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[f(x + y)]
2
− [f(x − y)]

2
+f(2x+2y)+f(2x−2y) = f(2x)[f(2y)+2g(2y)], x, y ∈ G,

<;,$, f %2) g %$, 
9>.&,?56%&1,) =12
" 92- ),@2,) 92 G!

<= %7>:6?@
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 ! "#$% &'#( )*+,$#$&!)*+
 +.!#)+)+!/0 1$ 2/3 +&4$*)'#) %+55 6! )7! 8$55$%9

+#,:

[

sin

(

x + y

2

)]2

−

[

sin

(

x − y

2

)]2

= sin(x) sin(y), x, y ∈ R, ;<=

sin(x + y) + sin(x − y) = 2 sin(x) cos(y), x, y ∈ R, ;>=

sinh(x − y) = sinh(x) cosh(y) − cosh(x) sinh(y), x, y ∈ R. ;?=

@!) (G,+) 6! ' 2#+A2!5( >9.+B+/+65! C6!5+'# ,*$24 '#. f, g :G→C0 DA2')+$#

;<= )*'#/5')!/ +#)$ )7! %!55 "#$%#  !"# $%"
'!(")* #+%)'!(" E<3 F℄

[

f

(

x + y

2

)]2

−

[

f

(

x − y

2

)]2

= f(x)f(y) 8$* '55 x, y ∈ G, ;H=
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!"# $%& '()*+ ,(+* -. -/* 0!1(2(!, 
!"#$% &'$
(#!$)* %+')(#!$ 345 65 7℄

f(x + y) + f(x − y) = 2f(x)g(y) 0., !22 x, y ∈ G, $9&

!"# $:& 2*!#+ -. -/* ,
-%*./0!123%" &'$
(#!$)* %+')(#!$ 34℄

f(x − y) = f(x)g(y) − g(x)f(y) 0., !22 x, y ∈ G. $6&

;,.1 ".< ."5 fo !"# fe +-!"# 0., -/* .## !"# -/* *)*" =!,- .0 ! 0>"
-(." f @

 !"#$"% & '(
*+, -./ 0!#%1$"2 3&℄56 4%( (G,+) 2% ) '$#+'%*5 6.7#8#.

"#2*% ,2%*#)$ 93!':; <0%$ f, g : G → C ")(#"&5 %+')(#!$ $6& #& )$7 !$*5 #&

$(& f = 0 )$7 g #" )32#(3)35= !3

$((& (0%3% %>#"(" )$ )77#(#8% &'$
(#!$ A : G → C )$7 ) 
!$"()$( α ∈ C "'
0

(0)( f(x) = A(x), g(x) = αA(x) + 1, x ∈ G= !3

$(((& (0%3% %>#"(" )$ %>:!$%$(#)* &'$
(#!$ m : G → C )$7 
!$"()$(" β, γ ∈ C

"'
0 (0)( f(x) = βmo(x), g(x) = γmo(x) + me(x), x ∈ G;

;,.1 -/* +A+-*1 .0 *B>!-(."+

{

f(x + y) = f(x) + f(y),

f(xy) = f(x)f(y),

<* '*- (0% /0!123%" &'$
(#!$)* %+')(#!$ $+** 3%℄&

f(x + y) + f(xy) = f(x) + f(y) + f(x)f(y)

0., 0>"
-(."+ f 1!==("' ! '()*" ,("' ("-. !".-/*, ."*@ C #(D*,*"- +A+-*1 .0

-/* 0>"
-(."!2 *B>!-(."+ /!+ E**" +->#(*# EA F*, 3:5 G5 9℄@ H*,* <* 
."+(#*,

-/* +>1 .0 *B>!-(."+ $G& !"# $9&@

 ! "#$% &'()*+(

I* ,*=2!
* x EA 2x !"# y EA 2y (" $G& !"# $9&@ J>11("' >= -/*+* 0>"
-(."!2

*B>!-(."+ +(#* EA +(#*5 0., !22 x, y ∈ G5 <* '*-

[f(x + y)]2−[f(x − y)]2+f(2x + 2y)+f(2x − 2y)=f(2x)[f(2y)+2g(2y)]. $7&

7"%-$8 &6 ?'( x=y=0 #$ $7&@ "! (0)( A% 0)8% f(0)=0 ∨ f(0)=2 − 2g(0);

9"%%- &6 4%( (G,+) 2% ) '$#+'%*5 6.7#8#"#2*% ,2%*#)$ 93!': )$7 *%( &'$
(#!$"

f, g : G → C ")(#"&5 %+')(#!$ $7&; B$ (0#" 
)"%

$(& #& f = 0@ (0%$ g #" )32#(3)35=

$((& #& g = 0@ (0%$ f = 0 !3 f = 2;
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$%!&4" *5#4$%!&  !

 !""#$ "# $%%&' ()* g = 0+ ,-..%/0 y = x %/ $1&+ 23 03.

f(x) = [f(0)]2 − f(0) = f(0)[f(0) − 1] = γ, x ∈ G. $ &

(*)4 35-6.%)/ $1& 23 )7.6%/

γ2 − γ2 + 2γ = γ2,

283/
3 γ = 0 ∨ γ = 2' :; $ &+ 23 
)/
<-#3 .86. f = 0 ∨ f = 2.

 !""# $% %&' (G,+) (& ) *+,-*&./ 012,3,4,(.& 5(&.,)+ 6!"*7 )+2 .&' +"+8&!"
#*+
',"+4 f, g : G → C (& #*+
',"+4 2&:+&2 (/

f(x) = aA(x) + f(0), g(x) = bA(x) + g(0), x ∈ G, $!&

;,'< 4"=& )22,',3& #*+
',"+ A : G → C )+2 a, b ∈ C 4)',4#/ &-*)',"+ $1&$ >+

'<,4 
)4& ;& <)3& '<& #"..";,+6 7"44,(,.,',&4?

$%& ># f(0) = 0@ '<&+ f(x) = aA(x), g(x) = 1, x ∈ G.

$%%& ># f(0) �= 0@ '<&+ f(x) = f(0), g(x) = 1 − 1
2f(0), x ∈ G$

 !""#$ ",,<;%/0 $!& .) $1&+ 23 86=3

[aA(x+ y)+ f(0)]2− [aA(x− y)+ f(0)]2 +aA(2x+2y)+2f(0)+aA(2x− 2y)

= [aA(2x) + f(0)][(a + 2b)A(2y) + f(0) + 2g(0)], x, y ∈ G.

(*)4 .83 ,*),3*.%3> )? 6##%.%=3 ?-/
.%)/ A ?)* 6<< x, y ∈ G+ 23 %/?3* .86.

[2−f(0)−2g(0)][2aA(x)+f(0)]+2f(0)[a−2b]A(y)=8abA(x)A(y). $@A&

&#'! (% ">>-43 .86. f(0) = 0' B83/ 35-6.%)/ $@A& 86> 6 ?)*4

aA(x)[1 − g(0) − 2bA(y)] = 0, x, y ∈ G. $@@&

C? a = 0∨A = 0∨ (a �= 0∧A �= 0∧ b �= 0)+ .83/ 23 03. f = 0+ 6 
)/.*6#%
.%)/'

D3/
3 23 86=3 )/<; )/3 ,)>>%7%<%.; (a �= 0 ∧ A �= 0 ∧ b = 0)' E)/>35-3/.<;+

35-6.%)/ $@@& 0%=3> g(0) = 1' (*)4 $!& 23 )7.6%/ $%&'

&#'! $% F3. f(0) �= 0' :; G346*H @ 6/# 35-6.%)/ $@A&+ 23 03. .83 *3<6.%)/

A(y)[f(0)(a − 2b) − 4abA(x)] = 0, x, y ∈ G.

C? A = 0+ .83/ $%%&' ">>-43 .86. A �= 0' (*)4 67)=3 23 86=3

f(0)(a − 2b) = 4abA(x), x ∈ G.

B83*3?)*3 (a = 0 ⇒ b = 0) ∨ (b = 0 ⇒ a = 0)+ .83 
6>3 $%%&' C? a �= 0 ∧ b �= 0+
.83/ A = 0+ 6 
)/.*6#%
.%)/'



 !  !"#$ %&'$($

"#$% $& '#()*+,-& .#)& /(#/&(-0&. #' -1& &2/#3&3-0,+ '*3
-0#3 $0-1#*- , /(##'5

 !""# $%  !" (G,+) #! $ %&'(%!)* +,-'.'/'#)! 0#!)'$& 123%45 67!& $ &3&8!23
!943&!&"'$) :%&
"'3& m : G → C 7$/ "7! :3))3<'&1 4234!2"'!/

607 me(x + y) + me(x − y) = 2me(x)me(y), x, y ∈ G;

6007 [mo(x + y)]2 − [mo(x − y)]2 = mo(2x)mo(2y), x, y ∈ G;

60007 mo(x + y) + mo(x − y) = 2mo(x)me(y), x, y ∈ G;

6087 mo(2x) = 2mo(x)me(x), x ∈ G;

687 [me(x + y)]2 − [me(x − y)]2 = mo(2x)mo(2y), x, y ∈ G;

6807 mo(x + y) − mo(x − y) = 2me(x)mo(y), x, y ∈ G.

 !""# &%  !" (G,+) #! $ %&'(%!)* +,-'.'/'#)! 0#!)'$& 123%4 $&- )!" &3&8!23
:%&
"'3&/ f, g : G → C #! :%&
"'3&/ -!=&!- #*

f(x) = amo(x) + bme(x), g(x) = cmo(x) + dme(x), x ∈ G, 69:7

<'"7 /3>! !943&!&"'$) :%&
"'3& m : G → C $&- a, b, c, d ∈ C /$"'/:*'&1 !(%$,

"'3& 6;75 67!& <! 7$.! "7! :3))3<'&1 43//'#')'"'!/?

607 f(x) = amo(x), g(x) = me(x), x ∈ G; 32

6007 f(x) = b �= 0, g(x) = 1 − 1
2b, x ∈ G; 32

60007 f(x) = bmo(x) + bme(x), g(x) = 1
2bmo(x) + (1 − 1

2b)me(x), x ∈ G; 32

6087 f(x) = −bmo(x) + bme(x), g(x) = −1
2bmo(x) + (1 − 1

2b)me(x), x ∈ G.

@233:5 <3.&(-03= '*3
-0#3. 69:7 03-# &>*,-0#3 6;7% '#( ,++ x, y ∈ G% $& #?-,03

[amo(x + y) + bme(x + y)]2 − [amo(x − y) + bme(x − y)]2 + a[mo(2x + 2y)

+mo(2x − 2y)] + b[me(2x + 2y) + me(2x − 2y)]

= [amo(2x) + bme(2x)][(a + 2c)mo(2y) + (b + 2d)me(2y)].

@(#) ,?#8& ,3A B&)), C% $& =&-

[b2 − 2ac]mo(x)mo(y) + b[a − 2c]me(x)mo(y)

+a[2 − b − 2d]mo(x)me(y) + b[2 − b − 2d]me(x)me(y) = 0, x, y ∈ G. 69C7

D0(&
-+E '(#) -1& A&F30-0#3 69:7% $& .&& -1,- f(0) = b ,3A g(0) = d5 G#(&#8&(%

'(#) H&),(I 9 $& 03'&( -1,- b = 0 #( b = 2(1 − d)5
"#$ $& .1,++ A0.-03=*0.1 -$# 
,.&. (&=,(A03= -1& 8,+*& #' '*3
-0#3 f ,-

J&(#5
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 !"# $% "#$ f(0) = b = 0% &'#() *+ ,!-.) /# 
1(
234# $'5$

amo(x)[−cmo(y) + (1 − d)me(y)] = 0, x, y ∈ G.

67 a = 0 18 mo = 0) $'#( 5291 f = 0% :#(
#

−cmo(y) + (1 − d)me(y) = 0, y ∈ G. ,!;.

<3$$=(> y = 0 =( ,!;. 5(4 39=(> mo(0) = 0) /# '5?# d = 1% @1=($2+ /=$' ,!;.)

718 522 y ∈ G) $'=9 =AB2=#9 $'5$ −cmo(y) = 0) /'#(
# c = 0) /'=
' #(49 $'#

B8117 17 ,=.%

 !"# &% C993A# $'5$ f(0)=b �= 0% D#$ b=2(1−d) =( ,!-.% &'#() /# >#$

mo(y)[(b2 − 2ac)mo(x) + b(a − 2c)me(x)] = 0, x, y ∈ G. ,!E.

'()
!"# &%$% "#$ mo = 0% F+ #G35$=1( ,!H.) /# 
1(
234# $'5$ f = bme)

g = dme% I#B25
=(> y *+ −y =( ,J.) /# 588=?# 5$

[f(x−y)]2−[f(x+y)]2+f(2x−2y)+f(2x+2y)=f(2x)[f(2y)+2g(2y)]. ,!K.

D3*$85
$=(> ,J. 5(4 ,!K.) /# >#$

[f(x + y)]2 = [f(x − y)]2, x, y ∈ G.

<3$$=(> '#8# y = x 5(4 8#B25
=(> x *+ x
2 ) /# 1*$5=( f2 = b2% &'# 
59# f = −b

=9 =AB199=*2#% 6( 1$'#8 /1849) /# '5?# ,==.L f = b, me = 1, g = d = 2−b
2 =

1 − 1
2b.

'()
!"# &%&% D3BB19# mo �= 0% &'#( ,!E. +=#249

(b2 − 2ac)mo(x) + b(a − 2c)me(x) = 0, x ∈ G. ,!J.

<3$$=(> x = 0) /# '5?# a = 2c% M81A ,!J.) 718 522 x ∈ G) /# >#$

(b2 − 4c2)mo(x) = 0) =%#% b2 = 4c2% 67 a = 2c ∧ b = 2c) $'#( /# '5?# $'#


59# ,===.% :1/#?#8) a = 2c ∧ b = −2c +=#249 ,=?.%

+,#-.#/ &%  !" (G,+) #! $ %&'(%!)* +,-'.'/'#)! 0#!)'$& 123%45 67!& 8%&
,

"'3&/ f, g : G → C /$"'/8* !(%$"'3& ,J. '8 $&- 3&)* '8

,=. f = 0 $&- g '/ $2#'"2$2*: 32

,==. f(x) = α �= 0, g(x) = 1 − 1
2α, x ∈ G: 32

,===. "7!2! !;'/"/ $& $--'"'.! 8%&
"'3& A :G→C /%
7 "7$" f =A, g=1: 32

,=?. "7!2! !;'/"/ $& !;43&!&"'$) 8%&
"'3&m : G→C $&- /3<! 
3&/"$&" β ∈ C

/%
7 "7$" f =βmo, g=me: 32



 !  !"#$ %&'$($

"#$  !"#" "$%& & '( "$)*("( %'+ ,-(
 %*( m : G → C &-
!  !' f(x)=f(0)mo(x)

+ f(0)me(x), g(x) = f(0)
2 mo(x) +

(

1 −
f(0)

2

)

me(x), x ∈ G/ *#

"#%$  !"#" "$%& & '( "$)*("( %'+ ,-(
 %*( m : G → C &-
!  !' f(x) =

−f(0)mo(x)+f(0)me(x), g(x) = −
f(0)
2 mo(x)+

(

1 −
f(0)

2

)

me(x), x ∈ G.

0#**,1 &'() *+)), - .+ (/0,%1 "%$ ,12 "%%$ 3(' α = 24 5667)+ 08,0 f �= 0
,12 g �= 04 9700%1: x = 0 %1 ";$< .+ :+0

[f(y)]2 − [f(−y)]2 + f(2y) + f(−2y) = f(0)[f(2y) + 2g(2y)], y ∈ G.

*+0 2C := f(0)4 =876< 3'() ,/(#+

f(2y) + f(−2y) − 2C[f(2y) + 2g(2y)] = [f(−y)]2 − [f(y)]2, y ∈ G. "->$

?10+'
8,1:%1: 08+ '(A+6 (3 x ,12 y %1 ";$< .+ (/0,%1

[f(y+x)]2−[f(y−x)]2+f(2y+2x)+f(2y−2x)

=f(2y)f(2x)+2f(2y)g(2x), x, y ∈ G.
"- $

B7/0',
0%1: ";$ ,12 "- $< .+ :+0

[f(y−x)]2−[f(x−y)]2+f(2x−2y)−f(2y−2x)

=2f(2x)g(2y)−2f(2y)g(2x), x, y ∈ G.
"!C$

5DDAE%1: "->$ 3(' y +F7,A x − y< .+ '+
%#+

f(2x−2y)+f(−2x+2y)−2C[f(2x−2y)+2g(2x−2y)]

=[f(−x+y)]2−[f(x−y)]2, x, y ∈ G.
"!-$

GE "!C$ ,12 "!-$< .+ :+0 08+ '+A,0%(1

(1 − C)f(2x − 2y) − 2Cg(2x − 2y) = f(2x)g(2y) − f(2y)g(2x), x, y ∈ G.

H+DA,
%1: x /E x
2 ,12 y /E y

2 < .+ (/0,%1

(1 − C)f(x − y) − 2Cg(x − y) = f(x)g(y) − f(y)g(x), x, y ∈ G. "!!$

 !"# $% *+0 f(0) = 0 ⇒ C = 04 =876< 3'() "!!$ .+ :+0

f(x − y) = f(x)g(y) − f(y)g(x), x, y ∈ G,



 !"#$%!&' !( $)* +)!,-.*'/$01* $.%2!&!,*$.%
 (#&
$%!&4" *5#4$%!&  !

"# $%&'(&) * +,,-. /& ,01&( 2%32 f(x) = A(x), g(x) = αA(x) + 1 1'( 4')&

355,2,6& 170
2,'0 A 305 4')& 
'042302 α9 :0 6,&/ '1 ;&))3 < 1'( a = 1.
b = α. f(0) = 0. g(0) = 1. /& 5&57
& 2%32

f(x) = A(x), g(x) = 1, x ∈ G.

$%,4 ,4 2%& 
34& +,,,- '1 '7( 2%&'(&)9 "# $%&'(&) * +,,,-. /& =&2

f(x) = βmo(x), g(x) = γmo(x) + me(x), x ∈ G.

>'( a = β, b = 0, c = γ, d = 1 ,0 ;&))3 ? +,- /& %36& 2%& 
34& +,6-. ,9&9

f(x) = βmo(x), g(x) = me(x), x ∈ G.

 !"# $% @447)& 2%32 f(0) �= 09 $%&0 g(0) = 1 − C. 305 +<<- =,6&4

g(0)f(x − y) − f(0)g(x − y) = f(x)g(y) − f(y)g(x), x, y ∈ G. +<!-

&'(
!"# $%*% :1 g(0) = 0. 2%&0 f(0) = 29 "# +<!-. /& ,01&( 2%32

g(x − y) = g(x)
f(y)

2
− g(y)

f(x)

2
, x, y ∈ G. +<?-

$%&'(&) * +,,- #,&A54 g(x) = A(x), f(x)
2 = αA(x)+1 1'( 4')& 355,2,6& 170
2,'0

A 305 4')& 
'042302 α9 $%74

f(x) = 2αA(x) + 2, g(x) = A(x), x ∈ G.

"# ;&))3 < 1'( a = 2α. b = 1. f(0) = 2. g(0) = 0. /& =&2 f = 2. g = 09 $%,4
,4 2%& 
34& +,,-9 $%&'(&) * +,,,- A&354 74 2'

f(x) = 2γmo(x) + 2me(x), g(x) = βmo(x), x ∈ G.

>(') ;&))3 ? +,,- 1'( a = 2γ. b = 2, c = β, d = 0. /& =&2 +,,- '1 2%& 2%&'(&)9

$%& 
34& +,,,- 1'( f(0) = 2 =,6&4 +6-. 305 +,6- =,6&4 +6,-9

&'(
!"# $%$% ;&2 f(0) �= 0 305 g(0) �= 09 $%74. 1(') +<!- 1'(

F (x) := g(0)f(x) − f(0)g(x), G(x) :=
g(x)

g(0)
, x ∈ G,

/& 
'0
A75& 2%32

F (x − y) = F (x)G(y) − F (y)G(x), x, y ∈ G. +<B-

@=3,0. C# $%&'(&) * +,,-. /& 'C23,0

g(x) = g(0)αA(x) + g(0), f(x) =
1 + f(0)g(0)α

g(0)
A(x) + f(0), x ∈ G.



 !  !"#$ %&'$($

"# $%&&' ( )**+ ,-. a = 1+f(0)g(0)α
g(0) / b = g(0)α/ 0% 1%2 )**+ -, 23% 23%-.%&4

56.23%./ 73%-.%& 8 )***+ #*%9:;

F (x) := g(0)f(x) − f(0)g(x) = βmo(x), x ∈ G,

G(x) :=
g(x)

g(0)
= γmo(x) + me(x), x ∈ G,

-./ %<6*='9%>29#/

g(x) = g(0)γmo(x) + g(0)me(x), x ∈ G,

f(x) =
β + γf(0)g(0)

g(0)
mo(x) + f(0)me(x), x ∈ G.

?-0/ 6;*>1 $%&&' ! ,-. a = β+γf(0)g(0)
g(0) / b = f(0)/ c = γg(0)/ d = g(0)/

23% 
';% )**+ 1*=%; )**+ -, -6. 23%-.%&/ 3-0%=%. )***+ #*%9:; )=+/ '>: )*=+ 1*=%;

)=*+4

 !"!#!$
!&

A8℄ C4 D
EF9/ C4 G3-&H.%;4  !"
$%&"'( )*!'$%&"+ %" ,-.-/'( 0'/%'1(-+4 I'&J

H.*:1% K>*=%.;*2# L.%;;/ I'&H.*:1% 8 M 4

A(℄ C4 G3-&H.%;4 N%9'2*->; :% :FO%>:'>
% %>2.% 9%; F<6'2*->; ,->
2*->>%99%;

:% I'6
3#4 2-*!'$3 4'$53/  !/ 8MPQ(8(/ 8 MM4

AR℄ N4 S%.4 T> '> %<6'2*-> -, .*>1 3-&-&-.O3*;&;4 6!1(3 4'$53 7-1/-
-"/

!"/ R UQ!8U/ 8  M4

A!℄ N4 S%.4 N*>1 3-&-&-.O3*;&; %<6'2*-> .%=*;*2%:4 8&
9"%: ;'!:3<7=>':$3

6/'
- 4'$3/ #$/ 8V8Q88W/ (VVV4
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