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$. 0- "-("-1-.,-6 0# ('%# '.17 (#"$/*6$% .+/0-"1 0# (#"$/*617 ("*1/$,* .+/0-"1

0# ("*1/17 $.6 ,"$(-8'*6$% .+/0-"1 0# ,"$(-8'*61! 92- .+/0-"1 /-.,*'.-6 $0'3-

$. 0- 6-:.-6 0# ;'"/+%$-
 
'" $. 0- 2$"$,-"*8-6 0# 1'/- $"*,2/-,* 1-<+-.-1

'; 2* 2-" 6- "--1 =2*2 $%%'= ,' '0,$*. ,2- '""-1('.6*. ;'"/+%$- >?℄! )* +"$,-

.+/0-"1 6+- ,' ,2-*"  -'/-,"*$% *%%+1,"$,*'. $.6 *.,-"1,*. ("'(-",*-1 $. 0- ';

*.,-"-1, ;'" 12''% (+(*%1!

CD  2<EFGAE< >AI=A6A> BJ F<7FA2 ;A72AA>

 !" #"$%&"#"' ()*+),) {an} : a1, a2, a3, . . . .) #, #/+/#&) &0) ()*+),) !1

&0) 2"(& 2,%&) 3%4)"),)( {∆1an}

∆1a1 = a2 − a1, ∆1a2 = a3 − a2, ∆1a3 = a4 − a3, . . . (1)

#,3 &0) ()*+),)( !1 (+)((%5) 3%4)"),)(

∆k+1ai = ∆kai+1 − ∆kai, i = 1, 2, 3, . . . k = 1, 2, 3, . . . (2)

6(%,7 &0) 8)&0!3 !1 !89/)&) 8#&0)8#&%#/ %,3+&%!, %& #, $) 9"!5)3

&0#& #, #"$%&"#"' &)"8 !1 # ()*+),) {an} #, $) 3)("%$)3 $' &0) 1!//!.%,7
1!"8+/# :()) ;<= >℄@A

  !"# $%&!'( )*# +#%( ,- ./ 0"%12"3#4" "5 &!% ,''4 67℄ "5 (%95"&"'5# ': &1"*5;<% *5(

&%&1*!%(1*< 5+$,%1#/
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)
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)

∆2a1+. . .+

(

n − 1

n − 1

)

∆n−1a1. (3)

"# $% &'$(&)# #*+# #, (&-)& #*& n#* #&./ ,0 + %&12&)& {an} $# $% %24$&)# #,

56),78 *+'& #*& -.%# #&./ +)( #*& ($9&.&)&%: ∆1a1, ∆2a1, . . . , ∆n−1a1.

; %&12&)& {an} $% +<<&(  !  "#$%&'$# )'*+'!' ,- $%' .'/"'' m

5m = 1, 2, . . . 8 $0 +)( ,)<= $0 #*& %&12&)& {∆man} $% ,)%#+)# +)( ($9&.%

0.,/ #*& >&., %&12&)&? ; ,)%#+)# %&12&)& 7$<< @& +<<&( +) +.$#*/&#$

%&12&)& ,0 #*& >&., (&A.&&?
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)
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)
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)

∆2a1 + . . .+
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)

∆ma1. (4)
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!2# an = n,

!5# an = 2n − 1,

!# an = 3n − 2,

!6# an = 4n − 3,
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 !" an = 5n − 4,
. . . . . . . . . . . .

 #" an = (s − 2)n − (s − 3)$ s = 3, 4, 5, . . .

%&! '!()!*!' ,# -./%0.1 ')2'
 
&.3! %&! #,11,40*5 #,/2$ /!'-!%03!167

{t(3)(n)} : 1 3 6 10 15 21 28 . . .

{t(4)(n)} : 1 4 9 16 25 36 49 . . .

{t(5)(n)} : 1 5 12 22 35 51 70 . . .

{t(6)(n)} : 1 6 15 28 45 66 91 . . .

{t(7)(n)} : 1 7 18 34 55 81 112 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

{t(s)(n)} : 1 s 3s− 3 6s − 8 10s − 15 15s− 24 21s − 35 . . .

81!2!*%'  %!/2'" ,# . '!()!*! {t(s)(n)} ./! .11!9 s:5,*.1 *)2;!/'<

=!*!$ %&!/! ./! %/05,*.1 *)2;!/'$ '()./!  ().%!/*.1" *)2;!/'$ -!*%.:

5,*.1 *)2;!/'$ &!>.5,*.1 *)2;!/'$ !%<

?!,2!%/0.1 011)'%/.%0,* ,# %&!'! *)2;!/' 0' .' #,11,4'7

 !"#$%&' %()*+!,-

1 3 6 10 15

./(&!+ %()*+!,-

1 4 9 16 25

  !" n#! $%&#'%( )*+ ,-& % )".*"/" {an} ') a1 + a2 + . . . + an
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 !"#$%&"$' "()*!+,-

1 5 12 22 35

.!/$%&"$' "()*!+,-

1 6 15 28 45

 !" #"$%"&"# {t(s)(n)} (s = 3, 4, . . . ) ()" ()*+!,"+* #"$%"&"# -.
+!" #"-&/ /"0)""1  !" 0"&")(2 +"), -. ( #"$%"&" {t(s)(n)} (& 3"
/"+"),*&"/ 34 +!" ,"+!-/ -. #%"##*5" /*6")"&"# %#*&0 +(32" 789 (&/

"$%(+*-& 7:91  !" +(32" -. /*6")"&"# .-) +!*# #"$%"&" !(# +!" .-),;
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 ! t(s)(1) = 1, ∆1t(s)(1) = s − 1, ∆2t(s)(1) = s − 2, "#$%& '!(%)
*+, -./& 0$ 12"3(%4

t(s)(n) =

(

n − 1

0

)

· 1 +

(

n − 1

1

)

(s − 1) +

(

n − 1

2

)

(s − 2),

(,$,

t(s)(n) =
n

2
[n(s − 2) − s + 4]. (6)

5#$6$716$ "6()1%38& !+'36$& 9$%"3)1%38& #$:3)1%38& 3%; #$9"3)1%38 %'<=

2$6! 3% 2$ ;$?%$; '!(%) "#$ 718810(%) $+'3"(1%!4

t(3)(n) =
n

2
(n + 1), t(4)(n) = n2,

t(5)(n) =
n

2
(3n − 1), t(6)(n) =

n

2
(4n − 2),

t(7)(n) =
n

2
(5n − 3).

@3%A 9619$6"($! 17 s=)1%38 %'<2$6! 3% 2$ 71'%; (% 211B! CD& E℄,

 ! "#$%&'(%) *+&,-$.

G7 716 3 !$+'$%$ {t(s)(n)} "#$ !$+'$%$ 17 936"(38 !'<! (! 6$3"$;& "#$%
3 !$+'$%$ {T (s)(n)} (! 12"3(%$; 2$(%) 3% 36("#<$"( !$+'$%$ 17 "#$
"#(6; ;$)6$$, *8$<$%"! -"$6<!/ 17 "#(! !$+'$%$ 36$ 388$; s= !"#$ %&'#(

)*+#$ ",)-.'/,

5#$ !$+'$%$! 17 "6()1%38& !+'36$& 9$%"3)1%38& #$:3)1%38& #$9"3)1%38&

. . . & s=)1%38 9A63<(;38 %'<2$6! #3H$ "#$ 718810(%) 716<

{T (3)(n)} : 1 4 10 20 35 . . .

{T (4)(n)} : 1 5 14 30 55 . . .

{T (5)(n)} : 1 6 18 40 75 . . .

{T (6)(n)} : 1 7 22 50 95 . . .

{T (7)(n)} : 1 8 26 60 105 . . .

. . . . . . . . . . . . . . . . . . . . . . . .

{T (s)(n)} : 1 s + 1 4s − 2 10s − 10 20s − 25 . . .

6$!9$"(H$8A,

51 ;$"$6<(%$ "#$ )$%$638 "$6< 17 3 !$+'$%$ {T (s)(n)} ;630 '9 3 "328$
17 !'$!!(H$ ;(I$6$%$!4
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T (s)(1) = 1, ∆1T (s)(1) = s

∆2T (s)(1) = 2s − 3, ∆3T (s)(1) = s − 2.

1'-*2 3( 4567 /& "8$.-*

T (s)(n) =

(

n − 1

0

)

·1+

(

n − 1

1

)

s+

(

n − 1

2

)

· (2s−3)+

(

n − 1

3

)

(s−2),

- & 

T (s)(n) =
n

6
[n2(s − 2) + 3n − (s − 5)]. (7)

9%-' &(-).$-"* .* 8& /#-$$&* .'

T (s)(n) =
n

6
(n + 1)[n(s − 2) − (s − 5)]. (8)

:*,&&,;

n2(s − 2) + 3n − (s − 5) = n2(s − 2) + 3n + (s − 2) + 3 =

(n2 − 1)(s − 2) + 3(n + 1) = (n + 1)[(n − 1)(s − 2) + 3] =

= (n + 1)[n(s − 2) − (s − 5)].

!"# '&()&*&' {T (3)(n)}, . . . , {T (7)(n)}, ."#,-*2 $" 3( 4<67 $%& 2&*=

&#.> $&#?' %.0& $%& @"#?;

T (3)(n) = n

6
(n + 1)(n + 2), T (4)(n) = n

6
(n + 1)(2n + 1),
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T (5)(n) = n2

2
(n + 1), T (6)(n) = n

6
(n + 1)(4n − 1),

T (7)(n) = n

6
· (n + 1)(5n − 2).

 ! "#$ %&&' ()℄ +,!- ./&.$/"0$1 &2 "/03&!,4 .-/,+05,4 !6+%$/1 %$0!3

$4$+$!"1 7"$/+18 &2 "#$ 1$96$!$ T (3)(n) ,! %$ 2&6!5;

 ! "#$%&'($ *+&,-#%

<$" m %$ ,! ,/%0"/,/- !,"6/,4 !6+%$/ 501"0!" 2/&+ =; >&!105$/ "#$

1$96$!$?

m, 2(m + 1), 3(m + 2), 4(m + 3), 5(m + 4), . . .

,!5 /$,"$ 2&/ 0" "#$ 1$96$!$ {P (m)(n)} %$0!3 "#$ 1$96$!$ &2 .,/"0,4

16+1?

{P (m)(n)} : m, 3m + 2, 6m + 8, 10m + 20, 15m + 40, . . .

 " 01 $,1- "& 1$$ "#," "#$ ,%&@$ 1$96$!$ 01 ,! ,/0"#+$"0 1$96$!$

&2 "#$ "#0/5 5$3/$$; A#$ 3$!$/,4 "$/+ &2 "#01 1$96$!$ ,% %$ 2&6!5

5/,B0!3 6. , ",%4$ &2 16$110@$ 50C$/$!$1
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3m + 6 2
6m + 8 m + 6 0

4m + 12 2
10m + 20 m + 8 0

5m + 20 2
;
;
;

15m + 40 m + 10
;
;
;

6m + 30
;
;
;

;
;
;

;
;
;
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;
;
;

;
;
;

;
;
;

;
;
;

;
;
;

;
;
;

;
;
;

;
;
;

A#$! B$ #,@$

P (m)(1) = m, ∆1P (m)(1) = 2m + 2D

∆2P (m)(1) = m + 4, ∆3P (m)(1) = 2.
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P (m)(n) =

(

n − 1

0

)

m+

(

n − 1

1

)

2(m+1)+

(

n − 1

2

)

(m+4)+

(

n − 1

3

)

·2

.2

P (m)(n) =
n

6
(n + 1)[3m + 2(n − 1)]. (9)

%3-4-#0! (0-24!* .5 06- !-&7-#- {P (m)(n)} 12- 133-9  !"#$%&" ()$*+!#

,- &.+ !%(/+ m (m ≥ 2'*

:6- !-&7-#-! .5 ;2"!410" #74/-2! .5 06- !-.#9+ 06"29+ 1#9 5.206

21#$- 61<- 06- 5.24=

{P (2)(n)} : 2 8 20 40 70 . . . P (2)(n) = 1
3
(n + 1)(n + 2)

{P (3)(n)} : 3 11 26 50 85 . . . P (3)(n) = n

6
(n + 1)(2n + 7)

{P (4)(n)} : 4 16 32 60 100 . . . P (4)(n) = n

3
(n + 1)(n + 5)

 !"#$ ;2"!4+ 06- ;2"!410" #74/-2! 61<- 06- 5.33.,"#$ $-.4-02"13

"337!0210".#=

m = 2

2 8 20 40
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m = 3

11 50263

 ! "#$%&' () *$!)' !#+! ,+)" $, + ./0"1 0&&%"!/+!0*2 ./0"1+!0 *%1()/"

()0*2 !/0+*2&)" +* () 0*!)/./)!)' +" $//)".$*'0*2 !/02$+*& *%1()/"3

4#)/)+" &+!)/+& ,+)" $, + ./0"1 ()0*2 !/+.)5)" +"  !"#$%&'( )*+,$!-6

7$/ *%1()/" m = 2, m = 3, m = 4, . . . , m = s 4) $(!+0* !#)

,$&&$40*2 ")8%)*)" $, !/+.)5$0' *%1()/"9

{R(2)(n)} : 2 5 9 14 20 . . .

{R(3)(n)} : 3 7 12 18 25 . . .

{R(4)(n)} : 4 9 15 22 30 . . .

............... . . . . . . . . . . . . . . . . . .

{R(s)(n)} : s 2s + 1 3s + 3 4s + 6 5s + 10 . . .

:#) 2)*)/+& !)/1 $, !#) ")8%)*) {R(s)(n)} +* () ,$%*' (+")' $*

+ !+(&) $, "%)""0;) '0<)/)*)"9
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 !"!$ %! &'(! R(s)(1) = s, ∆1R(s)(1) = s + 1, ∆2R(s)(1) = 1.
)*+", -./ 012$ %! 345'+"

R(s)(n) =

(

n − 1

0

)

s +

(

n − 1

1

)

(s + 1) +

(

n − 1

2

)

 !

R(s)(n) =
n

2
(n − 1 + 2s). (10)

"#$ %$&'$($ {R(s)(n)} *% +( +!*,#-$,* %$&'$-$  . ,#$ %$ (/ /$0!$$1

2 !/*(0 , 34567 ,#$ %$&'$($% {R(2)(n)}, {R(3)(n)}, {R(4)(n)} #+8$
,#$ . 99 :*(0 0$($!+9 ,$!-%;

R(2)(n) =
n

2
(n + 3), R(3)(n) =

n

2
(n + 5), R(4)(n) =

n

2
(n + 7).

<'--+!*=*(0 :$ %,+,$ ,#+, +99 ,#$ ,>?$%  . ,#$ +@ 8$-$(,* ($/ A0'B

!+,$ ('-@$!% +( @$ #+!+,$!*=$/ @> % -$ +!*,#-$,* %$&'$($%  . ,#$

%$ (/  ! ,#*!/ /$0!$$1
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C4℄ E1 F!>997 G1 < #+H*1  !"#$%& '$($)%*&%*$ )!)$+,!+* -$,&-$,!+*1

IA>(+ J>/+:(*=+ E2GKILM7 N =(+O P55Q1

CP℄ <=1 R$9$O%H*1 ./$)$-* 0*,$(1#$2$1 NSJ<7 J+!%=+:+ 4QTU1

CU℄ V1F1 WX@%$(1 3%$/!2*24 Y!*$/!*# F!+(/%,$,,$! Z$!9+07 W$*?=*0

4QPP1

C[℄ 21 K %, :%H*7 K1 <,+!H1 5/&-&%,! $/(&"#! 6!72'&81 NJL7 J+!B

%=+:+ 4QT\1

CT℄ J1 <*$!?*O%H*1 9*'"! ,#;8+<,%&1 F*@9* ,$=H+ K+,$-+,>=(+ L! 4P7

NSJ<7 J+!%=+:+ 4Q]P1


