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Abstract

In the present paper, a few different notions of preponderant continuity of a real
function are discussed. We study the relationship between them and give some
properties of preponderant continuity.

1. Preliminaries

Let R, Q, QT, Z be the sets of real numbers, rational numbers, posi-
tive rational numbers and integer numbers, respectively. Next, let I denote
a closed interval, U any open subset of R and Int(A) be an interior of a set
A C R in the natural metric. Let A\ stand for Lebesgue measure in R. If
E C R is a measurable set, we define the lower and upper densitis of E at
o € R by:

o AINE) - ) AINE)
d(E,z0) = liminf 2502 ond d(B,z0) = 1 Evies
d(E, xo) \minf D an (B, o) ,\(II)IE(?EE)GI A(T)

If d(E,z9) = d(FE,x0), we denote this common value by d(E,zq) and
call it the density of F at zg. In a similar way, we also define the one-
sided lower and upper densities of the set E at the point zg: d (E, zq),
d” (B, xg), d (E,z0) and d (E,xq). It is easy to verify that d(E,zq) =
min{ d* (E,z0),d" (E,z0)} and d(E,z0) = max{ d (E,z0),d (E, x0)}.
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Definition 1. [1,3,4] A point xy € R is said to be the point of preponderant
density in Denjoy sense of a measurable set E C R if d (E,xg) > %

Definition 2. A point xg € R is said to be the point of preponderant density
in Denjoy sense of a measurable set ¥ C R at right (at left, respectively) if
d" (E,z0) > % (d (B, ) > %, respectively).

Corollary 1. A point g € R is the point of preponderant density in Denjoy
sense of a measurable set & C R iff it is the point of preponderant density
in Denjoy sense of the measurable set I/ at right and at left.

Definition 3. [5] A point ¢ € R is said to be the point of preponderant
density in O’Malley sense of a measurable set ¥ C R if there exists € > 0
such that for every closed interval I satisfying conditions xg € I and I C
[xo — &, 20 + €], the inequality ’\(/\EE?)I) > % holds.

Definition 4. A point xg € R is said to be the point of preponderant density
in O’Malley sense of a measurable set E C R at right (at left, respectively) if

there exists € > 0 such that for every 6 < e the inequality w > %

(w > %, respectively) holds.

Corollary 2. A point xg € R is the point of preponderant density in
O’Malley sense of a measurable set E C R iff it is the point of prepon-
derant density in O’Malley sense of the measurable set E at right and at

left.

Corollary 3. Let E be a measurable subset of R and xo € R. If xy is the
point of preponderant density in Denjoy sense of the set E, then xq is the
point of preponderant density in O’Malley sense of the set E.

Definition 5. [1,3,4] A function f: U — R is said to be preponderantly
continuous in Denjoy sense at xg € U if there exists a measurable set E C U
containing xy such that d (E, zq) > % and fg is continuous at xo. A function
f:U — R is said to be preponderantly continuous in Denjoy sense if it is
preponderantly continuous in Denjoy sense at each point xo € U. The class

of all functions which are preponderantly continuous in Denjoy sense will be
denoted by PD.

Definition 6. [6] A function f: U — R is said to be preponderantly con-
tinuous in O’Malley sense at xg € U if there exists a measurable set E C U
containing xo such that xg is the point of preponderant density in O’Malley
sense of the set E and f|p is continuous at xg. A function f: U — R is said
to be preponderantly continuous in O’Malley sense if it is preponderantly
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continuous in O’Malley sense at each xo € U. The class of all functions
which are preponderantly continuous in O’Malley sense will be denoted by

PO.

Corollary 4.
PD C PO.

Grande [5] defined a property of real functions, called the A; property.
Based on this result, we can define a similar property, which extends the
notion of preponderant continuity.

Definition 7. A function f: U — R is said to have Ay property in Denjoy
sense at xg € U if there exist measurable sets /1 C U and Ey C U containing
xo such that xg is the point of preponderant density in Denjoy sense of
both sets En and Fa, fip, is upper semicontinuous at xo and fg, is lower
semicontinuous at xg. A function f: U — R has Ay property in Denjoy
sense if it has Ay property in Denjoy sense at each xg € U. The class of all
functions which have Ay property in Denjoy sense will be denoted by GPD.

Definition 8. A function f: U — R is said to have Ay property in O’Malley
sense at xg € U if there exist measurable sets K1 C U and Ey C U containing
xo such that xg is the point of preponderant density in O’Malley sense of
both sets En and Fa, fip, is upper semicontinuous at xo and fg, is lower
semicontinuous at xg. A function f: U — R has Ay property in O’Malley
sense if it has Ay property in O’Malley sense at every xg. The class of all
functions which have Ay property in O’Malley sense will be denoted by GPO.

Corollary 5.
GPD C GPO.

In the sequel we will often consider “interval sets” at the point xg, that
is sets of the particular form E = [J77 | [an, by], where api1 < bpy1 < ay, for
every n and xg = lim, . a,.

Proposition 1. Let E = J;” | [an,by], where ani1 < bpg1 < ap for every
n and xo = limy,_, an. Then

AM[zo, 2] N E) - Mzo, an] N E)

Nao.a) = Magya) 177 € Pt

and
Mzo, 2] N E) X[z, bny1] NE)

Mlzo,2]) = A[z0, bnt1])

for x € lanyi1,an).
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Proof: It is easy to verify that the following inequality ¢ < %‘2 holds
for positive reals 0 < ¢ < a and 0 < b. Moreover, if z € [by11,ay], then
AM[zo, ] N E) = XN[zg, bny1] N E) = M([xo, an] N E), and if = € [ay, by], then
M[zo, z] N E) = X[zo, an] N E) + X([an, z]). Hence, for x € [byy1,an] we get

/\([$0, bn+1] N E) )\([wo, bn+1] N E)

Moo bue) © Alwoa)
_ M[zo, 2] N E) _ M[zo,an] N E) - M[zo,an] N E)
A[zo, x]) Mlzo,2]) = Al[zo, an])
Similarly, for each = € [a;41, by 1] it is true that
A[xo, but1] N E) _ M[zo,z] N E) + (bpy1 — x) - A[zo, 2] N E)
)\([xo,bn+1]) )\([mo,x]) +)‘([x7bn+l]) N )\([mo,m])
and for each x € [ay,, b,| we get
A[zo, 2] N E) _ M[zo, an) N E) + (z — ay,) - Mlzo,an] N E
A([zo, x]) A([zo, an]) + Mlan,2]) = A([zo, an])
It implies required inequalities. O

Corollary 6. Let E = J;2, [an, by], where byt < an < ay, for every n and
xo = limy,_ o0 an. Then

FNIIDY an —+ . \ b
1] 4 (Bya0) = limint 5285 and T (B,00) = limsup 2525

[2] The point xq is the point of preponderant density in Denjoy sense of
A(E M [ZBO,CLnD

the set E iff there exists ng € N such that
A([zo, an])

1
> —_

5 for
every n > ng.

Similar formulas hold for sets of the form E = J;° | [¢y,d,], where
dp < cp1 < dpgq for every n and zg = limy, o Cp.

For a function f: U — R, g € U and € > 0 we will use the following
notation
Ejaye = {x € U: |£(2) = flao)] < e}, Bf,,. = {z € Us f(x) < f(ao) + ¢}
and B, ={zeU: f(z) > f(zo) — €}
2. Main results

Proposition 2. Let f: U — R and zo € U. Then
1. If f is preponderantly continuous in Denjoy sense at xg, then
d(Efgye, o) > % for every € > 0.
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2. If f is preponderantly continuous in O’Malley sense at xg, then xg is
the point of preponderant density in O’Malley sense of the set Ey 4 -
for every e > 0.

3. If f has Ay property in Denjoy sense at xg, then

d (E}‘:ZI:O’S,:E()) > % and d (E;moﬁ,xo) > % for every e > 0.
4. If f has Ay property in O’Malley sense at xq, then xg is the point of
preponderant density in O’Malley sense of the sets E}' and I,

20,€ Jwo.e
for every e > 0.

Proof: 1) Let E C U be a measurable set such that zg € E, d(F,z) > %
and f|p is continuous at xg. Fix € > 0. There exists 6 > 0 such that
EN[zg— 0,0 + 6] C Ejf 4. Hence

d(Efﬂr(),Eal‘O) > d(E, ;L'O) >

D=

2) proof of this fact is similar to the proof of 1) and we omit it.

3) Let F;, Fy be measurable subsets of U such that xy € E; N E»,
d(Ey, x0) > %, d(Es, x0) > %, fii, is upper semicontinuous at xg and f|g,
is lower semicontinuous at xg. Fix € > 0. There exists § > 0 such that
EiNwg—8,x0+0 C Ef _and EyN[xg— 6,20 +6] C B, Hence

fyxo,e frxo.e”

d (E}:xo,E’x(J) > d(Ey,x0) > %
and
d (E;xo,E’w()) > d(Fs, x0) > %
4) proof of this fact is similar to the proof of 3) and we omit it. 0

Example 1. We can construct a sequence of closed intervals
{I, = [an,byp]: n > 1} such that 0 < apt1 < bpt1 < an, n € N and

[ee] [ee] [ee] 1
d+( U I3n70> = d+< U I3n+170) = d+( U I3n+270) =3
n=1 n=0 n=0
Define a function f: R — R as follows:
1 Zf xT € Uzozl I3n,

0 i ze UZO:O I3 U (—O0,0] U [bl, OO),

=1 if w e Ul lanse,
linear on the intervals of the set [0,a1) \ Up—; In.

fz) =
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The function [ is continuous at every point except the point 0. Let
o0 o0 o0 o0

by = (_OO?O] U U I3p41 U U I3n, L= (_OO’O] U U I3p4+1 U U I3p 2.
n=1 n=1 n=1 n=1

Then d(Fq,0) = %, d(FE,,0) = %, fii, is lower semi-continuous and f|p, is
upper semi-continuous. Hence f € GPO. On the other hand,

4 ({o: f(a)] < 13,0) < d* (R\ U uzgn+2>,o> —3<y
n=1
Thus f ¢ PO.

Corollary 7.
grPO ¢ PO and GPD ¢ PD.

Example 2. Let I, = [37"—-87",2.37"+87"], J, = [2-37"+67",3 "l
67" forn=1,2,.... For every n > 1 we have

A(Uioil Iin [Ov 37" - 8_n]) _ )‘(U(i)in+1 I;n [0, 37— 8_i])

3—n _ 8—n 3—’fl — 8—’fl
_XZ BT +2-87) g3l el 1 3428 1
3—n —gn 3—n —gn 2 3m_gn 2

By Corollary 6, 0 is the point of preponderant density of the set
(=00, 0] U2 In. On the other hand, \J7" I, N\Up"y Jpn = 0 and

AMUZ S0 0,37 —677)  AMUE, Jin[0,37" —67"))

3ontl — 6o 3-ntl _g-n
YR BTi—2.67)  $3moLgm p gondl g
— 3-—n+l _g—n T3+l _g-n 9 3-ntl _gn

for everyn > 1. Hence d (U2 Jn,0) = 1. Define a function f: R — R,

0 for xe€ (—o0,00U[1,00) U, In,

1 for xzelU,2 Jn,

linear on the intervals [2-37"+8™,2-37" 4+ 67"]
and [37™" — 67", 37" — 87", n=12,....

fz) =

Certainly, f is continuous at every point except the point 0. Since f(x) =
0 for each x € (—o0,00 U U, In, we conclude that f is preponderantly
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continuous in O’Malley sense at 0. Hence f € PO NGPO. On the other
hand, | ;| Jn C {z €R: f(z) > 1}. Thus

d({z eR: f(z) < f(0)+ 3},0) < 1—3(6 Jn,0> =1

n=1

Therefore, f does not have the Ay property in Denjoy sense at 0 and
f¢ PDUGPD.

Corollary 8.
PO ¢ PD and GPO ¢ GPD.

All proven inclusions between defined classes of functions are presented
in the following diagram:

PD —— PO

! |

GPD —— GPO
We proved that no other inclusion holds.
Theorem 1. If f € GPO then f is the Baire class 1 function.

Proof: (This proof is based on the proof of Theorem 1 in [5].)

Suppose that there exists f € GPO which is not the Baire class 1
function. Then we can find a perfect set P such that fp is discontinuous at
every point. Let w(f, P,x) be an oscillation of fp at x and let

Pn:{:EGP (f,P,x) > }

for n > 1. Then every set P, is closed and P = J;”, P,. Since P is
complete space, there exist £ € N and a closed non-degenerate interval 11
such that () # P NInt([;) and P, N I; = P N I5. Next, let

Pr={zePnl: f(x) € [, 2t}
for m € Z. Again, using completeness of the set P N I; we can find [ € N
and a closed non-degenerate interval Is C I for which Pl is a dense subset

of PN1Int(I) # 0. Since w(f, P,x) > 1 for each x € P} C Py, we get that

{rePnh: fl) < u{zePnl: f(z) > L2}
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is a dense subset of P N I. Hence there exists a closed non-degenerate
interval I3 C Iy such that one of the components of this sum is dense in
P N1Int(I3) # (. Since

PInl;c{zePnls: f(z) <L} and Pinl; c {ze PNl f(z) > 4},
}

we get that the sets {z € PN I3: f(z) < L} and {z € PN I5: f(z) > &
are dense in P N I3.

Thus we have proved that there exist a perfect set F' = P N I3 and
a, B € R, (a:lg_—klandﬁzﬁora:lg'—kland[?:@'—k?),a<ﬁsuchthat
the sets {z: f(z) > S} and {z: f(z) < a} are dense in F.

Let

By =Fn{z: f(x) <a}, Be=Fn{x: f(z)>p},

B3:Fm{g;;f($)§a+2(ﬂ3—_a)} and B4:Fﬂ{:c:f(:c)2a+ﬁ,%a}.

Now, we use the assumption that f € GPO. Let z € B;, ¢« = 1,2,3,4 and
let Eq, F5 be the sets satisfying the conditions of Definition 8. Then there
exists 7 > 0 such that

[t—r,x+r]NEy C B; if i=1,3 and [z—r,z+r|NEy C B; if i=24.

Thus for each x € B;, i = 1,2,3,4 we can find a positive rational number
ri(z) for which, if 0 < 6 < ri(x), then A(B; N [z, + 6]) > 0 and \(B; N
[ — 6, 2]) > 30. Let

Di ={x € B;: ri(x) =r} for i=3,4 and reQt.

Since BsUBy = F, By = UT€Q+ D5 and By = Ur€@+ D}, we get that there
exist ¢ € QT, j € {3,4} and a closed interval Iy such that the set D? is
dense in F N Int(Iy) # 0. Without loss of generality, we can assume that
j = 3. Let y € By N Iy. Since the set By is dense in F', such a point exists.
Let = min{rs(y), ¢} and z € DINIL N[y —r,y +r]. Then \(B2 N[y, 2]) >
X[y, 2]), because |z — y| < r2(y), and A(B3 N [y, 2]) > $A([y, 2]), because
|z —y| < r3(z) = q. Since \(B2 N [y, z]) + A(Bs N [y, z]) > A([y, 2]), we get
that Bs N Bs # (). This contradicts the fact that Bs N Bs = (). The proof is
complete. ]

Corollary 9.
PO CBy, GPDCB, and PDCB.

Now, we would like to show that inverse of the Propositinon 2 is true. We
start from the preponderant continuity and A; condition in Denjoy sense.
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Lemma 1. If I is a measurable subset of R and d* (F,x¢) = q > 0, then:

)\([$0+%,$0+b]ﬂF)> _l
X ([0, 70 + b)) T

vneN Ela >0 V0<a<b<e

Proof: Take n € N. Since d* (F,z¢) = g, there exists £ > 0 such that
A([zo,zo+ N F) 1

A ([xo, o + ¢]) ER

foreach 0 <c<e. If 0<a<b<eg, then

)\([xo—l-%",xo—i-b]ﬂF):)\([xo,xo-l-b]mF)—)\([l’o,l’o-i-%]ﬁF)2

> blg — 37) — 35 > bg — 47

T

A[zo+2 ,zo+b|NF bg— 3L .
(0 ?\([;;IOL)}]) ) > X P> q - %L Thus the proof is completedlj.

Therefore

An analogous lemma holds for a left-sided neighbourhood of .

Lemma 2. Let {F,: n > 1} be a descending family of measurable sets,
zo € oy En and d(Epn,x0) > q¢ > 0 for n € N. Then there exists a
measurable set E such that d(E,x0) > q, 9 € FE and for every n € N one
can find 6, > 0 for which E N [xg — dp,x0 + 0p) C Ep.

Proof: By assumptions, d* (E,, zq) > ¢ > 0 for every n € N. Let &, ful-
fils Lemma 1 for /' = E,, n € N. By recursion, one can construct a sequence
{an }nen of positive reals such that a; < 1 and a,41 < min {5n+17 ‘2‘—;;} for
n > 1. Let

00
H = U (En N [J?Q + ap+y2,To + an+1]) .

n=1

We shall show that d* (H,zg) > ¢. Fix n € N and take ¢ € [ay11, an]. Then
HnN [.ro + an49, o + C] D E,N [mo + an42,To + C]

and applying Lemma 1, we get

AEn N zo+ %2z +c]) >c(g—2).

An41
2n

Since > Apy2, We get

A(H N [zo, o+ c]) > N (HN [0 + L, 20 +¢]) >

1
> X (Ep N [mo + 2L 20 + ¢]) >c~(q—5).
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It implies that d* (H,x¢) > q. Exactly from the definition of the set H we
get H N [xg, o + ant1] C Ey.

In a similar way, we can construct a measurable set G C (—o0,xq)
such that d” (G,zp) > ¢ and for every n € N there is §, > 0 for which
GN[xg—0p, o] C Ey. The set B = HUGU{zp} has all required properties.
d

Using the last Lemma we can easily prove the following Theorem.

Theorem 2. (i) A measurable function f: U — R is preponderantly con-

tinuous in Denjoy sense at xg € U iff lim Q(E 1 ,xo) > %,
n— o0 ,"Ovﬁ

(i) A measurable function f: U — R has Ay property in Denjoy sense at

xg € U iff
lim d( E* 1,350) >% and  lim Q(E_ 1,:1:0) > %
n—0o0 Jzo,y n—0o0 Jwos oy

Proof: (i) If f is preponderantly continuous in Denjoy sense at zg, then
there exists a measurable set E' containing x¢ such that fx is continuous at
xo and d (F, z9) = ¢ > % Then we get

. 1
lim d(Ef,xo,l ,;L'()) >d(F,x0) =q> =.

n—oo n 2

Now, suppose that lim d(Ef7mO7%7iE0> = ¢ > % Then d(Ef@O,%,LEo) >

n—oo 2
q > % for every n € N and zg € (), Ef,:co,l' Applying Lemma 2 with
E, = Ef w0, L for n € N, one can construct a measurable set F such that

xg € B, d(E,x9) > % and for every n there exists 6, > 0 for which
EN[xg — dp,x0 + 0p) C E,. The last condition implies that f| g 1S con-
tinuous at xg. Hence f is preponderantly continuous in Denjoy sense at xg.
(ii) the proof is similar and we omit it. O

Now, we show equivalent conditions for prepondrant continuity and A;

property in O’Malley sense.

Lemma 3. If F C R is a measurable set and xq is a point of preponderant
density i O’Malley sense of the set F', then:

A[zo+czo+nNF) 1
30 Vocbeace oces ¥ ’ 2
>0 Vo<b<a<e Jo<e<h Vo<n<a A ([zo, xo + 1)) g 2

Proof: There exists £ > 0 such that A([zo, 2o +a] N F) > 5 - a for any
0 < a < e. Let us take any a,b € U, 0 < b < a < £ and define a function
f:[byal = R,

n

f@) = M[zo,z0 +t]NF) —
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Since the function f is continuous and f(¢) > 0 for any ¢ € [b, a], we conclude
that ¢ = 3-min{f(t): ¢ € [b,a]} > 0. Let b < n < a. Then A(FN[xg, zo+1]) =
f(n) + 3 and therefore

)\(Fﬂ[a:0+c,3:0+77]) :A(Fﬁ[$0,$0+n])—/\(Fﬁ[mo,$o+c]) >
>fm)+2—c>2c+d—c> 4

Thus the proof is completed. ]
An analogous lemma holds for a left-sided neighbourhood of xg.

Lemma 4. Let {FE,,: n > 1} be a descending family of measurable subsets
of the real line, xo € (.~ Ey and xq is a point of preponderant density in
O’Malley sense of every set I, for n € N. Then there exists a measurable
set B such that xq is the point of preponderant density in O’Malley sense
of the set K, xg € FE and for every n € N we can find 6, > 0 for which
EnNn [LL‘() — Op, o + 5n] Cc FE,.

Proof: Let g, fulfils Lemma 3 with F' = F,, for n > 1. We may assume
that the sequence {e,: n > 1} is strictly decreasing. We shall construct
a decreasing sequence of positive reals {a,: n > 1}. Let a; be any real
number belonging to an open interval (0,1) and let ag be any real number
belonging to an an open interval (0, a;}). If numbers aq,... ,a,, 0<a, <

. < ap are chosen and ¢ fulfils Lemma 3 with /' = E, 1, ¢ = e,_1,

a = ap—1 and b = a,, then we take a,; = min{c, 5”2“ }. Let

[e o]
H = | (E.N[20+ any2, 20 + ania]) -
n=1

It follows directly from the definition of the set H that H N[xg, 2o+ ant1] C
FE,, and
E,N[xo+ ant2, 20+ 2] C HN[xg,20 + 2] C Ey

for any n € N and z € [ay42, ant1]. Hence, if 2z € [ap42, ant1], then applying
Lemma 3, we get

AH N [z, z0 + 2]) > MEp N [20 + anto, xo + 2]) >

N @

In a similar way, we can construct a measurable set G C (—o0, zp) such that

x is the point of preponderant density in O’Malley’s sense of the set G and

for every n € N we can find §,, > 0 for which G N [xg— dp, x9] C E,. The set

E = HUG U{x} has all required properties. O
Using the last Lemma we can prove the following Theorem.
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Theorem 3. (i) A measurable function f: U — R is preponderantly con-
tinuous in O’Malley sense at xg € U iff xg is the point of preponderant
density in O’Malley sense of the set Ey ., - for each € > 0,

(ii) A measurable function f: U — R has Ay property in O’Malley sense
at a point xog € U iff xy is a point of preponderant density in O’Malley

sense of both sets E}"xo’a and E;xo’a for each € > 0.

Proof: (i) If f is preponderantly continuous in O’Malley sense at z,
then there exists a measurable set F' containing zo such that fj is contin-
uous at xg and x¢ is the point of preponderant density of the set E. Then
for each € > 0 there exists § > 0 such that

EnN(zg— 6,20+ 9] C{y: |f(z) — fy)] <e}Nxo—d,x0+ ]

Hence xq is the point of preponderant density of every set Ey ,, . for € > 0.
Now, suppose that x( is the point of preponderant density of every set
Ef 40, for each € > 0. Applying Lemma 4 with E, = Efm’% for n > 1,
we can construct a measurable set /' such that x¢g € FE, x¢ is the point of
preponderant density of the set £ and for every n € N there exists d,, > 0
for which £ N [xg — dp, 20 + 6n] C Ey. The last condition implies that f|p
is continuous at xg. Thus f is preponderantly continuous in O’Malley sense
at xg.
(ii) the proof is analogous and we omit it. O
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