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"3*, '()#$#*+*"& ,'$! *, 0!4%!0 $, $%& 56%"*)% X 5()1 "3! ,!" Ω *% R "3$"

,$"*,4!, "3! )%0*"*)%7

{ω ∈ Ω : X(ω) < x} ∈ Z 5)( $%& x ∈ R. #$%

)*!&+!, '( 85 X *, $ ($%0)1 2$(*$#+! *% "3! '()#$#*+*"& ,'$! (Ω,Z, P ) $%0
B *, "3! ,!" )5 9)(!+ ,6#,!", )5 $ ,"($*:3" +*%! $%0 PX *, $ 56%"*)% 0!4%!0 #&

5)(16+$7

PX(A) = P ({ω ∈ Ω : X(ω) ∈ A}) 5)( $%& A ∈ B, # %

"3!% "3! "(*'+! (R,B, PX) *, $+,) "3! '()#$#*+*"& ,'$!.
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X )( "3! 0*,"(*#6"*)% )5 "3! ($%0)1 2$(*$#+! X? $%0 "3! "(*'+! (R,B, PX)
*, $++!0 "3! '()#$#*+*"& ,'$! :!%!($"!0 )% "3! ,"($*:3" +*%! #& "3! ($%0)1

2$(*$#+! X.

 !"#$%$&# .( / 56%"*)% FX 0!4%!0 )% R #& "3! 5)(16+$
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−∞

fX(t)dt,

*, $++!0 )%"*%6)6,? $%0 *", 0*,"(*#6"*)% PX *, $++!0 $ )%"*%6)6, 0*,"(*#6"*)%.

;3! 56%"*)% fX *, $++!0 "3! 0!%,*"& )5 $ ($%0)1 2$(*$#+! X )( "3! 0!%,*"&

)5 $ 0*,"(*#6"*)% PX .

 !"#$%$&# 0( D$%0)1 2$(*$#+!, X1,X2, . . . ,Xn 5()1 "3! ,$1! '()#$#*+*"&

,'$! (Ω,Z, P ) $(! $++!0 *%0!'!%0!%" *5 5)( $%& 9)(!+ ,!", B1, B2, . . . ,

Bn )% $ ,"($*:3" +*%!? "3! !2!%", A1, A2, . . . , An? B3!(! Aj = {ω ∈ Ω: Xj(ω) ∈
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 !"#!$%&' (") *'!+'&,-($ /,!0(0-$-&1 2/('2  !"

 !"#$%$&# '(  !" Ω #! $ %&#%!" '( k)*+,!-%+'-$. /&.+*!$- %1$!

2k = 1, 2, 3, . . . 3 4$5+-6 "4! 1'%+"+5! k)*+,!-%+'-$.  !#!%6&! ,!$%&7!8 .!" Z
#! $ %!" '( %&#%!"% '( "4! Ω %!" 4$5+-6 "4!  !#!%6&! ,!$%&7! $-* .!" P #!

$ (&-"+'- *!9-!* '- Z #: "4! ('7,&.$;

P (A) =
ml(A)

ml(Ω)
, <4!7! ml *!-'"!% "4!  !#!%6&! ,!$%&7!= #$%

>4! "7+1.! (Ω,Z, P ) +% $..!* "4! 6!',!"7+ 17'#$#+.+": %1$!8 $-* P +% $..!*

"4! 6!',!"7+ 17'#$#+.+":=

 ! "#$ %&' () *+( ,-.$/$-.$-* &-,)(0' 01-.('
210,134$% 5 *#$ 41%%,14 '$*#(.

&'( X )*+ Y ,' -*+'.'*+'*( /)*+01 2)/-),3'4 5-(6 7*-80/1 +-4(/-,7(-0*4 )*+

3'(

fX(t) =

{
1 -8 0 < t < 1,
0 0(6'/5-4',

fY (t) =

{
1 -8 1 < t < 2,
0 0(6'/5-4'.

&'( Z = X + Y 9

:6' ;/).64 ,'305 -3374(/)(' (6' 1'(60+ 08 +'('/1-*-*; (6' +'*4-(< 87*(-0*

08 (6' /)*+01 2)/-),3' Z9

t

fX(t)=

{

1,  ! t ∈ (0, 1),
0,  ! t ∈ R \ (0, 1)

> ?

?

t

fY (t)=

{

1,  ! t ∈ (1, 2),
0,  ! t ∈ R \ (1, 2)

> ?  

?

v

fX(t−v)

>t

?

v

fY (v)

> ?  

?
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1◦ t≤1

fX(t−v)·fY (v) = 0⇒ fX∗fy(t) =
∞∫

−∞

fY (v)fX (t−v)dv = 0

v

fX(t−v)

#t

$
fY (v)

# $  

$

2◦ 1<t<2

fX∗fY (t) =
∞∫

−∞

fY (v)fX (t−v)dv = (t−1)·1 = t−1

v

fX(t−v)

# t

$
fY (v)

$  v

fX(t−v)·fY (v)

# t1

$

3◦ t=2

fX∗fY (t) =
∞∫

−∞

fY (v)fX (t−v)dv = (2−1)·1 =1

v

fX(t−v)=fY (v)

#

$

$ t=2 v

fX(t−v)·fY (v)

# t=21

$

4◦ 2<t<3

fX∗fY (t) =
∞∫

−∞

fY (v)fX (t−v)dv = (2−(t−1))·1 =−t+3

v

fX(t−v)

# t

$
fY (v)

$  v

fX(t−v)·fY (v)

# t−1

$
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5◦ t≥3

fX(t−v)·fY (v)=0 ⇒fX∗fY (t) =
∞∫

−∞

fY (v)fX (t−v)dv = 0

v

fX(t−v)

# t

$
fY (v)

$  
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0 +,- t ≤ 1 ∨ t ≥ 3,

t − 1 +,- 1 < t < 2,

−t + 3 +,- 2 < t < 3.
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.&/ 01 ,3145&- 435&6&35&3/ ,3/43,01 -(35,7 )(-4(89&1 X (35 Y :4/' /'&

5&314/; +03/4,31 fX (35 fY < .&/

ΩXY := {(x, y, z) ∈ R
3 : 0 ≤ z ≤ fX(x)fY (y)}

(35 9&/ Z 8& ( +(749; ,+ 1081&/ ,+ /'& 1&/ ΩXY '()43= /'& .&8&1>0& 7&(10-&<

.&/ 01 3,/4& /'(/ ml(Ω) = 1< ?'& /-469& @Ω,Z, P )A :'&-& P (A) = ml(A)A
41 ( =&,7&/-4(9 6-,8(8494/; 16(&< ?'& 6-,8(8494/; 16(& @Ω,Z, P ) :499 8&

(99&5 /'&  !"# %&'(&)*#!+ ,*' ! #+#)- ",!& '. #/0&,&/0&/) *!/0'( 1!*#! +&"

X !/0 Y <

.&/ X (35 Y 8& 435&6&35&3/ -(35,7 )(-4(89&1 :4/' 034+,-7 541/-480/4,31

(35

fX(t) =

{
1 4+ 0 < t < 1,
0 ,/'&-:41&,

fY (t) =

{
1 4+ 1 < t < 2,
0 ,/'&-:41&.

.&/ Z = X + Y A

ΩXY ={(x, y, z)∈ R
3 : 0 < x < 1, 1 < y < 2, 0 ≤ z ≤ 1} = (0, 1)×(1, 2)×[0, 1],

(35 X : Ω → R 8& =4)&3 8; /'& +,-709( X(x, y, z) = xA :'&-&(1 Y : Ω → R

8& =4)&3 8; /'& +,-709( Y (x, y, z) = y< .&/ 01 5&B3&

AX(t) = {(x, y, z) ∈ ΩXY : X(ω) < t} = {(x, y, z) ∈ ΩXY : x < t}

+,- t ∈ R<



 !"  !#$%  !%&'
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4051/-5 -4 1$% '(53-2 7('/(+,% X8

αt
Y = {(x, y, z) ∈ R

3 : y = t}

αt
Y

 y

 

z

x
 

!t

t ≤ 1, AY (t) = ∅

 

y

x

! t

y = t

FY (t) = mL(AY (t)) = mL(∅) = 0

fY (t) = F
′

Y (t) = 0

αt
Y = {(x, y, z) ∈ R

3 : y = t}

αt
Y

 y

 

z

x
 

!t

AY (t)−→

1 < t < 2

 

y

x

! t

y = t

︸ ︷︷ ︸

t−1

AY (t)

FY (t) = mL(AY (t)) = (t−1) · 1 · 1 = t−1

fY (t) = F
′

Y (t) = (t − 1)′ = 1

αt
X = {(x, y, z) ∈ R

3 : y = t}

αt
Y

 y

 

z

x
 

!

t

t ≥ 2, AY (t) = Ω

 

y

x

! t

y = t

FY (t) = mL(AY (t)) = mL(Ω) = 1

fY (t) = F
′

Y (t) = 0

#$% 020,(1/7% 3/*1'/+01/-5 4051/-5 -4 ( '(53-2 7('/(+,% X /* %9)'%**%3

+: 1$% 4-'20,(;

FX(t) =







0 /4 x ≤ 0,
t /4 0 < t < 1,
1 /4 t ≥ 1.
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fX(t) =

{
1 ') 0 < t < 1,
0 ') t ≤ 0 ∨ t ≥ 1.

9$/-*%'%7 '% / -'4'+/3 ,/1: *%$ 4/1 -(/($ (./( Y '- / *%('%2*2- 3/%0*4

5/3'/6+$ )*3 ,.'.

fY (t) =

{
1 ') 1 < t < 2,
0 ') t ≤ 1 ∨ t ≥ 2.

;( 4/1 6$ $/-'+1 -.*,% (./( 3/%0*4 5/3'/6+$- X /%0 Y /3$ '%0$<$%0$%(

3/%0*4 5/3'/6+$-=

>$( 2- %*, *%-'0$3 / 3/%0*4 5/3'/6+$ Z = X + Y = ?$ ./5$8

Z(x, y, z) = x + y )*3 (x, y, z) ∈ (0, 1) × (1, 2) × [0, 1].

@*, ,$ 0$($34'%$ (.$ 242+/('5$ 0'-(3'62('*% )2%('*% *) (.$ 3/%0*4 5/3'/6+$

Z= >$(

AZ(t) = {(x, y, z) ∈ (0, 1) × (1, 2) × [0, 1] : x + y < t}

)*3 t ∈ R=

A.$ 73/<.- 6$+*, '++2-(3/($ (.$ 4$(.*0 *) 0$($34'%'%7 (.$ 0'-(3'62('*%

)2%('*% *) (.$ 3/%0*4 5/3'/6+$ Z=

αt
Z = {(x, y, z) ∈ R

3 : x + y = t}

αt
Z

 y

 

z

x
 

!t

t ≤ 1

 

y

x

! t

AZ(t) = ∅

y=−x+t

FZ(t) = mL(AZ(t)) = mL(∅) = 0

fZ(t) = F
′

Z(t) = 0

αt
Z = {(x, y, z) ∈ R

3 : x + y = t}

αt
Z

 y

 

z

x
 

!t

AZ(t)−→

1 < t ≤ 2

 

y

x

! t

y=−x+t

t−1
︷ ︸︸ ︷

AZ(t)

FZ(t) = mL(AZ(t)) = (t−1)2

2 ·1 = t2

2 −t+ 1
2

fZ(t) = F
′

Z(t) = ( t2

2 −t+ 1
2 )′ = t − 1

t−1
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αt
Z = {(x, y, z) ∈ R

3 : x + y = t}

αt
Z

 y

 

z

x  

!

AZ(t)−→

2 < t < 3

 

y

x

! t

y=−x+t

︸ ︷︷ ︸

−t+3

AZ(t)

FZ(t)=mL(AZ(t))=(1− (−t+3)2

2 )·1= −t2

2 +3t− 7
2

fZ(t) = F
′

Z(t) = (−t2

2 +3t− 7
2 )′ = −t + 3

}

−t+3

αt
Z = {(x, y, z) ∈ R

3 : x + y = t}

αt
Z

 y

 

z

x  

!

AZ(t)=Ω−→

t ≥ 3

 

y

x

! 

y=−x+t

AZ(t)=Ω

FZ(t) = mL(AZ(t)) = mL(Ω) = 1

fZ(t) = F
′

Z(t) = 1′ = 0
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FZ(x)=







0 &'( t ≤ 1,
t2

2 − t + 1
2 &'( 1 < t ≤ 2,

−t2

2 + 3t − 7
2 &'( 2 < t < 3,

1 &'( t ≥ 3,

fZ(t) =







0 &'( t ≤ 1 ∨ t ≥ 3,

t − 1 &'( 1 < t < 2,

−t + 3 &'( 2 < t < 3.

1 2 3 t

1
FZ(t)

1 2 3 t

1
fZ(t)
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03$*,03$%& $,3*,)& $)3%1%16 037()&8 9)(-%16 $*, $*,(),0& '%$* ,+,0,1:

$3); 0,$*(2& '%$* $*, 4&, (< 03$*,03$%3+ 313+;&%& 312 6,(0,$)%3+ 0,$*(2&

3++('& 4& $( (1&%2,) $*, ,+,0,1$& (< .)(/3/%+%$; 3+4+4& %1 3 2%=,),1$ >$*31

$)32%$%(13+? '3;8 @4%$, ,+,0,1$3); $((+& 03A, $*, .),&,1$,2 .)(/+,0& &%0.+,

$( 412,)&$312 312 $( (.,)3$%-, 4&,8

*+,+-+$+(

BC℄ E8 F)G;HA(8  !"#$%! & '()*++ ,*$-%),)%).+(/0'-$8 I;23'1%$'3 J34:

A('(:K,*1%G1,L I3)&G3'3  MMM8

B ℄ E8 E37()8 N,(0,$)% .)(/3/%+%$; &.3, 3& $*, $((+ (< ,O30%1%16 (1$%1:

4(4& )312(0 -3)%3/+,&8 1'$ 3$'4(5$'+$6 7+'*$L   L CPQRCS L  MMT8

B"℄ E8 E37()8 U(1$%14(4& )312(0 -3)%3/+,8 8+(9'+: ;00<(06 =$'4)>+ ?9+@

A(*0+'! +9 B<C)5.(*)"6 3$'4(5$'+$L !!L PCRPVL  MMV8

BP℄ E8 E37()8 U(1$%14(4& )312(0 -3)%3/+,& 312 6,(0,$)%3+ .)(/3/%+%$;

&.3,8 1'$ 3$'4(5$'+$6 7+'*$L  "L C!SRCQML  MMV8

BS℄ W8 9X(A%8 8')4$0'!"$ %>$ 9$<&!+(>$D B$4<9(" ,*$-%),)%).+(/0'-$6

")5.+9$')*!"$ + 0'$'!0'!"$ 5$'(5$'!&9$ E$") 9$<"$F+9 0'$'< 9$0(9%+F8

I;23'1%$'( 134A(', JYZ[EL 9X(A  MM 8


