+/. F : C −→ cc(Y ) ',&+':$'

&#$ S$.'$. $H(,&+/.

F
(x + y

2

)

=
1

2

(

F (x) + F (y)
)

, x, y ∈ C, (12)



 !"#$%&'( $!*"!+$+, ,-*./0'+-1 $&2$,"*"$! $2-%0*$%,  !

"# $%& '%() "# *+,-, ,."/* $% $&&"*"0, /,*10$(2,& #2%*"'% A : C −→ cc(Y ) $%& $

/,* B ∈ cc(Y ) /2+ *+$* F (x) = A(x)+B #'- $(( x ∈ C4

 ! "#$ &'(&)*+*&, &($-.+&-

5'6 6, 6"(( 7-,/,%* '2- 8$"% -,/2(*4

 !"#$"% &' 9,* (X, | · |) :, $ -,$( %'-8,& /7$,; (Y, | · |) $ -,$( <$%$+

/7$,; C $ '%0,. '%, "% X $%& /277'/, *+$* Φ = (φn)∞n=1 $%& Ψ = (ψn)∞n=1

$-, Φ=/,>2,%,/4 ?# *+, '87'/"*"'% '7,-$*'- H @,%,-$*,& :) $ /,*10$(2,&

#2%*"'% h : I × C −→ cc(Y ) 8$7/ ΦBV (I, C) "%*' BSΨ(I, cc(Y )) $%&

"/ 2%"#'-8() '%*"%2'2/; *+,% *+, (,#* -,@2($-"A$*"'% '# h; "4,4 *+, #2%*"'%

h− : I × C −→ cc(Y ) &,B%,& :)

h−(t, x) := lim
s↑t

h(s, x), t ∈ I, x ∈ C,

,."/*/ $%&

h−(t, x) = A(t)x + B(t), t ∈ I, x ∈ C,

#'- /'8, A : I −→ A(X, cc(Y )) $%& B : I −→ cc(Y )4 C'-,'0,-; "# 0 ∈ C;

*+,% B ∈ BSΨ(I, cc(Y )) $%& *+, ("%,$- /,*10$(2,& #2%*"'% A(t) "/ '%*"%2'2/4

($##)' D'- ,0,-) x ∈ C; *+, '%/*$%* #2%*"'% I ∋ t −→ x :,('%@/ *'

ΦBV (I, C)4 E"%, H 8$7/ ΦBV (I, C) "%*' BSΨ(I, cc(Y )) #'- ,0,-) x ∈ C;

*+, #2%*"'% I ∋ t −→ h(t, x) :,('%@/ *' BSΨ(I, cc(Y ))4 5'6 *+, '87(,*,1

%,// '# cc(Y ) 6"*+ -,/7,* *' *+, F'87,"21G$2/&'-H 8,*-" I J; 9,88$ K4L ℄

"87(",/ *+, ,."/*,%, '# *+, (,#* -,@2($-"A$*"'% h− '# h4

<) *+, $//287*"'%; H "/ 2%"#'-8() '%*"%2'2/ '% ΦBV (I, C)4 9,*

ω : R
+ −→ R

+ :, *+, 8'&2(2/ '# '%*"%2"*) '# H; *+$* "/

ω(ρ) := sup
{

DΨ

(

H(f1),H(f2)
)

: ‖f1−f2‖Φ ≤ ρ; f1, f2 ∈ ΦBV (I, C)
}

, ρ > 0.

G,%, 6, @,*

DΨ

(

H(f1),H(f2)
)

≤ ω
(

‖f1 − f2‖Φ

)

#'- f1, f2 ∈ ΦBV (I, C). (13)

D-'8 *+, &,B%"*"'% '# *+, 8,*-" DΨ $%& NLOP; 6, ':*$"%

pΨ

(

H(f1);H(f2)
)

≤ ω
(

‖f1 − f2‖Φ

)

#'- f1, f2 ∈ ΦBV (I, C). (14)

D-'8 9,88$ L; "# ω
(

‖f1 − f2‖Φ

)

> 0; *+, "%,>2$("*) NLJP "/ ,>2"0$(,%* *'

Sω(‖f1−f2‖Φ)

(

H(f1),H(f2)
)

≤ 1, f1, f2 ∈ ΦBV (I, C). (15)
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"#$%$&'%$( &'% )*+ a < α1 < β1 < α2 < β2 < · · · < αm < βm = b, αi, βi ∈ I,
i ∈ {1, 2, · · · ,m}, m ∈ N( ,#$ -$.*/,/'*0 '& ,#$ '1$%),'% H )*- ,#$ &2*,/'*)4

Sǫ( /514+

∞
∑

i=1

ψi

(D
(

h(βi, f1(βi)) + h(αi, f2(αi));h(βi, f2(βi)) + h(αi, f1(αi))
)

ω
(

‖f1 − f2‖Φ

)

)

≤ 1.

(16)

6'% α, β ∈ R, α < β( 7$ -$.*$ &2*,/'*0 ηα,β : R −→ [0, 1] 8+

ηα,β(t) :=















0 /& t ≤ α
t− α

β − α
/& α ≤ t ≤ β

1 /& β ≤ t .

(17)

9$, 20 .: t ∈ I; 6'% )%8/,%)%+ .*/,$ 0$<2$*$ a < α1 < β1 < α2 < β2 <
· · · < αm < βm < t )*- x1, x2 ∈ C, x1 �= x2( ,#$ &2*,/'*0 f1, f2 : I −→ X
-$.*$- 8+

fℓ(τ) :=
1

2

[

ηαi,βi
(τ)(x1 − x2) + xℓ + x2

]

, τ ∈ I, ℓ = 1, 2, (18)

8$4'*= ,' ,#$ 01)$ ΦBV (I, C); 6%'5 >?!@ 7$ #)A$

f1(τ) − f2(τ) =
x1 − x2

2
, τ ∈ I,

,#$%$&'%$

‖f1 − f2‖Φ =
∣

∣

∣

x1 − x2

2

∣

∣

∣;

5'%$'A$%

f1(βi) = x1; f2(βi) =
x1 + x2

2
; f1(αi) =

x1 + x2

2
; f2(αi) = x2.

B0/*= >?C@( 7$ =$,

∞
∑

i=1

ψi





D
(

h(βi, x1) + h(αi, x2);h
(

αi,
x1+x2

2

)

+ h
(

βi,
x1+x2

2

))

ω
(∣

∣

∣

x1−x2

2

∣

∣

∣

)



 ≤ 1. (19)

6/: ) 1'0/,/A$ /*,$=$% m. D$ #)A$

m
∑

i=1

ψi





D
(

h(βi, x1) + h(αi, x2);h
(

αi,
x1+x2

2

)

+ h
(

βi,
x1+x2

2

))

ω
(∣

∣

∣

x1−x2

2

∣

∣

∣

)



 ≤ 1. (20)



 !"#$%&'( $!*"!+$+, ,-*./0'+-1 $&2$,"*"$! $2-%0*$%,  !

"#$% &'( $*&+*,+&- $. ψi, /011+*2 &$ &'( 3+%+& +* 4 56 7'(* α1 ↑ t, 7(
$8&0+* &'0&

m
∑

i=1

ψi









D

(

h−(t, x1) + h−(t, x2); 2h
−

(

t,
x1 + x2

2

))

ω

(

∣

∣

∣

x1 − x2

2

∣

∣

∣

)









≤ 1.

9(*(:

∞
∑

i=1

ψi

(

D
(

h−(t, x1) + h−(t, x2); 2h
−

(

t, x1+x2

2

))

ω
(∣

∣

x1−x2

2

∣

∣

)

)

≤ 1,

0*;: 8- 4++6:

D
(

h−(t, x1) + h−(t, x2); 2h
−
(

t,
x1 + x2

2

))

= 0.

<'(#(.$#(:

h−
(

t,
x1 + x2

2

)

=
h−(t, x1) + h−(t, x2)

2

.$# 033 t ∈ I 0*; 033 x1, x2 ∈ C=

<',1: .$# (0' t ∈ I: &'( .,*&+$* h−(t, ·) 10&+1>(1 &'( ?(*1(* .,*&+$*03

(@,0&+$* +* C= A$*1(@,(*&3-: 8- B(%%0  : .$# (C(#- t ∈ I &'(#( (D+1& 0*

0;;+&+C( 1(&EC03,(; .,*&+$* A(t) : C −→ cc(Y ) 0*; 0 1(& B(t) ∈ cc(Y ) 1,'
&'0&

h−(t, x) = A(t)x + B(t) .$# x ∈ C, t ∈ I, (21)

7'+' /#$C(1 &'( >#1& /0#& $. $,# #(1,3&=

<'( ,*+.$#% $*&+*,+&- $. &'( $/(#0&$# H : ΦBV (I, C) −→ BSΨ(I, cc(Y ))
+%/3+(1 &'( $*&+*,+&- $. &'( .,*&+$* A(t) 1$ &'0& A(t) ∈ L(C, cc(Y ))
FGH: <'($#(% H=I℄= K,&&+*2 x = 0 +* 4 G6 0*; &0L+*2 +*&$ 0$,*& &'0&

A(t)0 = {0} .$# t ∈ I: 7( 2(&

h−(t, 0) = B(t), t ∈ I,

7'+' +%/3+(1 &'0& B ∈ BSΨ(I, cc(Y ))=

 !"#$% &' <'( $,*&(#/0#& $. <'($#(% G .$# &'( #+2'& #(2,30#+M0&+$* h+

$. h ;(>*(; 8-

h+(t, x) := lim
s↓t

h(s, x), t ∈ I,

+1 031$ &#,(=



 !  ! "#$%& '!(! )*+-$.& /! 0$#$+1$2& 0! 3#45$6

 !"#$% &' "#$%&' ψn(t) = ψ(t) (t ≥ 0) ( )* +,-#%& -.* /#%& 0*123-

+4 56℄8

 !"#$% (' 9*&+-* ,: S -.* 1*- +4 #33 42&-%+&1 f ∈ ΦBV (I, C) 12. -.#-

f(t) =
1

2
[ηα,β(t)(x1 − x2) + x + x2] ,

 !"#" ηα,β $% &"'("& )* +,-. /(& x = x1 0# x = x2. 12 30440 % 3#05 2!" /#678
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