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"#$%&'( )*+ (,-+. /*+"+ ,0+ 12+")&#' #3 )*+ )45+6 7#0 8*&* #':(20,)&#'"

#3 )*+ (&%+'" ;#+" )*+ (,-+ 5#""+"" , 2'&12+ "#$2)&#'< =#8 -,'4 "#$2)&#'"

;#+" )*+ (,-+ *,%+< >*,) &" )*+ ?+") )&-+ #-5$+@&)4 #3 ,' ,$(#0&)*- "#$%A

&'( BCDEFC< =+0+G *#8+%+0G 8+ "*,$$ #'"&;+0 , ;&H+0+') %&+85#&'). >+

"*,$$ $,?+$ )*+ &';&%&;2,$ +$$" ?4 12,;025$+" #3 '2-?+0" I ##0;&',)+"G ,';

0+50+"+') )*+ (,-+ 5$,' ?4 , JA;&-+'"&#',$ 2?+ K,$"# ,$$+; ,  !"#$&'#L.

/*+ (#,$ #3 )*+ 5,5+0 &" )# "*#8 "#-+ #''+)&#'" ?+)8++' )*+ BCDEFC

52MM$+G N,)&' "12,0+" ,'; )*+&0 JA;&-+'"&#',$ ,',$#(&+". /*+ 0+,;+0 ,' (+)

*&-"+$3 ,12,&')+; 8&)* JA;&-+'"&#',$ N,)&' 2?+" KN,)&' *45+02?+"L 8*&*

*,%+ ?++' (+))&'( ,' +%+0 (0+,)+0 ,))+')&#' #3 -,)*+-,)&&,'" 0++')$4. =+'+

)*+ )+@) #H+0" , "-,$$ +@20"&#' &')# )*+ JA;&-+'"&#',$ "5,+ ,'; &) ,' ,$"#
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,' ;+"&(' ;&H+0+') %,0&,)&#'" #3 )*+ BCDEFC 52MM$+. /*+"+ -#;&:,)&#'"

,' ?+ ,;O2")+; 8&)* 0+"5+) )# )*+ ,(+ ,'; ,5,?&$&)&+" #3 )*+ "#$%+0.

7&(20+ P "*#8" , BCDEFC 52MM$+ K)*+ '2-?+0" &'"0&?+; ,0+ 30#- )*+
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&.+. ?,"+AQ '2-+0,$ "4")+-. /*+ )+0',04 '2-?+0" 0,'(+ 30#- RR K;+&A

-,$ RL )# !! K;+&-,$ SL ,'; 8+ #'"&;+0 )*+- ," #0;+0+; 5,&0" #3 '2-+0,$"

[i, j], 0 ≤ i, j ≤ 2. T,* #0;+0+; 5,&0 #20" +@,)$4 #'+ &' +,* 0#8G #$2-'

,'; 0+(&#'. >+ 0+#--+'; )*+ 0+,;+0 )# ;&%&;+ )*+ "#$2)&#' 30#- 7&(20+ ! &')#

)8# ),?$+" I #'+ #'),&'&'( )*+ :0") '2-+0,$" ,'; )*+ #)*+0 #'+ #'),&'&'(

)*+ "+#'; '2-+0,$" #3 )*+ )+0',04 '2-?+0". U' ?#)* ),?$+"G +,* 0#8G #$2-'

,'; 0+(&#' 8&$$ #'),&' +@,)$4 )*0++ #200+'+" #3 )*+ '2-?+0" 0, 1, 2. /*&"
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"#$ %"%& '()&*$+ ,(. '()&* /%$"$#$ /0 3 × 3 &''$+ 1/ /2#("% #.& $&/%3 (%3

#.& #."*3 #*"4'& /0 '()&*$5 6& .(7& #/ 89#: #.& 92& 9$"%; #6/ 4'(%&$ 4(*(''&'

#/ #.& 2($& (%3 #.& $"3& 0(& /0 #.& 92&5 *&$4&#"7&')+ 1.& %9<2&*$ 0*/<

#.& $&# M = {0, 1, 2, . . . , 8} (*& "%$*"2&3 "%#/ #.& &''$ "% $9. ( 6() #.(# #.&

%9<2&*$ "% &(. /0 #.& %"%& '()&*$ (*& 4("*6"$& 3"=&*&%#+
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"# $%& '&$ M ( )* +,$%&+,$-'/ , 01-2 3-$% $%-' 41"4&1$5 -' ,66&2 ,  !"#$

%&'!()( 7"1+,6658 ,  !"#$ %&'!() "# "12&1 n -' ,* n × n +,$1-9 :$,;6&<

Rn = |r(k, l); 1 ≤ k, l ≤ n| "+41-'-*0 n2 *=+;&1' r(k, l) ∈ {0, 1, 2, . . . , n−1}
3-$% $%& 41"4&1$5 $%,$ &,% 1"3 ,*2 "6=+* -' , 4&1+=$,$-"* "# $%& '&$

{0, 1, . . . , n − 1}( >%& ?@ABC@ 4=DD6& "*$,-*' ,* ,22-$-"*,6 "*'$1,-*$

$%,$ &,% 1&0-"* -' , 4&1+=$,$-"* "# $%& '&$ M (

E& ,''-0* $" &,% &66 "# $%& 0,+& 46,* , F=,21=46& "# *=+;&1' G -$'

""12-*,$&' G ,' -* 7-0=1& H( >%& I1'$ 4,-1 "# $%& F=,21=46& 2&$&1+-*&' $%&

1&0-"*/ ,*2 $%& '&"*2 4,-1 $%& 4"'-$-"* -* $%& 4,1$-=6,1 1&0-"*(

J *+,)('.) "# "12&1 n -' , 4K2-+&*'-"*,6 +,$1-9

An = |a(i, j, k, l); 1 ≤ i, j, k, l ≤ n|
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"#$ %&'()*%+ ,-% %*%(%., a(1, 1, 1, 1) /0 #.,'/.%2 /. 3#4$ $#50 5-/- #()$/0%

,-% 3#**#5/.6 %*%(%.,07

892/$%,/#.7 (a(1, 1, 1, 1), a(1, 1, 1, 2), a(1, 1, 1, 3)),

:92/$%,/#.7 (a(1, 1, 1, 1), a(1, 1, 2, 1), a(1, 1, 3, 1)),

;92/$%,/#.7 (a(1, 1, 1, 1), a(1, 2, 1, 1), a(1, 3, 1, 1)),

<92/$%,/#.7 (a(1, 1, 1, 1), a(2, 1, 1, 1), a(3, 1, 1, 1)).

=-%0% $#50 '$% #.,'/.%2 /. 3#4$ 2/>%$%., 2/$%,/#.0 5-/- 5% -'?% 2%9

.#,%2 @A .4(@%$0 8+:+;+<B C/& *'A%$0 #3 ,-% -A)%$4@% 5-#0% *'A0 '$% )'/$5/0%

2/>%$%., '.2 5-/- #.,'/. ,-% %*%(%., a(1, 1, 1, 1) '$% 6/?%. @A D4'2$4)*%0

#3 #$.%$ %**0 E,-% 0A(@#*  !"#$"%!& 2%.#,%0 ,-% *'A 5-/- /0 6/?%. @A ,-%

2/$%,/#.0 a '.2 bF7

E89:F9*'A7 a(1, 1, 1, 1), a(1, 1, 1, 3), a(1, 1, 3, 1), a(1, 1, 3, 3),

E89;F9*'A7 a(1, 1, 1, 1), a(1, 1, 1, 3), a(1, 3, 1, 1), a(1, 3, 1, 3),

E89<F9*'A7 a(1, 1, 1, 1), a(1, 1, 1, 3), a(3, 1, 1, 1), a(3, 1, 1, 3),

E:9;F9*'A7 a(1, 1, 1, 1), a(1, 1, 3, 1), a(1, 3, 1, 1), a(1, 3, 3, 1),

E:9<F9*'A7 a(1, 1, 1, 1), a(1, 1, 3, 1), a(3, 1, 1, 1), a(3, 1, 3, 1),

E;9<F9*'A7 a(1, 1, 1, 1), a(1, 3, 1, 1), a(3, 1, 1, 1), a(3, 3, 1, 1).

G0/.6 ,-/0 ,%$(/.#*#6A+ 5% '. 3#$(4*',% ,-% $4*%0 #3 ,-% CGHIJG )4KK*%

/. ,-% 3#**#5/.6 5'A7 L4(@%$0 3$#( ,-% 0%, M '$% /.0$/@%2 /.,# 0#(% %**0

#3 '. #$2%$ ; -A)%$4@%B M.0$/@% ' .4(@%$ 3$#( M /.,# %'- %(),A %** 0#

,-', %'- *'A%$ 5/,- *'A E89:F '.2 E89;F '.2 E:9<F #.,'/.0 '** .4(@%$0 3$#(

,-% 0%, M B

N% 5#4*2 #@,'/. 2/>%$%., ?%$0/#.0 #3 CGHIJG /3 5% $%D4/$%2 -'?/.6 '**

.4(@%$0 3$#( M /. *'A%$0 5/,- 2/>%$%., *'A0B

L%&, 5% 0-#5 -#5 ,# O** /. 04- ' ,'@*% /. ' %$,'/. 0)%/'* '0%B "/$0,

,-#46-+ 5% -'?% ,# 2%O.% ,5# .#,/#.07 #$,-#6#.'* P',/. 0D4'$%0 '.2 ' P',/.

-A)%$4@%B

=5# P',/. 0D4'$%0 Rn = |r(k, l)| '.2 Sn = |s(k, l)| #3 #$2%$ n '$% 0'/2 ,#

@% '()*'+',!% /3 '** ,-% #$2%$%2 )'/$0 [r(k, l), s(k, l)] '$% )'/$5/0% 2/>%$%.,B M,

-'0 @%%. Q.#5. 0/.% P%#.-'$2 R4*%$S0 ,/(% ,-', )'/$0 #3 #$,-#6#.'* P',/.

0D4'$%0 '. @% #.0,$4,%2 3#$ '** #22 n 40/.6 ,-% 3#**#5/.6 3#$(4*'07

r(k, l) = (k + l + a) mod n, s(k, l) = (k − l + b) mod n (1)

3#$ '** 1 ≤ k, l ≤ n+ 5-%$% a, b '$% '$@/,$'$A /.,%6%$0B =-% %*%(%.,0 #3 ,-%

,'@*% /. "/64$%  '$% )'/$0 [r(k, l), s(k, l)] #3 %*%(%.,0 #3 ,5# #$,-#6#.'* P',/.

0D4'$%0 R9 ' S9 #3 #$2%$ T 5-/- -'?% @%%. #@,'/.%2 40/.6 ,-% '@#?% %D4',/#.0

5/,- a = b = 0B
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2, 0 3, 8 4, 7 5, 6 6, 5 7, 4 8, 3 0, 2 1, 1

3, 1 4, 0 5, 8 6, 7 7, 6 8, 5 0, 4 1, 3 2, 2

4, 2 5, 1 6, 0 7, 8 8, 7 0, 6 1, 5 2, 4 3, 3

5, 3 6, 2 7, 1 8, 0 0, 8 1, 7 2, 6 3, 5 4, 4

6, 4 7, 3 8, 2 0, 1 1, 0 2, 8 3, 7 4, 6 5, 5

7, 5 8, 4 0, 3 1, 2 2, 1 3, 0 4, 8 5, 7 6, 6

8, 6 0, 5 1, 4 2, 3 3, 2 4, 1 5, 0 6, 8 7, 7

0, 7 1, 6 2, 5 3, 4 4, 3 5, 2 9, 1 7, 0 8, 8

1, 8 2, 7 3, 6 4, 5 5, 4 6, 3 7, 2 8, 1 0, 0

Figure 7

"#$ %&$'# )$ *+ ,-&$ .'$/ +*&$+01 233 1$+&4 +56 7#+7 +  !"# %&'!()

+' 8$ 6'47&97$0 94-'5 + :+-& 6; 6&7#656'+* <+7-' 4=9+&$4> ?@  !"# %&'!()

6; 6&0$& n -4 +' n × n A+7&-B Mn = |m(k, l); 1 ≤ k, l ≤ n| 6'4-47-'5 6; n2

6'4$97-C$ :64-7-C$ -'7$5$&4 m(k, l) 49# 7#+7 7#$ 49A4 6; $*$A$'74 -' $+#

&6/D 6*9A' +'0 6' 867# 0-+56'+*4 +&$ 7#$ 4+A$>E

F$77-'5 a = 3 +'0 b = 4 +'0 94-'5 7#$ ;6&A9*+

m(k, l) = 9 · r(k, l) + s(k, l) + 1,

/$ 687+-' + A+5- 4=9+&$ M9 = |m(k, l); 1 ≤ k, l ≤ 9| 6; 6&0$& G /#64$

$*$A$'74 +&$ ;&6A 7#$ 4$7 {0, 1, 2, . . . , 92 − 1}> "#$ #6-$ 6; 7#$ :+&+A$7$&4

a, b $'49&$4 7#+7 '67 6'*1 7#$ 49A4 -' 7#$ &6/4 +'0 6*9A'4D 897 +*46 6' 7#$

0-+56'+*4 +&$ 7#$ 4+A$>

H#$' /$ 5$'$&+*-I$ 7#$ '67-6' 6; + <+7-' 4=9+&$ 76 ;69& 0-A$'4-6'4D /$

687+-' + <+7-' #1:$&98$> @ *!+#, -./)('0) 6; 6&0$& n -4 + #1:$&98$

Tn = |t(i, j, k, l); 1 ≤ i, j, k, l ≤ n|,

/#64$ $*$A$'74 +&$ ;&6A 7#$ 4$7 {0, 1, 2, . . . , n−1} +'0 $+# &6/ +'0 0-+56'+*

6'7+-'4 + :$&A97+7-6' 6; 7#-4 4$7>

J6'4-0$& 7/6 <+7-' #1:$&98$4 Tn = |t(i, j, k, l)| +'0 Un = |u(i, j, k, l)| 6;
6&0$& n 5-C$' 81 7#$ ;6**6/-'5 ;6&A9*+4K

t(i, j, k, l) = r(i, (r(j, r(k, l))) = (i + j + k + l) mod n,

u(i, j, k, l) = s(i, (s(j, s(k, l))) = (i − j + k − l) mod n;

/-7# Rn +'0 Sn 8$-'5 + :+-& 6; 6&7#656'+* <+7-' 4=9+&$4 5-C$' 81 ;6&A9L

*+4 ?ME> "#$ 9× 9 5&-0 ;&6A %-59&$ ND /#-# -4 + FO)PQO 46*97-6'D #+4 8$$'

6'47&97$0 94-'5 7#$ ;6&A9*+

v(i, j, k, l) = t(i, j, k, l) · n + u(i, j, k, l). (2)



 ! "#$%&'!(%)!*+ -.' *!$ /01 20   

!"# %&#'() &#%*#& +%, -./0# /"%/ -./ .-), %)) /"# )%,#&1 20/" /"# /"&## )%,1

345678 34597 %-* 365:7 .-/%0- %)) /"# #)#+#-/1 .' M ;(/ /"%/ /"# 1%+# 01 /&(#

'.& %)) /"# )%,#&1 20/" % '.(&/" )%,< =# "%># .;/%0-#* /"01 ?&.?#&/, /"%-@ /.

% 1(0/%;)# ".0# .' /"# ?%0& .' A%/0- ",?#&(;#1< B.& % *0C#&#-/ ".0# .' /"#

?%0& .' A%/0- 1D(%&#1 3.;/%0-#* '.& #E%+?)# ;, % *0C#&#-/ ".0# .' a %-* b7 2#

.;/%0- *0C#&#-/ A%/0- ",?#&(;#1 .' .&*#& n %-* "#-# % *0C#&#-/ ",?#&(;#

F % *0C#&#-/ G%+# ?)%- .+?)#/0.-< H.&#.>#&8 /"# .-1/&(/0.- ;%1#* .- 367

01 1(" /"%/ /"# 1(+1 .' /"# -(+;#&1 0- %)) /"# &.21 .' /"# ",?#&(;# %&# /"#

1%+# '.& #>#&, ".0# .' /"# ?%&%+#/#&1 a, b< I??),0-G 1(0/%;)# #E"%-G#1 .'

&.21 %-* .)(+-18 2# %- .;/%0- *0C#&#-/ G&0*1 3JKLMNK 1.)(/0.-17< 3O.(

%- P-* +.&# *#/%0)1 .- A%/0- 1D(%&#1 %-* ",?#&(;#1 0- Q-/#&-#/ .& R9℄<7

3 1 8 7 5 0 2 6 4

7 5 0 2 6 4 3 1 8

2 6 4 3 1 8 7 5 0

1 8 3 5 0 7 6 4 2

5 0 7 6 4 2 1 8 3

6 4 2 1 8 3 5 0 7

8 3 1 0 7 5 4 2 6

0 7 5 4 2 6 8 3 1

4 2 6 8 3 1 0 7 5

Figure 8

!"# %;.># /#E/ ?.1#1 +.&# D(#1/0.-1 /"%- 0/ G0>#1 %-12#&1< J0-# /"#

'.&+()%1 %&# /&(# '.& #>#&, .** n8 /"# &#%*#& +%, /"0-@ .' G%+# ?)%-1 .'

*0C#&#-/ 10T#1<

!"# &#%*#& %- %)1. *#10G- -(+#&.(1 >%&0%/0.-1 .' /"# JKLMNK ?(TT)#8

0-1?0&#* '.& #E%+?)# ;, /"# '.)).20-G -./#1U

 < I11(+# /"%/ % ",?#&(;# .' .&*#& 9 .-/%0-1 0- 1.+# .' 0/1 #))1 -(+;#&1

'&.+ /"# 1#/ {0, 1, 2}< !"# %0+ .' /"# G%+# 01 /. P)) 0- /"# +0110-G -(+;#&1

1. /"%/ #%" &.2 .-/%0-1 #%" .' /"# -(+;#&1 0, 1, 2 #E%/), .-#< V#-#8 /"#

1.)(/0.- .' /"# ?(TT)# 01 % A%/0- ",?#&(;# .' .&*#& 9< 3I .-1/&(/0.- .' 1("

",?#&(;#1 01 G0>#- 0- R9℄<7

!< Q-1/#%* .' /"# 9 × 9 G&0* 2# %- .-10*#& % m2 × m2 G&0* .-101/0-G

.' m2 &#G0.-1 .-/%0-0-G m × m #))1< J.+# #))1 .-/%0- -(+;#&1 '&.+ /"#

1#/ N = {1, 2, 3, . . . ,m2}< !"# %0+ .' /"# G%+# 01 /. P)) 0- /"# +0110-G -(+;#&1

1. /"%/ #%" &.28 .)(+- %-* &#G0.- .-/%0-1 % ?#&+(/%/0.- .' /"# 1#/ N < 3!"#

'.&+()%1 347 %-* 367 %&# >%)0* '.& %)) .** n<7 Q- .(& #E?#&0#-# /"# >#&10.-

20/" m = 2 01 1(0/%;)# '.& ,.(-G @0*1 '&.+ W /. 4X ,#%&1 .' %G#<



 !  !"#$% &"'%()'"

5 4 3 2 6 1

2 1 6 5 3 4

4 3 5 1 2 6

1 6 2 4 5 3

6 2 1 3 4 5

3 5 4 6 1 2

Figure 9

 " #$ &' ()*&+' & ,+-$.$'* /01230 45667$ +8 9$ ,.(4 *:$ .$;5+.$<$'*

*:&* *:$ .$=+('> &.$ >;5&.$>" ?(. $@&<47$A *:$ 6×6 =.+, +' ?+=5.$ B +> ,+C+,$,

+'*( .$*&'=57&. .$=+('> 9+*: 3 × 2 $77>"

 "#$%&'()'*'#+,

/544(.*$, )D 3EFG =.&'* HIJKLJM30KHNOLPL"

 !"!#!$!&

QP℄ S" T.$'U7$." G' &7=(.+*:< 8(. <&=+ *$>>$.&*>"  "#$%"& '())#%"$ *+

,-#)./  #%"*$ *+ 01%-#.1%"2 1$3 ,*.4(%#5  "#$#A V#/W +' X:$7<

YV(7&',ZA [(" OA OMM\OM A OLLI"

QO℄ S" T.$'U7$." S&=+ 4K,+<$'>+('&7 5)$>" 6%1 65"%-.#%"1A !"A JIP\

JIHA OLLP"

QJ℄ S" T.$'U7$." 2.*:(=('&7 ]&*+' 4K,+<$'>+('&7 5)$>" ,7#-*2)*819 01:

%-#.1%"1) ;*(5$1)A ##A  OM\ O!A OLLM"

QH℄ -%%4<==>>>?2(3*9(?*."

QM℄ -%%4<==#$?>"9"4#3"1?*5@=>"9"= (3*9("


