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n—dimensional affine ratio

Jadwiga Knop

Let X be the m~dimensional affine space (m € IN) and let n € IN,
1<n<m,aa,...,a,,p € X. Assume that

(i) the points a,,ay,...,a,, p are different and belong to n—dimensional
affine subspace,

(ii) dimAf(ay,...,ap)=n—1 and p¢ Af(ay,...,a,),
(where by Af(ay,...,a,) we denote the affine subspace generating by

Aiy..., an).
Definition 1 The n-dimensional simple ratio of points a,,ay,...,a,
by the point p is a finite sequence of numbers (ay,...,a;,) such that

Gob = 01D+ ...+ Onind

and it is denoted by

S8y By 5 5 5 niP) = (0015 oo ;@)

Remark 1 If n = 1, theb we obtain a definition of the cross — ratio
5(@0, a1;p) = 01 & Gop = yarh.

Remark 2 If n = 2, then we obtain a definition of the planar simple
ratio

$(ao, a1,a2;p) = (@1, a3) & Goh = ya1p + cadzh.

Remark 3 Moreover, if for every i € {1,...,n}

8i € AL(@1;« 0 o5 Biats Oggas v vy By
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then a; # 0.
Let I ={0,1,...,n}, n € N.

Definition 2 A finite set {a; : ¢ € I} of points in X is affinely

independent, if
AN ai, € Af(ai)ier.,
i€l

where I, = I\{%,}.

Theorem 1 Let {a,,a1,...,a,} be an affinely independent set of
(n+ 1) points in X. The following statements are equivalent:

1) a point p is a centre of gravity of n-simplex A(a,,ay,...,a,) with
vertices a,, ay,..., Gy, ‘
2) s(ap,ay,...,an;p) = (=1,...,-1).

Corollary 1 If n = 1, then a point p is the centre of the interval @ az
if and only if

s(ae, a1;p) = —1.

Corollary 2 If n = 2, then a point p is the centre of gravity of the
triangle Aa,aya, if and only if

S(aos a, a’2;p) = (_1’ -1)

Theorem 2. Let {a,, a1,...,a,} be an affinely independent set of
(n+ 1) points in X.
The following statements are equivalent

].) y € int A(ao:ah oo '50’71)3

2) V (s(ao,al,...,an;p):(al,...,an)/\‘a.,-<0,i:l,...,n)

o1,-man€lR
Corollary 1 If n =1, then
p € int Goa; & $(a,, ay;p) < 0.
Coroilary 2 If n =2, then

P € int Aaya1a9 & \/ Is(ao,a1;p) = (01, a3) Nap <0Aaz <0.
ar,a2€lR !
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Lemma 1 Let the points a,,ay, ..., a,, p fulfil (i), (ii), (iii) and

LT — 4 AR
Then
1) A 8(Giy01, < BRI BB (i 0nbp) =
ie{1,
_{ o @i-1 1 oigg _&)
;' a ol o T oy

2) ifay+...4+ a0y #1, then

631 (875
s(pyay,...,8n380) = | -
Z Q1 Z Q1
i=1 =1
Corollary 1 If n =1, then
(a1, 80ip) = ——
s(ay, ay;p) = ——m—
g 3(a'mal;p)

Corollary 2 If n — 2, then

s(ay, ao, a2;p) = (— ——)

%)
o

Lemma 2 Let the points a,,a;, ...,an,p) = 2) fulfil (i) and (ii).
Then the following statements are equivalent

and

s(az, a1, a,;p) = (

Q|Q

1) a,ie-Af(er; ..~ ah)

n
DV (600,01, anip) = o,y ) A 2 i = 1),

a]_ ,...,GNER

Corollary 3 If n = 2, then the points a,, a;, ay are collinear if and
only if there exist a number a such that

(a0, a1,a2;p) = (o, 1 — @).
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