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 !"#$%#' -(.** /,0!.#1(23 4!. 5 +# 0 1(* 3(!.1*31 '/1( 6*17** 17! "*.1#*3 7#1(

/.6#1./.9 ,/6*,3 !4 / 9 4./1/, 0./'( :/ !# S(k, n) / + 1(* *;/1 *31#2/1#! !4 1(*

2# #2/, +#31/ * 6*17** 1(*3* "*.1#*3 4!. 1(* /3* k ≥ 3 / + n < k /.* '.!'!3*+)
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 !" #$%&'"( )*+',-.#"/  %0"$ %1 234%-5 !36 (347 83$-3,-%46 349 /"4"$3'-:3.

,-%46 -4 9-;"$"4, 9-$",-%46 =>℄@

A4 ,!-6 #3#"$ 0" %46-9"$ ,!" 1%''%0-4/ /"4"$3'-:3,-%4B -4-,-3' 349 ,"$(-43'

%4C/+$3,-%46 3$" 347 3$&-,$3$7 D4% $"/+'3$E '"/3' 9-6,$-&+,-%46 %1 n 9-6F6

3(%4/ k #"/6G %+$ /%3' -6 ,% /", 1$%( 3 /-8"4 3$&-,$3$7 -4-,-3' 6,3," ,% %4"

%1 ,!" 9-;"$"4, 6,3,"6 &7 ,!" 6!%$,"6, #3,! &",0""4 '"/3' %4C/+$3,-%46 =H℄@

 !" 6!%$,"6, 6"I+"4"6 %1 (%8"6 '"39-4/ 1$%( 3 /-8"4 -4-,-3' %4C/+$3,-%4

,% 3 /-8"4 ,"$(-43' %4C/+$3,-%4 -6 "I+3' ,% ,!" 6!%$,"6, #3,! &",0""4 ,0%

8"$,-"6 Vi J Vj %1 ,!" 6#"-3' /$3#! D/$3#! 234%-E 0-,! 6#"-3' '3&"'6 =K℄@

 !-6 #$%&'"( 1%$ k = 3 036 -48"6,-/3,"9 &7 L49$"36 2-4: -4 =K℄@ A1 ,!" -4-.
,-3' %4C/+$3,-%4 -6 347 3$&-,$3$7 D4% $"/+'3$E 4%9" 349 ,"$(-43' %4C/+$3,-%4

-6 #"$1", D$"/+'3$E %4C/+$3,-%4J ,!" 6!%$,"6, 6"I+"4"6 %1 (%8"6 '"39-4/ 1$%(

3 /-8"4 -4-,-3' %4C/+$3,-%4 ,% 3 /-8"4 %4C/+$3,-%4 -6 "I+3'J %4 ,!" 38"$3/"J

,% (2/3) ∗ (2n − 1).
M" %46-9"$ ,!"6" #$%&'"( 1%$ ,!" 36" k ≥ 3.
 !" (3-4 $"6+', %1 ,!" #$%#%6"9 3$,-'" -6 34 3'/%$-,!( 1%$ C49-4/ ,!"

6!%$,"6, #3,! (A,B) &",0""4 3$&-,$3$7 8"$,-"6 0-,! '3&"'6 A 349 B %1 3 1$3,3'

/$3#! 234%- H(k, n) 1%$ ,!" 36" n < k 349 k ≥ 3.
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#$%& $%($)&)*+ ,) *-& ./0&.+ A /)1 B %/2 $,),1&3 4-,+ %&/)+ *-/* *-&

1,+5+ ,) *-& /((6$(6,/*& $)7896/*,$) A /6& ,)+*/..&1 ,) *-& +/%& %/))&6 /+

6&:9,6&1 ,) / 8,;&) $)7896/*,$) B. #9- $%($)&)*+ /6& (/,)*&1 <$.$6&1=3

>+ 09,.1,)8 / (/*- (A,B), / 86$?,)8 )9%0&6 $@ $%($)&)*+ ?,.. 0& $.$6&13

A&/6,)8 ,) %,)1 *-& )&&1 *$ %,),%,B& *-& )9%0&6 $@ %$;&+C )$*& *-/* ?-&)

k > n, &/- 1,+5 /) 0& %$;&1 *$ ,*+ 1&+,6&1 .$/*,$) /* %$+* ,) *?$ %$;&+3

4-&6&@$6&C &/- $%($)&)* $@ *-& ./0&. A ,) *-& (/*- (A,B) /) 0& -/)8&1

/* %$+* *?$ *,%&+3

 ! "#$ $%&( $)(*+&(*,- ,. (#$ +*-*+&/ 0*)(&-$

1$(2$$- 3$4(*$) ,. S(k, n) .,4 k ≥ 3 &-0 n < k

 !"#$"%& D$6 / 86/(- H(k, n) ?,*- k ≥ 3 /)1 n < kC *-& %,),%/. 1,+*/)&

0&*?&&) *-& ;&6*,&+ ?,*- /60,*6/62 ./0&.+ A /)1 B ,) *-& (/*- (A,B) ,+

&:9/. *$

d(A,B) = 2(n − n0) − n1, (1)

?-&6& n ,+ *-& )9%0&6 $@ $%($)&)*+ ,) AC n0 *-& )9%0&6 $@ ,);/6,/0.& $%E

($)&)*+C n1 *-& )9%0&6 $@ $%($)&)*+ ?-,- /6& ;/6,/0.& $)&E$F3

'$##(& 4-& (6$$@ ,+ /66,&1 $9* 02 ,)19*,$) ?,*- 6&+(&* *$ n.

 3 D$6 n = 1 ?& -/;& $)& ;/6,/0.& $%($)&)* /)1 *?$ /+&+G

 /= H96 $%($)&)* ,+ ;/6,/0.& $)&E$F3

I* ,+ .&/6 *-/* d(A,B) = 1. H) *-& $*-&6 -/)1C n1 = 1 C n0 = 0 /)1 @6$%

$96 @$6%9./ ?& -/;& d(A,B) = 2 ∗ 1 − 1 = 1.

 0= H96 $%($)&)* 1$&+ )$* -/)8&3

4-&) d(A,B) = 0. H) *-& $*-&6 -/)1C n1 = 0 C n0 = 1 /)1 @6$% $96 @$6%9./

?& -/;& d(A,B) = 2 ∗ (1 − 1) − 0 = 0.

!3 H96 ,)19*,$) -2($*-&+,+ @$6 *-& (/6/%&*&6 n = m ,+

d(Am, Bm) = 2(m − mm
0 ) − mm

1

J3 D$6 n = m + 1 ?& -/;& *-6&& /+&+G

J/= 4-& )&? $%($)&)* 1$&+ )$* -/)8&3

4-&) mm+1
0 = mm

0 + 1, mm+1
1 = mm

1 C /)1 d(Am+1, Bm+1) = d(Am, Bm) + 0
= d(Am, Bm) = 2(m − mm

0 ) − mm
1 = 2(m − mm

0 + 1 − 1) − mm
1 =

= 2((m + 1) − (mm
0 + 1)) − mm

1 = 2((m + 1) − mm+1
0 ) − mm+1

1 .

J0= 4-& )&? $%($)&)* ,+ ;/6,/0.& $)&E$F3

4-&) mm+1
1 = mm

1 +1, mm+1
0 = mm

0 C /)1 d(Am+1, Bm+1) = d(Am, Bm)+1
= 2(m − mm

0 ) − mm
1 + 1 = 2(m − mm

0 ) −mm
1 + 1 + 2 − 2 = 2((m + 1) − mm

0 )
−(mm

1 + 1) = 2((m + 1) − mm+1
0 ) − mm+1

1 .

J= 4-& )&? $%($)&)* ,+ ;/6,/0.& *?,&3



 !"#!"$ %&' (&)*%'(% +,%& -'%.''" /'*%!'( !" , $*,+& 1,")!  !"

#$%& mm+1
1 = mm

1 , mm+1
0 = mm

0 ' (&) d(Am+1, Bm+1) = d(Am, Bm) + 2 =
= 2(m−mm

0 )−mm
1 +2 = 2((m+1)−mm

0 )−mm
1 = 2((m+1)−mm+1

0 )−mm+1
1 .

*+, -.(.%/%&. 0- .,+% 12, (33 42--053% (-%-7

 !"#$%& #$0- ,%-+3. (3328- +- .2 4,29% .$% /0&0/(3 1%(.+,% 21 .$% 4(.$

(A,B) 5+03. 5: 2+, (3;2,0.$/7

 ! "#$% &' ()*+,(+-.# &01&)#)$% &' $2# .+-#. A

-#()3 *+,(+-.# &)#4&5 &, ()*+,(+-.#

#$% <,-. -.%4 0& .$% 4,2%-- 21 <&)0&; .$% -$2,.%-. 4(.$ (A,B) 0- .2 5+03) .$%

-%. 21 0&9(,0(53% 2/42&%&.- 0& .$% 3(5%3 A7

'()*$+,-" .&

 !"#% &'(') A = a1a2 . . . an, B = b1b2 . . . bn' 8$%,% [ai], [bi] ∈ {1, . . . , k},
k > n.

*"(+"( &'(') Z = .$% -%. 21 0&9(,0(53% 2/42&%&.- 0& .$% 3(5%3 A7

 7 #$% -%. 21 232,%) 2/42&%&.- Z = ∅' .$% -%. 21 (&(3:>%) 2/42&%&.-

M = ∅7 i := 1.

!7 ?1 i = n+1' .$%& ;2 .2 -.%4 "7 *.$%,80-%' 8% ;2 @1,2/ 3%1. .2 ,0;$.A (&)

2/4(,% ai 80.$ bj @2&3: &2 4(0&.%)A7

?1 ai ∈ M 2, ai ∈ Z' .$%& i := i + 1 (&) ;2 .2 -.%4 !7

?1 [ai] �= [bi]' .$%& M := {ai} ∪ M ' i := i + 1 (&) ;2 .2 -.%4 !7

?1 [ai] = [bi]' .$%& j = i' (&) ;2 .2 -.%4 B7

B7 C% 2/4(,% bi 80.$ bj @2&3: &2 4(0&.%)A' 8$%,% j < i7 ?1 [bi] = [bj ]'
.$%& i := i + 1 (&) ;2 .2 -.%4 !7

?1 [bj ] �= [bj−1] (&) [bj ] �= [bj−2] (&) . . . (&) [bj ] �= [b1]' 8% 2/4(,% ai 80.$

aj @2&3: &2 4(0&.%)A' 8$%,% j < i7

?1 [aj] �= [aj−1] (&) [aj] �= [aj−2] (&) . . . (&) [aj ] �= [a1]' .$%& Z := {aj}∪Z,
M := {aj} ∪ M (&) ;2 .2 -.%4 D7

?1 [bj ] = [bj−1] 2, [bj ] = [bj−2] 2, . . . 2, [bj ] = [b1]' 2, [aj ] = [aj−1] 2,

[aj ] = [aj−2] 2, . . . 2, [aj] = [a1]' .$%& M := {aj} ∪ M ' i := i + 1 (&) ;2 .2

-.%4 !7

D7 C% $(9% -EFGH 7 ?1 s > n' .$%& i := i + 1 (&) ;2 .2 -.%4 !7

*.$%,80-%' 8% 2/4(,% [aj ] 80.$ [as]' 8$%,% s = j + 1, j + 2, . . . , n.

?1 [aj ] �= [as]' ;2 .2 -.%4 D7

?1 s 0- -+$ .$(. [aj ] = [as]' 8$%,% j < s ≤ n' 8% 2/4(,% [as] 80.$ [bs]7

?1 [as] �= [bs]' .$%& M := {as} ∪ M ' i := i + 1 (&) ;2 .2 -.%4 !7

?1 [as] = [bs]' .$%& j = s (&) ;2 .2 -.%4 B7



 !"  !"#!$ %&'()&'

#$ %&'($ )** &+, ,*,-,.&/ '0 &+, /,& Z 12, (13.&,4 '-('.,.&/$

61+ '-('.,.& '0 &+, *17,* A 3. &+, (1&+ (A,B) 1. 7, +1.8,4 1& -'/&

&9' &3-,/$ 6*,-,.&/ '0 Z 12, 3.:12317*, '-('.,.&/ 3. &+, *17,* A$

;+, 0'**'93.8 1*8'23&+- <)!= 2,1&,/ &+, /,& V 1 '0 '-('.,.&/ '0 A 9+3+

12, :12317*, '.,>'?$ ;+, 1*8'23&+- )! 3/ 71/,4 '. :,23@1&3'. '0 (2'(,2&3,/

&' 7, /1&3/@,4 7A ,*,-,.&/ 02'- V 1$

 !"#$!%&$' "( "*#"+$+%' %" !$,%$ %-$ '$% V 1.

1) ∃ai([ai] = p) ∧ ∀j(j < i)([aj ] �= p) ⇒ (ai ∈ V 1)

2) ∃bi([bi] = q) ∧ ∀j(j < i)([bj ] �= q) ⇒ (ai ∈ V 1)

3) ∃ai([ai] �= [bi]) ∧ (bi−1 ∈ Z) ⇒ (ai ∈ V 1)

4) ∃ai([ai] = p = [bi]) ∧ ∃j(j < i)([aj ] = p)(bj−1 ∈ V 1) ⇒ (ai ∈ V 1)

5) ∃ai([ai] = p) ∧ ∃j(j < i)([aj ] = p) ∧ ([bi] = q �= p)([bj ] = q) ⇒ (ai /∈ V 1)

6) ∃ai([ai] = p) ∧ ∃j(j < i)([aj ] = p) ∧ ([bi] = p)([bj ] �= p) ⇒ (ai /∈ V 1)

7) ∃ai([ai] = p = [bi]) ∧ ∃j(j < i)([aj ] �= p)(bj ] = p) ⇒ (ai /∈ V 1)

B. &+,/, (2'(,&23,/ 9, 1//C-, &+, :1*C,/ p, q ∈ {1, 2, . . . , k}.
D, C/, &+, 1*8'23&+- )! 0'2 &+, (2''0 '0 &+, -3.3-1* 0,1&C2, '0 &+, (1&+

9+3+ 31 2,1&,4 7A &+, 0'**'93.8 1*8'23&+- )E$

 ! "# $%&'()*+, -'( .#/)#& '- *+0 1+'(*01* 2$*+

30*400# *+0 %$30%1 A $#/ B

;+, .,F& /&,( 3. 'C2 (2',// '0 @.43.8 &+, /+'2&,/& (1&+ 7,&9,,. :,2&3,/ 93&+

*17,*/ A 1.4 B 3/ &' './&2C& 1 /,GC,., '0 :,2&3,/ *17,*,4

A0 = A,A1, A2, . . . , Am = B. ;+, *17,*/ Ai 1.4 Ai+1 +1:, '.*A '., 43?,2,.&

,*,-,.& 02'- n '-('.,.&/$

;' /&'2, 3.&,2-,431&, 41&1 3. &+, 0'**'93.8 1*8'23&+- )EH 9, C/, 1 /&1I

/&2C&C2, 93&+ &+, JBKL -13.&,.1., '24,2$

D+,. 9, &21./0,2 &+, 43/I/H 9, C/, 02,, (,8/$ B. &+, 2,*,:1.& '(,21&3'./

'. *17,*/ &+, /'>1**,4 02,, .C-7,2 /+'C*4 7, C/,4$ D, /+'C*4 +1:, ,.'C8+

02,, .C-7,2/H &,-('2123*A C/,4 3. &+, './&2C&3'. '0 (1&+/$

/01"!&%-* 23

 !"#% &'(') ;+, :,2&3,/ *17,*,4 A = a1a2 . . . an 1.4 B = b1b2 . . . bnH

9+,2, [ai], [bi] ∈ {1, . . . , k}, k > n; 1 /,& Z; 1 /,& '0 .C-7,2/ W �= ∅M 1 /&1I

S = ∅.

*"(+"( &'(') ;+, /+'2&,/& (1&+ (A,B) = A0 = A,A1, A2, . . . , Am = B.

 $ A = a1a2 . . . anH B = b1b2 . . . bnH ZH W �= ∅H 1 /&1I S = ∅H A = A0H

m = 0, i := n.



 !"#!"$ %&' (&)*%'(% +,%& -'%.''" /'*%!'( !" , $*,+& 1,")!  !"

!# $% i = 0& '()* +, ', -'). /# 0'()123-)& 2) +, %1,4 13+(' ', 5)%' 3* Am#

$% ai ∈ Z, '()* i := i − 1 6*7 +, ', -'). !#

0'()123-)& 2) ,4.61) [ai] 6*7 [bi].

9() %,55,23*+ '(1)) -3':6'3,*- 61) .,--3;5)#

!# # [ai] �= [bi] = l.

$% ∀bi(bi /∈ Z)∃j(j < i)([bi] �= l) 6*7 ∀ai(ai /∈ Z)∃j(j < i)([aj ] �= [ai]) 6*7

∀ai(ai �= l), '()* 2) (6*+) '() <65:) ,% '() ,4.,*)*' ai 6*7 (6<) [ai] = l.

=) (6<) 6 *)2 56;)5 Am+1& 6 *)2 -)' W 6*7 Z := Z ∪ {ai}. =) (6*+)

i := i − 1 6*7 +, ', -'). !#

!#!# [ai] = q, [bi] = l, q �= l.

9, '() 5)%' ,% '() ,4.,*)*' ai = ai1& 2) (6<) '() ,4.,*)*'- ai2, ai3, . . . , ais

-:( '(6' [ai2] = [ai3] = . . . = [ais] = q& 6*7 ', '() 5)%' ,% '() ,4.,*)*'

bi = bi1& 2) (6<) '() ,4.,*)*'- bi2, bi3, . . . , bit -:( '(6' [bi2] = [bi3] = . . . =
[bit] = l#

$* '(3- 6-)& 2) (6*+) '() ,*')*' ,% ,4.,*)*'- ai = ai1, ai2, . . . , ai(s−1)

'23)# 9() )>).'3,* 3- 467) %,1 '() ,4.,*)*' ais, 2(3( ,*')*' 2)

-(655 (6*+) ,*)?,@ 56')1# A31-'& 2) (6*+) '() ,*')*' ,% )6( ,4.,*)*'

ai = ai1, ai2, . . . , ai(s−1) ,* 6 %1)) *:4;)1 w ∈ W # 9()1)6%')1& 2) 213') 3'

7,2* ai = ai1, ai2, . . . , ai(s−1) ', 6 -'6B S 6*7 1)6') *)2 56;)5-# C6')1 2)

(6*+) '() -)' W := W ′ 6*7 +, ', -'). D#

!#E# [ai] = [bi] = l.

9()* [ai] = l∗ ∈ W. 9()1)6%')1& 2) 1)6') 6 *)2 56;)5 Am+1& 6 *)2 W 6*7

4,7)1*3F) 6 -'6B S# 9()* j = i 6*7 +, ', -'). E#

E# j := j − 1# $% j = 0& '()* i := i − 1 6*7 +, ', -'). D#

0'()123-)& 2) 6*65GF) aj #

$% [aj ] = [ai] = l, 2) ,4.61) [aj ] 6*7 [bj ]#

$% [aj ] = [bj ] = l, '()* [aj ] = l∗ ∈ W, 2) 1)6') 6 *)2 56;)5 Am+1 6*7 *)2

-)'- W & S.

$% [aj ] �= [ai] = l, 2) ,4.61) [bj ] 6*7 [ai]. $% [bj ] �= [ai], +, ', -'). E#

$% [bj] = [ai], '()* S := {aj} ∪ S 6*7 +, ', -'). E#

D# $% S = ∅& '()* i := i − 1 6*7 +, ', -'). !#

=) 6*65GF) '() *)>' )5)4)*' %1,4 '() -'6B S.

0:1 6'3,*- 61) -343561 ', '(,-) 3* -'). !#

=) (6<) *)2 56;)5- 6*7 *)2 )5)4)*'- %,1 S,Z,W.

9()1)6%')1& S := S − {a∗} 6*7 +, ', -'). D#

/# $% | Z |= n& +, ', -'). H# 0'()123-)& i := i − 1 6*7 +, ', -'). !#

H# I',.# =) (6<) '() -(,1')-' .6'( (A,B) :

A = A0 → A1 → A2 → . . . → Am = B.
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 !"#$%&' #$% &' (&)*+ %,$ ',-.%$'% /0%, ($%1$$2 3$.%)$' 1)%, *0($*' A 02+

B )2 %,$ 5.0/, S(10, 9) 1)%, 109 3$.%)$'6

 ! A = 10 1 3 1 2 9 9 4 3" B = 8 1 2 1 2 4 4 4 3" S = ∅" W = {5, 6, 7, 8}" Z = {a2, a4}.

#! i = 9! $% &'&()*% a9! $% +&,% [a9] = [b9] = 3 &'- [a3] = 3. $% .+/0(- +&'2%

3+4. /56/'%'3 7) & 89%% '057%9 [a9] = 5. :+%' A1 = 10 1 3 1 2 9 9 4 5, W = {6, 7, 8}"
S = (a9)" Z = {a2, a4}.

;! $% &'&()*% a3" 7%&0.% [a3] = [a9] = 3. $% &''/3 +&'2% [a3] = 2, 7%&0.%
[a5] = 2" S = (a3, a9).

<! $% &'&()*% 3+% %(%5%'3 a3 89/5 3+% .3&= S. $% &''/3 +&'2% [a3] = 2,
7%&0.% [a5] = 2. $% &''/3 +&'2% [a5] = 2, 7%&0.% [b3] = 2. $% +&,% A2 =
10 1 3 1 6 9 9 4 5" W = {7, 8}" S = (a5, a9)" Z = {a2, a4}.

$% &'&()*% 3+% %(%5%'3 a3 /'% &2&4'! $% &' +&'2% [a3] = 2 &'- +&,% A3 =
10 1 2 1 6 9 9 4 5" W = {3, 7, 8}" S = (a5, a9)" Z = {a2, a3, a4}.

$% &'&()*% 3+% %(%5%'3 a5 89/5 3+% .3&= S &'- +&,% A4 = 10 1 2 1 2 9 9 4 5,
W = {3, 6, 7, 8}" S = (a9)" Z = {a2, a3, a4, a5}.

$% &'&()*% 3+% %(%5%'3 a9 89/5 3+% .3&= S &'- +&,% A5 = 10 1 2 1 2 9 9 4 3,
W = {5, 6, 7, 8}" S = ()" Z = {a2, a3, a4, a5, a9}.

#! $% &'&()*% a8! >. [a8] = [b8] = 4" ?% .+/0(- +&'2% 3+4. /56/'%'3 /' & 89%%

'057%9 [a8] = 5. :+%' A6 = 10 1 2 1 2 9 9 5 3" W = {6, 7, 8}" S = (a8),
Z = {a2, a3, a4, a5, a9}.

;! $% +&,% [b6] = 4 &'- S = (a6, a7, a8).

<! $% &''/3 +&'2% [a6] = 4, 7%&0.% [a7] = 9. $% .+/0(- +&'2% [a7] = 6.
:+%' S = (a7, a8) &'- A7 = 10 1 2 1 2 9 6 5 3" W = {7, 8}" S = (a7, a8)" Z =
{a2, a3, a4, a5, a9}. :+%9%&83%9" ?% &' +&'2% [a6] = 4. :+%' A8 = 10 1 2 1 2 4 6 5 3,
A9 = 10 1 2 1 2 4 4 5 3"A10 = 10 1 2 1 2 4 4 4 3"A11 = 8 1 2 1 2 4 4 4 3"W = {5, 6, 7, 9, 10},
S = ∅" Z = {a1, a2, a3, a4, a5, a6, a7, a8, a9}.

@! | Z |= 9. d(A, B) = 11.

A9/5 /09 %.345&34/' B C ?43+ n0 = 2 &'- n1 = 3" 3+% 54'45&( -4.3&'% 7%D

3?%%' ,%934%. ?43+ (&7%(. A &'- B 8/9 /09 %E&56(% .+/0(- 7% %F0&( 3/ d(A, B) =
= 2(9− 2)− 3 = 11. $43+ 3+% +%(6 /8 3+% &(2/943+5 >; ?% +&,% 704(3 3+% 6&3+ ?43+

3+% (%'23+   ! G/ 3+% /'.3903%- 6&3+ 4. 3+% .+/93%.3 /'%!

 !"!#!$!&

H ℄ J!K! G3/=5%)%9! :+% :/?%9 /8 L&'/4M > N47(4/29&6+)" G%63%57%9 #OO@!

+336MPP???!.!?4'!%-0P 6=.3/P747(4/#!6-8

H#℄ G! Q/,4=/,! >7/03 .+/93%.3 6&3+. 7%3?%%' '/-%. /8 3+% 29&6+ L&'/4!  "#$%"&
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